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® |[ntroduction

® Mott transition

® Quantum impurity models

® DMFT: basic formalism

® The Mott transition in DMFT.

® Jowards realism: Hund’s metal

® (luster extensions of DMFT.

® [wo particle quantities: susceptibilities, transport.

¢ Quantum impurity solvers: an overview.

® Qutlook




Weak vs Strong Correlations 3

® Weakly correlated systems :

® The “standard model” : renormalized independent fermions

® Fermi Liquid Theory L .Landau 50’

® Density Functional Theory (and Local Density Approximation)
Kohn, Sham, Hohenberg

® Strongly correlated systems : lattice

® When the “standard model” breaks down.

orbital

® |nteraction produces qualitatively new physical effects

® Many instabilities at low T.




Strongly correlated systems

Materials
High Temperature superconductors
Transition metal oxides,

Correlated metal/superconductors
at interface of oxides

SrTiO3/LaTiO3
Ohtomo et al, Nature 2002

Ultra-cold atoms in optical lattices

2D 3D

High Temperature

“Artificial solids™
superconductors

of atoms & light

Iwisted bilayer
graphene

Ruthenates RU o




Materials

® Usually: Valence (bands) vs core electrons (localized around the atom)

® Some orbitals are only partially localized (3d.,4f e.g.)
d, f orbitals are quite close to nuclei

® Electrons “hesitate” between being localized (short time) and delocalized (long time)
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Dynamical Mean Field Theory
The main idea

® DFT (Density Functional Theory)

® |ndependent electrons in an effective periodic (Kohn-Sham) potential.

® Central object is the electronic density p

W. Metzner, D.Vollhardt, 1989

¢ DMFT (Dynamical Mean Field Theory) : change of “paradigm” A. Georges, G. Kotliar, 1992

® An atom in an effective bath of independent electrons (quantum impurity)

® C(Central object is the Green function G(w)




Quantum Embeddings

® A family of methods. DMFT is only the tip of the icebersg.

Select local degree of freedom

Correlated material .
atoms, correlated orbitals

“Toy” model Auxiliary model

u /\ “Quantum impurity model”

Embedding

Compute physical quantities on the lattice
from the auxiliary model

Good idea when atomic physics plays a major role.
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A brief introduction to
Mott transition




A minimal model for theorists : Hubbard model

Kinetic term Interaction term (Coulomb) U>0
H = — Z tz’jczgcja + Unipngg, Nioc = CJ;LUC?:a
(¢j),0=T,l
Nearest — 0=1- <TLT T nl>
neighbours Doping (number of charges)

® Not realistic for solids, but it is for cold atoms in optical lattices

e Half filling : | electron/site in average : 0 = 0
e U/t small : Fermi liquid

® t =0 :Insulator.Atomic limit

® What happens at intermediate coupling U/t ?




Mott insulator N. Mott. 50’s

® One electron per site on average (half-filled band).
o At small U a textbook metal.

® |f Uis large enough, it is an insulator : charge motion frozen.

H = — Z tijc;-facj(,%—UniTnil, nwzczacw
vl 0=1—(ny+ny)

/A ST (AAAAAT
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[FATAAA i i

LTSI oy AT

IAA AT /LA AT
Mott insulator Large Coulomb repulsion U ~ eV ~10% K
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Mott insulators : spins are not frozen !

® Charge motion is frozen, but spin degrees of freedom are not !

® At which physical scale will spin order arise ?

/7

Effective antiferromagnetic interaction
between spins

H 412

JAarp = —

M U

NENCE N

NN

NORNNN
ONORNCN
NN
OO
LN

Mott phenomenon at strong coupling has nothing to do with magnetism
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Various regimes in Hubbard model at half filling

T/6t

~ Fermi
Liquid

0.12

Q.14

0.10

Incoherent

! Onset of
» Quasiparticle

Coherence (DMFT)

Mott Insulating
Paramagnet
—— (Fluctuating
G Local Moments
Sy mm— )

Mott

Insulator

o with short-range
éel tempe :

OMET) AF correlations

~ Slater AF

~ Heisenberg AF
Ordered Mott Insulator

|3
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Doped Mott insulators

Mott insulator p Holes = charge carriers
U/t i/ '
A Mott metal
O
. /
2
=
o ? Doping driven
S .
O
o
b s
k= Fermi liquid metal

® How is a metal destroyed close to a Mott transition ?
Or a Mott insulator by doping !

® “Mott metals” are fragile and complex : Many instabilities, rich phase
diagrams, large susceptibilities, small coherence energy
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In real materials ...




