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Logarithmic discretization http://dx.doi.org/101103/RevModPhys.47.773
Mapping to Wilson chain Wilson, RMP 1975 Bulla, Costi, Pruschke, RMP 2008 (BCPO8)
lterative diagonalization http://dx.doi.org/101103/RevModPhys.80.395
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Log-Gaussian broadening .
Ift.pdf
Bulla et al., J. Phys. Cond. Mat. 1998 manuscripts/vondelft.pd

Self-energy estimators
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Applications
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Eva Pavarini, Erik Koch, Alexander Lichtenstein, and Dieter Vollhardt
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DMFT maps lattice model into impurity model:

Hubbard model (HM) H = Z Ungngy + Z&;nk n; = Z Nigy Mo = ngcw

— Anderson impurity model (AIM)  H = egng + Ungrngy + Z(chl];gda +h.e)+ Z ErTk
ko k

Georges, Comptes
Rendus Physique 2016
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DMFT maps lattice model into impurity model:

Hubbard model (HM) H = Z Ungngy + Z&,nk n; = Z Nigy, MNic = ngcz‘a

— Anderson impurity model (AIM)  H = egng + Ungingy + Z chkad +h.e)+ Z ErTk
ko

Why is AIM simpler than HM? Focusing on impurity correlation functions, the bath can be integrated out

) g
— Z dy (i) [iv — eq — A(iv)] d, (iv) + /0 Unat(T)nay(7)
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Introduction [@] FLATIRON

Material
(crystalline solid)

DMFT maps lattice model into impurity model:

Hubbard model (HM) H = Z Ungngy + kank n; = Z Nigy, MNic = C;;rgcia

— Anderson impurity model (AIM)  H = egng + Ungingy + Z kck:ad +h.e)+ Z ErTk
ko

Why is AIM simpler than HM? Focusing on impurity correlation functions, the bath can be integrated out

_ B Georges, Comptes
_ Z do (i) [iv — €q — A(iv) ] dy (iv) + /0 Unar(T)ngy (1) Rendus Physique 2016
obridiza | . [Vie|”
ybridization function A(iv) = Z ¢
1V — Ck
k

['(w)

iv—w’

with spectral representation A(iv) = /dw = Z Vie| 20 (w — &x) 2 TO(D — |wl|)
k
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Why diagonalization? [@] FLATIRON

Fully diagonalize Hamiltonian — expectation values and correlation functions

(real orimaginary frequency) at any temperature in text-book fashion @
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N/2
Fully diagonalize Hamiltonian —= expectation values and correlation functions N(w) 2 TOD — |w|) = Z VE 0w —&xp)
(real or imaginary frequency) at any temperature in text-book fashion Q +,n=1

— must discretize the bath @

Fabian Kugler The numerical renormalization group (NRG)



[@] FLATIRON

I' NS TITUTE

Why diagonalization?

N/2
Fully diagonalize Hamiltonian —= expectation values and correlation functions N(w) 2 TOD — |w|) = Z VE 0w —&xp)
(real or imaginary frequency) at any temperature in text-book fashion @ +,n=1

D=1
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— must discretize the bath Q) ()
Only interested in effect of bath on impurity (hybridization function)
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Why diagonalization?

Fully diagonalize Hamiltonian — expectation values and correlation functions

(real or imaginary frequency) at any temperature in text-book fashion Q)

— must discretize the bath ()

Only interested in effect of bath on impurity (hybridization function)

— can use suitable representation Q)

Discretization

D
Linear discretization: smallest energy scale ~ N

D~eV,T~K~meV = N~1000 (&)
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N/2
I(w) 2 TOMD - |w))= > VZ,0(w—Exn)
+ n=1
AD(w) D=1
—1 1,
AT (w)
1 1,
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Why diagonalization? [@] FLATIRON

N/2
Fully diagonalize Hamiltonian —= expectation values and correlation functions N(w) 2 TOD — |w|) = Z VE 0w —&xp)
(real or imaginary frequency) at any temperature in text-book fashion Q) +,n=1

; AT(w) D=1
— must discretize the bath Q)
Only interested in effect of bath on impurity (hybridization function)
— can use suitable representation @ _q 1 g

w

Discretization \T(w)

_ L D ' : : : : : : !
Linear discretization: smallest energy scale ~ N
D~eV,T~K~meV = N~1000 () 4 L

A
Logarithmic discretization (A > 1) AEEHE
D~eV,T~K~meV = N~log,1000 *=* 10 ) P
171 . . . . _1 _A_l _A__2 A_2 A_l ]. g
Be able to resolve small energies, accept coarse resolution at high energies” w
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Mapping to Wilson chain

N/2

[w) ZTOD —|wl)= ) V28w~ En)

I—l—n — [A—n’A—n—l—l]’

+,n=1

Z—n — [_A—n—l—l7 _A—n]’

Zin|=A"T"(A-1)
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vD22
\ D=1
-1 AL A2 A2 AT I
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Mapping to Wilson chain [@] FLATIRON

N/2 vD22
I(w) ZTOMD - |w))= > VZ,0(w—En) 7, T_5 A T Ty D=1
£n=1 i ——— i
I—i—n — [A_na A_n+1]7 Z—n - [_A_n+17 _A_n]n |I:|:n| - A_n(A T 1) : ML LY S . >
1 AL A2 A2 AT I
A
ey & e G g 1o
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Mapping to Wilson chain [@] FLATIRON

N/2 vD22
Pw) ETOD —[w) = D V8w~ Exn) I, I, 4 Lo  Zn D=l

+,n=1 p " e "

Top =[A" A", Z_, =[-A""" A", |Ten| =A"(A-1)

Y

1 AL A2 A2 AT 1

w
A
J7, wl'(w)dw A+1 . A .
VZ = [ TI'(w)dw = DA (A—1 , = A L pATPE—_— : AL :
En /zin )de A=l & = e 2 ‘ 5 ‘ HHHH 5
-1 ¢y &2 ) &1 1w
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N/2 vD22
Pw) ETOD —[w) = D V8w~ Exn) I, I, 4 Lo  Zn D=l

+,n=1 p " e "

Top =[A" A", Z_, =[-A""" A", |Ten| =A"(A-1)

Y

1 AL A2 A2 AT 1

w
A
J7, wl'(w)dw A+1 . N .
V2 - / [(w)de “E DIAT(A—1), £y = 22 & pp-nitl IR AR
S Jo.. T R I
N/2 N/2 1 ¢ 1 g
” 1 £ &a &1 w
thb,bath: Z (Vﬂ:naT:I:n,adU—'_h'C')—i_ Z ginaln,aainﬂ "
+ n=1 +,n=1
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N/2 vD22
Pw) ETOD —[w) = D V8w~ Exn) I, I, 4 Lo  Zn D=l

+,n=1 p " e "

Top =[A" A", Z_, =[-A""" A", |Ten| =A"(A-1)

Y

1 AL A2 A2 AT 1

w
A
J7, wl'(w)dw A+1 . N .
V2, = / P(w)dw % DIA™"(A—1), &y, = “Z&n et ppn il e
" ), Jo.. T R I
N/2 N/2 1 ¢ .
- —1 § o o & w
thb,bath - Z (Vﬂ:naT:l:n,adU—i_h'C') + Z g:l:naT:I:n,aain,U "’
+ n=1 +,n=1
h ~~ g N/2
tdcg)a, {cga,co(,} =1lsty= Z Vi = /F(w)dw
+.n

Fabian Kugler The numerical renormalization group (NRG)



Mapping to Wilson chain [@] FLATIRON

N/2 vD22
Pw) ETOD —[w) = D V8w~ Exn) I, I, 4 Lo  Zn D=l

+,n=1 p " e "

Top =[A" A", Z_, =[-A""" A", |Ten| =A"(A-1)

Y

1 AL A2 A2 AT 1

w
A
e wl'(w)dw A+1 ; ; AT EY :
VZ, :/ Nw)dw & DIA™"(A—1), &4y = Jz.. £ ppnll : AHE :
Ts Jz,, T(w)dw 2 = ]
N/2 N/2 1 ¢ 1 g
o —1 &2 Ero §r1 w
thb,bath - Z (Vﬂ:naT:I:n,adU + hC) + Z g:l:naT:I:n,aain,U
+ n=1 +,n=1
b ~~ g N/2
tdcga, {cga,co(,} =1lsty= Z Vi = /F(w)dw
+.n
i) 1 imp 1 2 N mp O 1 2 3
Unitary traformation o € g 0O V.o 0 O Ef0 tq4 0 0 O
via tri-diagonalization -+ [ 0 &1 Vo4 0 0 Of|tqg € to 0 O
(Lanczos) % Vo Voo 0 Vi Vol—=-10 ty e t1 O
1: 0 0 Vl fl 0 N 0 0 tl €92 t2
N 0 0 ‘/2 0 52 ™ 0 0 0 t2 €3
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Mapping to Wilson chain [@] FLATIRON
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N/2 vD22
I(w) ZTOMD - |w))= > VZ,0(w—En) 7, T, A T, I D=1
£n=1 j e '
Tin= AT AY, T, = AT AT, [Ta| = AT A - 1) N N 11 S T N .
1 AL A2 A2 AT I
A
e wl'(w)dw A+1 ; ; SRR FE R ;
Vi, :/ [(w)dw = DA™ (A=1), &g = Iz, 2 pAratl : LR | :
To, Jz,, Tw)dw 2 = B EREEE: A .
N/2 N/2 _q ¢ 1 g
o —1 &2 Ero Er1 w
thb,bath - Z (Vﬂ:naT:I:n,adU + hC) + Z g:l:naT:I:n,aain,U
+ et + et star geometry
b ~~ g N/2
tacl . el coot =16 tg= Z Vi = /F(w)dw
+.n
i) 1 imp 1 2 N mp O 1 2 3
Unitary traformation o € g 0O V.o 0 O (0 tg O O O
viatri-diagonalization | 0 &4, Vo1 0 O Oltqa € to 0 O £ e, £, £,
(Lanczos) % Vo Voo 0 Vi Vol—=-10 ty e t1 O L
— 0 0 i fl 0 ~al 0 0 t1 € ty . ty Q to Q ty O to O
N 0 0 ‘/2 0 52 ™ 0 0 0 t2 €3

Wilson chain
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Mapping to Wilson chain [@] FLATIRON

N/2

vD22
I(w) ZTOMD - |w))= > VZ,0(w—En) T, I, A\ Too Iy D=1
+n=1 i e '
Tin= [A_naA_n+1]a 1= [_A_n+17 —AT"], | Zan| =ATM(A 1) ' SN SUEE L - . >
1 AL A2 A2 AT I
A
e fz wl'(w)dw A+1 ; ; S RE] EE R :
Vi, :/ T(w)dw = DTAT"(A—1), &qp = 2" = DA™"—— : : R !
A Erow oL
N/2 N/2 1 ¢ 1 g
P —1 &2 Ero §r1 w
thb,bath - Z (Vﬂ:naT:I:n,adU + hC) + Z é-:I:naTj:n,ga:I:n,a
+,n=1 + n=1 star geometry
h ~ g N/2
tach,, {clprCos} =1 ta=) Vi, = /F(W)dw ; e8 DO+AHA-AT"YH somj2 e
+n n 2v/1—A—2n-1,/1—A—2n-3 ’ no
D) 4 imp 1 2 impO 1 2 3 independent of IF(a))da) !
o
Unitary traformation owfé&o 0 Vo 0 O (0 tg 0 0 O
via tri-diagonalization | 0 &1 Vo4 0 0 Of|tqg € to 0 O £ e, £, £,
(Lanczos) % Voo V_4 0O Vi Wol—>-10 to ¢ t1 O L
— 0 0 i fl 0 ~al 0 0 t1 € ty O ty Q to Q ty O to O
N 0 0 ‘/2 0 52 ™ 0 0 0 t2 €3