Interaction Driven Mott Transition

® Vary pressure P & /U

V203
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(but has a simple hubbard modelization)
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P Limelette, et al. PRL 91,016401 (2003)
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High-Tc superconductors are doped Mott insulators

High-Tc superconductors
Generic, simplified phase diagram
B10O
S0
Cu0,

Ca

250

Unconventional
normal metal

200
CuO,

Sro
BiO

=
=
E!l(K)

. 150
insulator

B10

SrO "
Cuo, =

Ca

100

Temperatur

50

-
o
L,
-
)
k=
L
=

Cud),. e
SrO
Ri()

0.0 0.1 0.2 0.3 Fermi liquid
hole doping (p)

® A family of copper oxides with high critical temperature (90, | 00K).
® Physics qualitatively different from conventional superconductors.

® Mechanism of high-Tc superconductivity ?
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CarSryRuQy4

® A correlated material, with a complex phase diagram.

-

A

Tt Cao_xSryRuOg4

O Paramagnetic
\ metal

g, TeEL
AF correlated

Paramagnetic
Mott insulator

T AN

= Unconventional
superconductor
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Reminder : spectral function

A(k,w) = %Im/da:dtei(kx_w)ié’(tM[c(x,t),CT(O,O)D

® (Theorist’s view of) photoemission experiments (ARPES)

(a) Z1 e ARPES: hole excitations

" e/ snayzer Ak, 0)no)

SR 2 Fermi function

¥ X

Photoemission geometry

A. Damascelli et al, Rev. Mod. Phys. 75,473 (2003
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Spectral weight transfer

Spectral function Optical conductivity
Quasi-particle-peak .
A(k, CU) ': Lay_, Sr,Cu0y
| 0.34
T Lo.zo
| | § 1.0} | N
k { k c | 0.15 x=0
/*/ “ I “ f— % ' —
/H | - \ / I _, - 0.10 0.06”¢ 10>
7 ~ 0.15
i » ;’Q}*ﬁ“ 251\ oo i S0-20
// - - - i 0.34
N-1 Ep N+l E( 0.02
~  Hubbard S S
Free electrons Correlated Fermi liqui 0 1 2 3 2
bands ho (V)
® Spectral weight transfer from low to high ener
P & & sY S. Uchida et al, Phys. Rev. B (1991)

Mott physics

Atomic-like localized excitations. Hubbard band
VS
long range, delocalized, quasi-particle peak
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Hubbard band = remanent of an atomic transition

e | Hubbard atom H = ¢y(n; + n)) + Unyn,

ot gy A(o)
. R

O— €0 6()—|—U )

® A Hubbard satellite” is just an atomic transition broadened by the solid-state environment.

® Understanding the energetics of the Mott gap requires a an accurate description of the many-body
eigenstates of single atoms : multiplets, i.e. U, J . .. (cf later on Hund’s metals).
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Correlated metals : spectroscopy

® Narrowing of quasiparticle bands due to
correlations (the Brinkman-Rice phenomenon)

® Hubbard satellites (i.e extension to the solid of

atomic-like transitions) ens FLAPW
- FLAPW

(x 0.6 in

energy) »

R

_~‘,

, 1.! 1!"
%
X%\" Dashed line:

e Nt
Spectrum obtained from Sekiyama et al,, PRL 2004
VO; band-structure methods (DFT-LDA)
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Mott insulator

® FEven harder for conventional DFT methods Puzzle: Why is $rVO; a metal
and LaTiO;,YTiO; Mott insulators ?

YTiO,
Hubbard satellite
Ugy / W << 1
t A
| YTIO, 5
3 2 1 0 -1 g
Binding Energy (eV) =
' v
%, coherent 3
d'>d® % i YTIO, o
Metallic LDA (KS) spectrum ! | | \.l....._l,j
3 2 1 0 -1

Binding Energy {eV)




Why DMFT ? ;

® T[heoretical framework

® Describes both

® atomic multiplets & low energy Fermi liquid

® J|ow and high energy features (and spectral weight transfer)

® Mott insulator & metal

® Computational method

® Control : cluster, vertex extension (in principle and sometimes in practice)

® (Cooperates well with electronic structure method.

Partition between “correlated” and ““non correlated orbitals’
DFT + DMFT, GW + DMFT  Cf lecture Il
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A brief introduction to
quantum impurity models
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Quantum impurity models

Magnetic impurity Nanostructures/Quantum dots

® |n a metallic host

® Thermodynamics : C, X, transport : p !

Mﬁ

® Quantum dots. Non-equilibrium

® Current:|(V), conductance, noise ?