Wilson chain
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[terative diagonalization

{Es}n

—%nd—l—UndTnCu
= (U DU )itnp,
. -U -U

D =diag(=~, =, 0,)0)

dim®H : d

[@] FLATIRON
. VDQQ
~1 1 w
BCPOS8
€ €, €, €4

“Be able to resolve small energies,
accept coarse resolution at high energies”
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Iterative diagonalization

{Es}n

—%nd—l—UndTnCu
= (U DU )itnp, —
T U —-U -
D—dlag(T,T,O,O .7

dimH : d d?

[@] FLATIRON
| VDQQ
~1 1 w
BCPOS8
€ €, €, €4

“Be able to resolve small energies,
accept coarse resolution at high energies”
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Iterative diagonalization

S A
~a
S
——
—— . —
O
e,
H —
av)
Z
— [ —
U, U 1
3 Na+Undgrna| o —
@F
= (UTDU)imp, — 3
. U -U R —
D—dlag(T,T,_O,O_ Ik
n—1
tno1~A" 2
n
dlmH d d2 Nrnax
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| VDQQ
~1 1 w
BCPOS8
€ €, €, €4

“Be able to resolve small energies,
accept coarse resolution at high energies”
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[terative diagonalization

€ A
—
C’) N
S
——
e
D)
=
H —
av)
Q
2
— [ —
—Yng+Ungn —
2 'vd dt’td] -
2, —
:(UTDU)imm E— Q —
3 U -U .7 —_— ———
D—dlag(T,T,O,O ’,¢’
boeAE o
~Y 2
n
dlmH . d d2 Nrnax Nmax

(UTDU)K_| + e,n,
—|—(tncibcn_1 +h.c.)
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~1 1 w
BCPOS8
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“Be able to resolve small energies,
accept coarse resolution at high energies”
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vD22
E{ a>1 : L
-1 IR
5 BCPO8
s € €, €, €,
ey}
: O O+-0--0-0-
— 5 — td to ty ts
- —_—
—7nd—|—Und¢nd¢ ——
+ —— 111 H
_ DU, 2 — Be able to resolve small energies,
= ( Hmps S —_— accept coarse resolution at high energies”
D=diag(=%", 5,00) .- - -
e —
~Y 2
n—l t,~A"2
>
n
dlmH . d d2 Nrnax Nmax

(UTDU)K_| + e,n,
—|—(tncibcn_1 +h.c.)
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vD22
€3 1 : L
e @ > ~1 1,
5 BCPO8
o t, <K ETIL)_1 €o £, €, €,
T @ OO0+ 0O-
A ty to t, t,
- —_—
—7nd—|—Und¢nd¢ ——
+ —— 111 H
_ DU, 2 — Be able to resolve small energies,
= ( Hmps S —_— accept coarse resolution at high energies”
D=diag(=%", 5,00) .- - -
e —
~Y 2
n—l t,~A"2
>
n
dlmH . d d2 Nrnax Nmax

(UTDU)K_| + e,n,
—|—(tncibcn_1 +h.c.)
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[terative diagonalization

EJ_, a>1
T
T B
— A= oy
—%nd—l—UndTnCu E/E—l . a -
2= 5 —
::(Uﬁlnjhmp> — é ~ — L FEp
. —U —U . —_— avA 2
D:dlag(T,T,O,O ’,¢’
L La —
~Y 2
n-l ty A3
i n
dlmH . d d2 Nrnax Nmax

(UTDU)K_| + e,n,
—|—(tncibcn_1 +h.c.)
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BCPOS8
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“Be able to resolve small energies,
accept coarse resolution at high energies”
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[terative diagonalization

v

EJ_, a>1
g5 D
'E tn <<En—1
B m— e
— Sl 2% AT
—— D Y
—%nd—l—UndTnCu En—l . a -
P S
— (UTDU)imp, — é ~ \/”K < E;, —
. 7 - —_— a M
D:dlag(TU,TU,O,O ’,¢’
a1 - T —
tn—lNA 2 tnNA_E
n
dlmH . d d2 Nrnax Nmax

(UTDU)K_| + e,n,
—|—(tncibcn_1 +h.c.)
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~1 1 w
BCPOS8
€ €, €, €4

“Be able to resolve small energies,
accept coarse resolution at high energies”
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Iterative diagonalization [@] FLATIRON

vD22
) a>1 i L
5 5 BCPO8
T h<EL N

. 0 O—-O-—0O-0-

——— Q — t72;\ A % d 0 1 2

——— D Y
— %nd—l—UndTnCu En—l . a
; 2 - E, —_— “Be able to resolve small energies,
= (U DU imy, — 2 ~ L hp — t lution at high es”
. av/ A < accept coarse resolution at high energies
oo —=U —U . —_—
D:dlag(T,T,_O,O_ ’,,, v,
Il —_—— —
t A — TL_—l ...... ~ ~_H--_—-— ——
~ 2 N
n-l to~AT2 .
§‘~ >
. n ~~§~
dimH : d d> Npax N .
(UTDU B+ ennn Interplay of control parameters

A, N, ~ N,
+(tncl cp_1+h.c.) k (a~Ng)
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I I I I
blue: discarded
black: kept N [.] FLATIRON
A=6,Ng =500 INSTITUTE
(D,U,T)=(1,0.2,0.03)

... In practice .

—%ndthndTmu =
= (UTDU)imp, =

D=diag(=£, =Z,0,0)

I
I
|
|
\
|
|
|
|
|

{Estn
[T
[l

05 [— = -
q = I _
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I I I I
= blue: discarded
= black: kept N [.] FL ATIRON
= A=6,Ng =500 INSTITUTE
= (D,U,T)=(1,0.2,0.03)

... In practice .

—gna+Ungnay
= (UTDU)imp,
I U -U
D =diag(=~, 5,0,0)

{Es}n

Exploit SU(2) xXSU(2)
(could fully diagonalize 9 sites,
corresponding to >2x 10° states)

symmetry,

charge spin

Using QSpace tensor library by
Andreas Weichselbaum (BNL) for
Abelian + non-Abelian symmetries
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... In practice

0.5

— %nd+Und¢nd¢
= (UTDU )i,

2

D =diag(=Z, =Y, 0,0) o

{Es}n

-0.5

Exploit SU(2) xXSU(2)
(could fully diagonalize 9 sites,
corresponding to >2x 10° states)

symmetry,

charge spin

Using QSpace tensor library by
Andreas Weichselbaum (BNL) for
Abelian + non-Abelian symmetries

Fabian Kugler
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... In practice

0.5

— %nd+Und¢nd¢
= (UTDU )i,

D =diag(=Z, =

{Es}n

-0.5

Exploit SU(2) xXSU(2)
(could fully diagonalize 9 sites,
corresponding to >2x 10° states)

symmetry,

charge spin

Using QSpace tensor library by
Andreas Weichselbaum (BNL) for
Abelian + non-Abelian symmetries

Fabian Kugler
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... In practice

— %nd+Und¢nd¢
= (U'DU )imp,
1 ~U —-U
D =diag(=-,

77070)

Exploit SU(2) xXSU(2)

(could fully diagonalize 9 sites,

charge spin

0.5

{Es}n

-0.5

symmetry,

corresponding to >2x 10° states)

Using QSpace tensor library by
Andreas Weichselbaum (BNL) for
Abelian + non-Abelian symmetries

(O 0 [}

I I I I
blue: discarded
black: kept
A=6,Ng =500

(il

I

D000 NN 0 v IIII-_III!\WIIIII\IHIII\I\ OO |

(D,U,T)=(1,0.2,0.03)

S T

10 12 14

16

100

Rescaled energy

FLATIRON
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)

Q —
—— -
&1
| ="
o=
—— - -
[N
& o
g
< -
o - T
O [— —
0 5 10 15

Charge: absolute deviation from

half filling

w

N

—

o

0 5
lteration n

10 15
=1mod?2
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NRG flow diagram (@] FLATIRON

3

)

—_

rescaled energy

10712101010 10 —9 TK 1077 1076 10°° 10 -4 U 1072 10— 109
energy scale ~ A /2

Kondo model J¢S - Sy n

Strong coupling (Kondo singlet) Local moment Free orbital
RG flow

vD22
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NRG flow diagram (@] FLATIRON

3 L i — =~ = ==

= =~

gB hRNON
E—)l 2 == —\.—-..— s
= NG
b}
'U '.:'.:'.:'.:'.:'.:'.:'.:'.:'.:'.:'.:'_:'. ~~~~~~~~
<) ~.
r— N~
S |
wn ]_ _——— e — = —='—am.=.= -
<)
—

0 i : ™ -
10712101010 10 —9 TK 1077 1076 10°° 10 -4 U 1072 10— 100
energy scale ~ A /2

T>|¢>bath\;§|¢>|T>bath SIN=Dar) (1), |¢>)®|N>b;th

[
o G

Kondo model J¢S - Sy n
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Anders-Schiller basis [@] FLATIRON
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Anders-Schiller basis [@] FLATIRON
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Anders-Schiller basis [@] FLATIRON
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Anders-Schiller basis [@] FLATIRON
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Anders-Schiller basis [@] FLATIRON
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Single-shell Lehmann representation [@] FLATIRON

iHt iHt
Building block of spectral function: Aap(t) =Trpe"Ae™ "B
(Einstein summation convention for s, €) % : Trp elHt|se (se|A|se>ﬁ D (§é|e iHt

Peters, Pruschke, Anders, PRB 2006
Weichselbaum, von Delft, PRL 2007
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Single-shell Lehmann representation [@] FLATIRON

iHt iHt
Building block of spectral function: Aap(t) =Trpe"Ae™ "B
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Single-shell Lehmann representation [@] FLATIRON

iHt iHt
Building block of spectral function: Aap(t) =Trpe""Ae™"'B
(Einstein summation convention for s, €) % : Trp e‘Ht|se <86|A|86>ﬁ L (§é|e iHt
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Hilbert space partitioning: |se)*X(se| = Z |56) PP (3¢

Extend eigenstate approx. X _ n] X _ntl
(suffices for differences) H|se), = E"|se)n + O< i )
Peters, Pruschke, Anders, PRB 2006

Weichselbaum, von Delft, PRL 2007
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Single-shell Lehmann representation [@] FLATIRON

iH iH
Building block of spectral function: Aap(t) =Trpe 'Ae™'B
(Einstein summation convention for s, €) % %TrpelHt|se <se|A|se>~ D (36|~ iHt
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Single-shell Lehmann representation [@] FLATIRON
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Single-shell Lehmann representation [@] FLATIRON
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Log-Gaussian broadening [@] FLATIRON

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

Eigenspectrum is resolved on a logarithmic scale

— 0 peaks from Lehmann representation roughly
uniformly spaced on logarithmic scale