DMFT

® This lecture ...
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Quantum impurity models: definition

® Scalar impurity : not a many body problem

H = Z Ekc};gcka + Z Vk,k/C};UCk/a

koo Lk’

o)

® Anderson model

® |mpurity with a local, quantum degree of freedom.

H= Y epéilro+ » cadids +Unana+ Y Vie(&l,do + h.c.)
ko=1,4 o=1,1 ko=1,4

® One site of Hubbard model (c instead of d) and a bath
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Action versus Hamiltonian form

® An equivalent formulation obtained by integrating the fermions

H= Y el o+ ¥ eadids+Unanag+ Y Vie(&h,do+ h.c)
k,o=T,| o=T,} k,o=T,|

Hybridization function -~
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Kondo model

® Anderson model

H= Y el o+ ¥ eadids+Ungnag+ Y Vie(&h,do+ h.c)
k,o=T,| o=T,} k,o=T,|

® Atomic limit = without the bath

) | nat + nai Schrieffer-Wolf Phys.Rev. 66
I 1 electron —€q4, U — 400
V2
J K X ——
-U/2 0 U/2 eqt U/2 U

® Kondo model

H = ngflio'gk(f + JK? ' Zgliga_zaa’gk’a’ ;
- s
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A single spin 1/2 + a free fermion

A non-trivial problem
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Impurity models are correlated systems

® | ocal but correlated problems

H = Z Eka‘s;igfk’a + Z cadl dy + Ungrng, + Z Vko(f}igda + h.c.)
k,o=T,l o=T,{ k,o=T,l

H = nggliggka + JKﬁ ' Zf]iga_zaa’fk’a’
ko

kk’

O'O'/

® A second electron sees a local degree of freedom (e.g. spin)
flipped by the first.

e Sufficient to create strong correlation effects. Solving impurity models will not be easy !

d d L Beo
@ O @
1 2

3
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Kondo Temperature

® Perturbation theory at second order in Jk Kondo 64

® |mpurity quantities, e.g.

oy v D
Ximp = X = XPaul imp = X0 (1 _ 2JK,00(1 + 2K po In ?)) .
D 4
d.o.s of c Po Cimp = 85(S + 1)(Jx po)? (1 +2J5poIn T) +..
2 D :
Rimp = R()(JKIOO) (1—|—2JK,00 In —) =+ ...
D p Y g

® |owl large D divergences :
absorbed in a coupling constant renormalization.J = J 4

D

T = Jx o (1 + 205 poIn ?)

e J.,~ 1 :breakdown of perturbation theory at the Kondo temperature

1
'~ Ty = De 2/Kro
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Kondo effect
® Screening of the Kondo impurity by the metallic bath

d.o.s of the bath at the
\TK - De_ 1/J,004/ Fermi level

Kondo temperature

|
0
I <y 1> Ty

&) t

1 1
Ximp(T) ~ Tr Ximp(T) ~ A

® | ocal Fermi liquid (P. Nozieres, '/4) ® Free spin (Curie law)

® Strong coupling picture : single
“Confinement” of the spin.

® |+ Field Theory with asymptotic freedom (similar to QCD
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Spectral function of the d

1
1o F i E T Vel e A =~ Lmego
ko=t ] ko=t @
I A(w)
® Atomic limit,e;, = — U/2
>
Q)

—-U/2 U/2
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Spectral function of the d

1
H = Z €ka€]iafka + Z eadl dy + Ungingy + Z Vka(f};gda + h.c.) Ag(w) = __Ich?(w)
k,o=1,| o="T,{ k,o=1,|

A

A(w)

® Atom + bath, high temperature
I'> Ty

—-U/2 U/2
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Spectral function of the d

1
H = Z gkagliagka T Z gdd;ryda + UndTndi + Z Vka(gliad(f T hC) Ad(W) — ——Imef(W)
—] o=,1 —] n
® Atom + bath, low temperature A(w)
' Ty
TK
- U/?2 U/?2 ),

® Sharp resonance (Kondo-Abrikosov-Suhl) in the spectral function of d
of width 7%,“at” the Fermi level. Many-Body effect
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Kondo-Abrikosov-Suhl resonance

® Evolution from U=0,atT =0 H= Y ewllorot+ Y cadide +Unana + > Vie(&l,do + hec.)
. . . . k,o=T,4 o=T,| k,o=1,]
(using simply perturbation theory in U).