A=1.7,Ng =2000

(D,U,T)=(1,2e-3,8e-5)
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Log-Gaussian broadening

Eigenspectrum is resolved on a logarithmic scale
— 0 peaks from Lehmann representation roughly
uniformly spaced on logarithmic scale

Broaden 6 peaks by Gaussians of width a on log scale
— broadening width & @’ on linear scale

Weichselbaum, von Delft, PRL 2007
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Log-Gaussian broadening

Eigenspectrum is resolved on a logarithmic scale
— 0 peaks from Lehmann representation roughly
uniformly spaced on logarithmic scale

Broaden 6 peaks by Gaussians of width a on log scale
— broadening width & @’ on linear scale

Acont(w) = /L(waw/)Adisc(W,)dW,

(In |w| — In o'])®
a2

L(w,w') = ——=——=exp [—

normalized: /L(w,w’)dw = /L(w,w')dw' =1

Weichselbaum, von Delft, PRL 2007
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Log-Gaussian broadening
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Log-Gaussian broadening

[@] FLATIRON

I'NSTITUTE
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Log-Gaussian broadening [@] FLATIRON

0.2 0.2

black: full result
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Ways to increase high- « z-averaging: average results from shifted grid ~A™"*%, z€[0,1) Zitko, Pruschke, PRB 2009
energy resolution: « adaptive broadening : track sensitivity of eigenstates to variations of bath parameters Lee, Weichselbaum, PRB 2016

« self-energy trick: obtain spectral function via self-energy + continuous hybridization
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Spectral functions at finite temperature (@] FLATIRON

Lowest relevant energy scale: Kondo temperature, (D,U,T) = (1,2x1073,3 x107?)
can be deduced from Bethe-ansatz formula Ty, = \/ UT/2 e "URI+A72U 18
or Ty ~ 1/[4y(0)] or maximum of y7_,(w) or ...

vD22
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Spectral functions at finite temperature (@] FLATIRON

Lowest relevant energy scale: Kondo temperature, (D,U,T) = (1,2x1073,3 x107?)
can be deduced from Bethe-ansatz formula Ty, = \/ UT/2 e "URI+A72U 18
or Ty ~ 1/[4y(0)] or maximum of y7_,(w) or ...
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Spectral functions at finite temperature (@] FLATIRON

Lowest relevant energy scale: Kondo temperature, (D,U,T) =(1,2x1073,3 x107?)
can be deduced from Bethe-ansatz formula Ty, = \/ UT/2 e #UBI+A72U 108
or Ty ~ 1/[4y(0)] or maximum of y7_,(w) or ...
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Spectral functions at finite temperature (@] FLATIRON

Lowest relevant energy scale: Kondo temperature, (D,U,T) =(1,2x1073,3 x107?)
can be deduced from Bethe-ansatz formula Ty, = \/ UT/2 e #UBI+A72U 108
or Ty ~ 1/[4y(0)] or maximum of y7_,(w) or ...
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Self-energy [@] FLATIRON

Straightforward from spectral function 1 AW’ 1 1
= ——ImG ReG(w) =P d Y(w) = —
via Dyson equation? Alw) — (@), e Glw) b (@) Go(w) G(w)
(Kramers-Kronig transform) (Dyson equation)
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Self-energy [@] FLATIRON

Straightforward from spectral function 1 AW’ ., 1 1
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(Kramers-Kronig transform) (Dyson equation)

No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im 2(w — 0) — 0 hard to extract from difference
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Straightforward from spectral function 1 AW’ ., 1 1
=——-ImQG ReG(w) =P d Y(w) = —
via Dyson equation? Alw) T (@), ReG(w) b (@) Go(w) Gw)
(Kramers-Kronig transform) (Dyson equation)

No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im Z(w — 0) — 0 hard to extract from difference

Taking time derivatives —0(Td(r)d") = —0.(0(1)d(1)d" — O(=7)d"d(7)) = 6(r){{d,d"}) — (TO.d(r)d")
— “equations of motion” Hl’_/
(relating different correlation functions)

Fabian Kugler The numerical renormalization group (NRG)



Self-energy [@] FLATIRON

Straightforward from spectral function 1 AW’ 1 1
=——ImG Re G =P d )D = —
via Dyson equation? Alw) T (@), ReG(w) b (@) Go(w) Gw)
(Kramers-Kronig transform) (Dyson equation)

No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im Z(w — 0) — 0 hard to extract from difference

Taking time derivatives —0(Td(r)d") = —0,(0(7)d(r)d" — ©(—7)d'd(T)) = 6(1){{d,d"}) — (TOd(r)d")
— “equations of motion” < le—/
(relating different correlation functions) :
i {(d,d" )i, =1+ ([d, H],d" )i = 1+ e{d, d"i + ([d, Hin], d D1
) N——
(Fourier transform) q

1= {(d,d" i [iv — e~ (g d i /{d,d" ]
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Straightforward from spectral function 1 AW’ 1 1
= ——1 =P > = —
via Dyson equation? Alw) T mG(w), ReG(w) w—w Ao, (@) Go(w) Gw)
(Kramers-Kronig transform) (Dyson equation)
No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im Z(w — 0) — 0 hard to extract from difference
Taking time derivatives —0(Td(r)d") = —0,(0(7)d(r)d" — ©(—7)d'd(T)) = 6(1){{d,d"}) — (TOd(r)d")
— “equations of motion” < le—/
(relating different correlation functions) :
® i {(d,d" )i, =1+ ([d, H],d" )i = 1+ e{d, d"i + ([d, Hin], d D1
(Fourier transform) q

1= {(d,d" i [iv — e~ (g d i /{d,d" ]