® Spectral weight transfer
P(w=0) independent of U

1
40.0 R .
Ad(w) | Ag(w) = —;]mGd (w) (Friedel sum rule)
301); |
- 200¢
II |
% 20.0 | - 10.0
0.0 Ul S it
-0.025 —-0.005 0.015
| The Kondo Problem
10.0 - | —q_ - 15 to Heavy Fermions
| | ' nA |
| | J N>
0.0 | = ‘\\\\_
- =250 . i 5.0 15.0 25.0

w/A

particle-hole symmetric case (Hewson’s book) A=I=m 00 V2




38

Analogy with Mott problem

Lattice Anderson impurity
Qua5|-part|cle-pe40%[§

Alk,w) |
——ImG.(w)
-
[
k t | { k
/f/ || | AL -
/fﬁ“/ﬂ | Jf:f \ / I
J!.._' _p,_/\ va
e e = =
a— — ~
N-1 Er N+l 'Ed

Free electrons Fermi liquid

Hubbard bands

Mott physics : ® Abrikosov-Suhl resonance
Hubbard band (localized)
VS ® | ocal Fermi liquid with
Q.P. peak (delocalized) coherence temperature Tk

Nozieres, 1974

DMFT transform this analogy into a formalism
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Dynamical Mean Field Theory
(DMFT)




DMFT : main idea N

W. Metzner, D.Vollhardt, 1989
® DMFT :An atom in a self-consistent bath. A. Georges, G. Kotliar, 1992

=

G(r)

® First a reminder of the simple Weiss mean field theory for Ising model




Weiss Mean Field Theory '

® [sing model (Weiss) : A single spin in an effective field.

H=—-J Z 00 ; Ising model.
)
m = (o) Order parameter.
H.g = —Jhego Eftective Hamiltonian
hegg = 2JdM Weiss Field
m = tanh(Gher) | Solution of the effective Hamiltonian

® Qualitatively correct (phase diagram, second order transition)
even if critical exponents are wrong (R.G,, Field theory....,)

® Derivation :e.g. large dimension limit on hypercubic lattice

Generalisation for quantum models, electrons ?
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Dynamical Mean Field Theory

H — —JZO'iO'j
)

m = (o)

Ising model Heg = —Jhegto o -

heff — zJm

m = tanh(SBhesg)
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Dynamical Mean Field Theory

® Anderson impurity with an effective band determined self-consistently

H = Z 8dc§ca+Un¢n¢+ Z ng(fliaca—kh.c.) + Z skgfliafkg

o=1 k,o=14 ko=t
Local site Coupled to an effective electronic bath
® Action form I
B B
S = — // drdr’ ¢! (1)G (1 — 17) e, (7)) +/ dr Un4(1)ny (1)
0 0
2
1/ _ B |Vko'|
ga (an)— W T €Q ; iwn — e,
Ags(twny)

Hybridization function -~
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DMFT equations (| band paramagnetic)

Ising Hubbard i

$
S G(7)
=7 o, ztw lycia + 3 Unisny,
(i5) 2
I; B B
s Hot = —Jheto | St — — / / drdr'ch (1G 1 (r — 7)eo (7) + / dr Un(r)n, (7)
0 0 0
& m = (o) Goimp(T) = = (Teo(7)c} (0))

Yoimp |G| (iwn) = Gy (iwn) — Gm&np G| (iwn)

heff = zJm

CoplGl(io) = 3 - :

1 Wh T b — € — Zaimp [g] (an)

Implicit equation for the bath

Self consistency condition
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Lattice quantities vs impurity quantities

® Dyson equation on the lattice

1

Golatt (K, iwn) = - .
ltt( e ) an"_,u_ek _zalatt(kazwn)

® DMFT :the self-energy on the lattice is local :

é )

Ealatt(ka an) — Zaimp (an) Galoc(iwn) = Z Galatt(ka an) — Gaimp (an)
k
\. .
L 1
G oimp G| (1w, ) = ; iWn + 1t — €% — Zoimo[G](iwn)
® (5, .. depends on k: Fermi surface in metals. ® Effective mass and Z are related :
® / m* coherence temperature, finite temperature m
lifetime of metals are constant along the Fermi 4 =

m*

surface.
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Depends only the d.o.s of free electrons

® The k dependence is only through €« for the impurity problem

® Density of states for €«

D(G) — Z 5(6 — Gk)
k

® Self-consistency condition is a Hilbert transform

D(e)

D(z) = [ de for ze€C

< — €
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Semi circular d.o.s

® A simpler case, when the d.o.s is a semi-circular

1
D mrt?

D(e)= Jarr — e, |e|<2zt.