(g d")- |
One finds the self-energy Y= z € IV, w
(@ary,  FEtmed

Bulla, Hewson, Pruschke, J. Phys. Cond. Mat. 1998
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Straightforward from spectral function 1 AW’ 1 1
= ——1 =P > = —
via Dyson equation? Alw) T mG(w), ReG(w) w—w Ao, (@) Go(w) Gw)
(Kramers-Kronig transform) (Dyson equation)
No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im Z(w — 0) — 0 hard to extract from difference
Taking time derivatives —0(Td(r)d") = —0,(0(7)d(r)d" — ©(—7)d'd(T)) = 6(1){{d,d"}) — (TOd(r)d")
— “equations of motion” < le—/
(relating different correlation functions) :
® w {(d,di, =1+ ([, H],d" )i = 1+ e((d, d" )i + ([d, Hine], d" 1o

) N——
(Fourier transform) q

1= {(d,d" i [iv — e~ (g d i /{d,d" ]

(g d")- |
One finds the self-energy Y= z € IV, w
(@ary,  FEtmed

Bulla, Hewson, Pruschke, J. Phys. Cond. Mat. 1998

(g, d")-{d, q")-

Similarly,one canshow Y = Yyartree + <<Q7 qT>>z - ((d dT»

Kugler, PRB 2022
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Straightforward from spectral function 1 AW’ 1 1
= ——1 =P > = —
via Dyson equation? Alw) T Glw), ReG(w) w—w Ao, (@) Go(w) Gw)
(Kramers-Kronig transform) (Dyson equation)
No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im Z(w — 0) — 0 hard to extract from difference
Taking time derivatives —0(Td(r)d") = —0,(0(7)d(r)d" — ©(—7)d'd(T)) = 6(1){{d,d"}) — (TOd(r)d")
— “equations of motion” < le—/
(relating different correlation functions) :
® w {(d,di, =1+ ([, H],d" )i = 1+ e((d, d" )i + ([d, Hine], d" 1o

) SN——
(Fourier transform) q

1= {(d,d" i [iv — e~ (g d i /{d,d" ]

T
One finds the self-energy Y= % (z € {iv,w}) Iy, — Im{(q,d").Re{d,d"), — Re{q,d") . Im{(d,d")).

(XN P

Bulla, Hewson, Pruschke, J. Phys. Cond. Mat. 1998

(g, d")-{d, q")-

Similarly,one canshow Y = Yyartree + <<Q7 qT»z - ((d dT»

Kugler, PRB 2022
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Straightforward from spectral function 1 AW’ 1 1
= ——1 =P > = —
via Dyson equation? Alw) T Glw), ReG(w) w—w Ao, (@) Go(w) G(w)
(Kramers-Kronig transform) (Dyson equation)
No, because (i) G stems from discretized and G, from continuum model
and (jii) accurate Im Z(w — 0) — 0 hard to extract from difference
Taking time derivatives —0(Td(r)d") = —0,(0(7)d(r)d" — ©(—7)d'd(T)) = 6(1){{d,d"}) — (TOd(r)d")
— “equations of motion” < le—/
(relating different correlation functions) :
® w {(d,di, =1+ ([, H],d" )i = 1+ e((d, d" )i + ([d, Hine], d" 1o

) SN——
(Fourier transform) q

1= {(d,d" i [iv — e~ (g d i /{d,d" ]

T
Onefindstheselfenergy & = BTl (o gy o Img.d).Re(d. ). — Relg.d).Im(d. ).
(. ) "’ (R @
Bulla, Hewson, Pruschke, J. Phys. Cond. Mat. 1998
- LA {(d, q")- Im({(g, d").Im{(d, ¢")).
Similarly,one canshow ¥ = Sgareree + (¢, 47 )2 — g <<c>l>, d<§f>)zq ) Im¥, =Im{q,q"). - i Im<><>d, dT<)<>Z ) + O(|Im Zz|2)
Kugler, PRB 2022 &
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Self-energy results at zero temperature (@] FLATIRON

1 1 . (g, d")- . (g, d")-(d, q")-
Dyson Y (w) = — , improved estimator (IE) X = , symmetriclE (slE) ¥ = Ypartree + (g, qT»z —
() Go(w) G(w) (d,d"). t {(d,d").
0.09 : :
—— Dyson
0.08 - | | —IE
| f\ sk
0.07 - i
0.06 |
S o0s
A
g
T 0.04
0.03
0.02
0.01 r
0 Il \] Il
15 1 05 0 0.5 1 1.5
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1 1 | (g d")- . (g,d")-{d,q")-
Dyson Y (w) = — , improved estimator (IE) ¥ = ~——*2 symmetric [E (SIE) ¥ = Sxartree + (g, ¢ )2 —
“)= G ~ ) (d.dr). ptres ST (-
0.09 x x 0.016 x x x
— Dyson (A, n, Nx) = (2, 2, 500)
0.08 | | —I‘IEE 001 1\ (D,U,T)=(1,0.2,0.03)
|| i
0.07 | [] .
| 0.012 -
|
0.06 | ~
H 0.01 -
%o.os ~
0.008 -
Hla 0.04
[ 0.006 -
0.03 |- ]
0.004 I
0.02 -
0.01 - | 0002 | \ /
45 4 05 0 0.5 1 15 -0.01 -0.005 0 0.005 0.01
w/D w/D
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Self-energy results at zero temperature

Dyson ¥ (w)

0.09

0.08 |-
0.07 |-
0.06 |-

So.os :

A

g

T 0.04 |
0.03

0.02 r

0.01 r

Fabian Kugler

, improved estimator (IE) > =

0.016

0.014

0.012

0.01

0.008

0.006

0.004

0.002

-0.01

[@] FLATIRON

I'NSTITUTE

(g, d")- . B o Hg,d")2(d,q")-
—(<d, . symmetric IE (SIE) X = Yyartree + (7,¢") - (. dn.
(A,?%Z, NK):<2, 2,500) | ”‘
(D,U,T)=(1,0.2,0.03)
0,005 0 0.005 00
w/D
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Self-energy results at finite temperature [@] FLATIRON

Again: (D, U,T") = (1,2 x1073,3 x107), Tx = /U2 e7"UBHA2U 108

1.6

14t

1.2}

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
w/U

vD22
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Self-energy results at finite temperature [@] FLATIRON

Again: (D, U,T") = (1,2 x1073,3 x107), Tx = /U2 e7"UBHA2U 108

1-6 T T T T T T T 100 L L L L 1] 1] 1] 1]
1.4} - ; = Z

1.2} 102} " ]
S / :
~ [ T/T;

3 0.8 3107 3 E— ].é_}f
Al ) 10—3
p—cE ; ~ (W/TK) 102
l 0.6} / 10—1
10-% 10°
04+t i 10!
| 102 F
i 103
0.2 108 ! /
0 [

107* 1072 1072 10°* 10° 10! 102 10® 10%
(,U/TK

Symmetric estimator crucial
for such high resolution!

Kugler, PRB 2022 vD22
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I' NS TITUTE

Self-energy results at finite temperature

Again: (D, U,T") = (1,2 x1073,3 x107), Tx = /U2 e7"UBHA2U 108

16 100 T T T T T T T T L B B b B B L B BRI B
1.4 . ﬁ;:;/,,/// 106 :
1.2 1072}
' / < T/Tx
1 &~ 10t 1073
= /T R 10725
N T/Tx N i o
— 1 —4 _ [
3 0.8 0 / — 10 4 %E‘F'{: [ 10—2
A - 103 . ~15
g ~ (w/Tk) L ~ f 107
T — 10 I 10!
0.6 10~ 3 10%E 05
1076 100 HE 10~
0.4 0 T 10°
—  10°
. 1 ;
0.2 10—8 / 10 100 =
0 . . . 1 ! ! ! PR AT B A R B R R TTTT| B R W R T TTT| B S AR TTTT| B S W T B S SR TTTT B S W T TTT| B SR TTT 1 1 1 1 d 1 d 1 d
-0.6 -0.4 -0.2 0 0.2 0.4 0.6 10—4 10—3 10—2 10—1 100 101 102 103 104 10—4 10—3 10—2 10—1 100 101 102 103 104
w/U w/Tk w/T
Symmetric estimator crucial Scaling collapse (Fermi-liquid form)
for such high resolution! (T only relevant low-energy scale)
Kugler, PRB 2022 vD22
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Orbital-selective Mott phase (T=0)

Consider multi-orbital Hubbard model with
some orbital(s) more correlated than other(s)

— Coexistent Mott-insulating + metallic orbitals

|15 D D) batn — 4 D)1 15 D) vatn B
NG T ®|N —1)bath

No low-energy modes

Hund’s coupling in insulating orbital

Kugler et al.,
PRB 2019

Fabian Kugler

T A

e.g. different occupations

1 T T T

Light orbital

Heavy orbital

3

g€ o
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Orbital-selective Mott phase (T=0) [@) FLATIRON

_ o _ e.g. different occupations or different U/D
Consider multi-orbital Hubbard model with 1 . ! ! 0.9 — , , e
some orbital(s) more correlated than other(s) tio/ty At AN \ ' N .
Light orbital !
— Coexistent Mott-insulating + metallic orbitals - S
l: .
[ 15 D3 D) baen =45 D113 0) batn 5
®|N —1)bath
V2 {
_ No low-energy modes Heavy orbital

Hund’s coupling in insulating orbital 0-6 3 3 6

g€ o

Kugler et al., ;
PRB 2019 103
_ 10"
DS
10"
orbital /,
1073
107 10°  10° 107 10"

w
Light orbital insulating

— underscreened Kondo effect
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Orbital-selective Mott phase (T=0)

Consider multi-orbital Hubbard model with
some orbital(s) more correlated than other(s)

— Coexistent Mott-insulating + metallic orbitals

|75 D45 Dvacn — 45 415 D) vatn B
NG T ®|N —1)bath

Hund’s coupling

No low-energy modes
in insulating orbital

Kugler et al.,
PRB 2019 103
_ 10
>
107"
orbital /,
1073
107  10° 103
w

Light orbital insulating

— underscreened Kondo effect

Fabian Kugler
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1 T T T 0.9

e.g. different occupations

Light orbital
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tiO / tlt Alt AhV

[@] FLATIRON
or different U/ D
0 85T

><‘|0'3

Heavy orbital metallic but
Z =0~ singular Fermi liquid
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Consider multi-orbital Hubbard model with different U/D
some orbital(s) more correlated than other(s) 0.9 ' I

0.85F ———

o/t At A | ™

O — o —

— Coexistent Mott-insulating + metallic orbitals

<

AL B L L] 5
|T7T>|¢7 ®>bath\/§|\L7\l/>|Ta ?>bath®’N_1>bath Qﬁ |

No low-energy modes
in insulating orbital

Hund’s coupling

Kugler, Kotliar,
PRL 2022
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Consider multi-orbital Hubbard model with different U/D

some orbital(s) more correlated than other(s) 09 e ' ' '
tio/tlt -A —A v

— Coexistent Mott-insulating + metallic orbitals

<

AL B L L] %
|T7T>|¢7 ®>bath\/§|\L7\l/>|Ta ?>bath®’N_1>bath Qﬁ |

No low-energy modes
in insulating orbital

Hund’s coupling

Kugler, Kotliar,
PRL 2022
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Orbital-selective Mott phase (T=0)

Consider multi-orbital Hubbard model with
some orbital(s) more correlated than other(s)

— Coexistent Mott-insulating + metallic orbitals

<
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V2

No low-energy modes

Hund’s coupling in insulating orbital

Kugler, Kotliar,
PRL 2022
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Orbital-selective Mott phase (T=0)

Consider multi-orbital Hubbard model with
some orbital(s) more correlated than other(s)

— Coexistent Mott-insulating + metallic orbitals

15 D5 D vath — 45 1115 0) batn
2
No low-energy modes
in insulating orbital

Hund’s coupling

Kugler, Kotliar,
PRL 2022
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I'NSTITUTE

to/te = 0.4 0.3 0.2 0

. light orb. e e -
Consider multi-orbital Hubbard model with different U/D heavy orb.

some orbital(s) more correlated than other(s) 09 e ' ' ' 0.9 ' '
tio/ty AT AY

— Coexistent Mott-insulating + metallic orbitals

<
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Kugler, Kotliar,
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to/te = 04 03 0.2 0
. light orb. e e -
Consider multi-orbital Hubbard model with different U/D heavy orb.

some orbital(s) more correlated than other(s) 09 e ' ' ' 0.9 ' '
tio/ty AT AY

— Coexistent Mott-insulating + metallic orbitals

<

AL B L L] %
|T7T>|¢7 ®>bath\/§|\L7\l/>|T7 (?>bath®|N_1>bath Qﬁ |

Hund’s coupling

Dy, - A"

No low-energy modes
in insulating orbital

Kugler, Kotliar, Ut U 12
: L It 1t
PRL 2022 Interorbital hopping yields Ty ~ exp (at—2> = exp ((xt——>
i It

10 10

(relevant to recent ARPES in FeTeixSey, group of Ming Yi@ Rice U.)
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Orbital-selective Mott phase (T=0)

Consider multi-orbital Hubbard model with different U/D

some orbital(s) more correlated than other(s) 09 e ' ' '
tio/tlt A A v

— Coexistent Mott-insulating + metallic orbitals

154 D) bach — | 45 1)1 15 O pacn B

V2

Hund’s coupling

Kugler, Kotliar,
PRL 2022

Huang et al.,
Comm. Phys. 2022

T Q|N—1)path &

No low-energy modes
in insulating orbital
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Interorbital hopping yields Ty ~ exp at—z = exp at_t_z
i0 It
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(relevant to recent ARPES in FeTei.xSey, group of Ming Yi @ Rice L))
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3 steps of Wilson’s NRG: Wilson, RMP 1975 — o

@D logarithmic discretization ® mapping to Wilson chain @ iterative diagonalization
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3 steps of Wilson’s NRG: Wilson, RMP 1975 — o

@D logarithmic discretization ® mapping to Wilson chain @ iterative diagonalization

-1 ¢ &2 &2

{ES }TL

§r1

vD22

vy,
Q
%
o
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Modern developments: Weichselbaum, von Delft, PRL 2008
Zitko, Pruschke, PRB 2009

Lee, Weichselbaum, PRB 2016
 Increased resolution through z-averaging, adaptive broadening, improved estimators Kugler, PRB 2022

« Complete basis of approximate eigenstates for sum-rule conversing spectral functions
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{ES }TL

3 steps of Wilson’s NRG: Wilson, RMP 1975 — o

@D logarithmic discretization ® mapping to Wilson chain @ iterative diagonalization :
‘ i ‘ i ‘H H‘ i i ) 3 £, & e —
Ll | @+O0+0+0+0- T .= = =
—1 &1 §o &2 &1 Ly —_— i —_— =
vD22 BCPO8 - >
Modern developments: Weichselbaum, von Delft, PRL 2008

Zitko, Pruschke, PRB 2009

Lee, Weichselbaum, PRB 2016
 Increased resolution through z-averaging, adaptive broadening, improved estimators Kugler, PRB 2022

« Complete basis of approximate eigenstates for sum-rule conversing spectral functions

Status as a DMFT impurity solver:

@ Real-frequency, any temperature
@ Fine low-energy resolution
© Coarse high-energy resolution

© Full diagonalization requires symmetries
(up to 3 (4?) orbitals, no spin-orbit coupling)
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{ES }TL

3 steps of Wilson’s NRG: Wilson, RMP 1975 e e

@D logarithmic discretization ® mapping to Wilson chain @ iterative diagonalization :
‘ i ‘ ‘H H ‘ i ) 3 £, & e —
Ml A . OO 0-0-0- - = =
—1 &1 §o &2 &1 Ly —_— i —_— =
vD22 BCPO8 - >
Modern developments: Weichselbaum, von Delft, PRL 2008

Zitko, Pruschke, PRB 2009

« Complete basis of approximate eigenstates for sum-rule conversing spectral functions Lo, Weichselbaum. PRE 2016

 Increased resolution through z-averaging, adaptive broadening, improved estimators Kugler, PRB 2022
Status as a DMFT impurity solver: Current frontiers: Matsubara Keldysh
® Real-frequency, any temperature * Ab-initio multi-orbital systems Tero/U MF,Re  KFcausal.Re KFcausal.im
- . . 4t ] x10
e Multi-point correlation functions 3

@ Fine low-energy resolution ]
— real-freq. two-particle vertex

Kugler, Lee, von Delft, PRX 2021, Lee,

T )
Kugler, von Delft, PRX 2021, i . ‘ Il '. _
Lihm, .., Kugler, Lee, PRB 2024 . . .

up to 3 (4?) orbitals, no spin-orbit couplin —4 0 4 -4 0 4 -4 0 4
(up 4?) p pling) v/A v/A v/A

© Coarse high-energy resolution

Symmetric
VA

© Full diagonalization requires symmetries

Fabian Kugler The numerical renormalization group (NRG)