® |ts Hilbert transform can be done explicitly

By = J > 5 é)(e) D(Q)=(L—s\P—41%) 212 s=sgn[Im({)]

— €

RID(O)] = ¢ R(G)=1G+1/G
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Semi circular d.o.s

1
D(€)=5— Varr—e*,  |e|<2t. R(G) =G+ 1/G

® |ts Hilbert transform can be done explicitly

Coimpl0)(i0n) = 3 :

1 iwn T — € — Z(Iimp [g] (an)

~

Goimp (iwn) = D(iwy, + 1 — Ximp (iwn))
R|Gyimp] (twn) = twy, + 1 — Xoimp (2wn,)
tQGaimp(iwn) + G- (twy) = 1wy, + 1 — Q;l(iwn) + G- (1wp, )

oimp oimp

Q;l(iwn) = WWp, + [ — tQGaimp (twn ) A= leGimp
——
A (iwy)




The Bethe lattice K

e Connectivity z = number of neighbours z=3
® No loop.t between nearest neighbours

® [ree fermions on the Bethe Lattice for z = o
have a semi circular dos.

! G iwy) = iwy, + 1 — t°G(iwy,) )

- J

G (iwy) = D(iw, + )

iwp + 1t = R|G] =t°G + G~
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Bethe lattice/semicircular dos : summary of equations

® DMFT on the Bethe lattice

S = — / /O " drdr e ()G (r — e () 4 / dr Uns(r)n, (7)

G oimp (7_) = <TC‘7 (T)CZ; (O)>Seff

Q;l(iwn) — Wy, + U — tQGaimp(iwn)
%,—/
Ags(twn)

® Physically meaning full, since semi-circular dos is a reasonable shape

® The lattice itself is not very physical (issue for transport).




Exact limits for DMFT }

® Non interacting limit U = 0
® > =0, hence k-independent!
® |[solated atom A =0

| Z:Z

atrom

® Hence DMFT interpolates between weak and strong coupling.

® In the formal limit of infinite dimensionality ¢ — ©0 Metzner and Vollhardt, PRL 62 (1989) 324

More relevant to physics:
it is a good approximation
when spatial correlations are not too long-range
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Derivation of the DMFT equations
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Functionals

® A very general method in statistical physics:

® Pick up the relevant physical quantity X
® Build a functional T (X),

® Approximate the “complicated” part of [ (X)
® Examples:

® magnetic transition X =m

® Density functional theory X = p(x), electronic density

e DMFI,X =G
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Luttinger-VWard functional

® TJake action of Hubbard model, with a quadratic source h

S = /deT’ c,:fa( )(gOZ] + hw)(T — 7' )Coi (T /dTUanT )N (T

]

® Free energy is a function of h

Gij(r—7") = — <C73(T)C.]7L' (T/)> - 8hjz'(a7'g/2_ T)

® “Grand potential” = Legendre transform to eliminate h for G

['G] = Q[h] — Tr(RG) orG] L
['G]=TrinG — Tr(go_lg) + ¢|G] oG
N’
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Self-energy

F[G] = TrinG — Tr(go_lG) =+ (I)[G] Baym, Kadanoff,

De Dominicis, Martin 64

® From the stationarity of [ [G] at the physical G:

orG| -1 _ -1 . 0%
BYe. = 0 G — 9y Z[G] Zzg 5Gﬂ

® Dyson as a functional equation for G
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Luttinger-VWard functional

re

® Diagrammatic interpretation Baym, Kadanoff,
De Dominicis, Martin 64

®d|[ G is the sum of two-particles irreducible (2Pl) diagrams

kK I

I TR

® Also called “skeleton” diagrams.

® NB :does not depend on the bare propagator.
® A standard object in many-body theory. Conserving approximations

® In strong coupling, @ is in fact multivalued. G[g,] is not invertible

E. Kozik, M. Ferrero,A. Georges Phys. Rev. Lett. | 14, 156402 (2015)




Definition of DMFT ¥

Metzner-Vollhardt 89, Georges-Kotliar °92

® Jake a model with local interactions
H = — Z tijCl-LUng —+ UniTnil, Nig = C;racia
(17),0=T,]

® DMFT :only the local diagrams in @ (in real space, same point on lattice)

(- )

O(Gij) = Z b1 (Gis)

. y,

o3 ED .

Wait ... where is the bath ?
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Impurity = auxiliary local model

B p
Simp = — // drdr’ 26079_1(7' [ —I—/ drUn4(7)ny (1)
0 - 0

® & does not depend on the bare propagator, only on the vertex, so

(I)(Gij) — Z D1 (GZZ) ¢1 — ¢Impurity for any G — ¢atom

® The impurity exactly sums in 2 the 2Pl local diagrams if we can fix the bath such that
the impurity (full) propagator is the lattice local (full) propagator

[Gimp — Gi;?tt]

DMFT self-consistency
equations
0P

ylatt = 07 2im
17 8G]Z J b Gaimp [g] (an) — Z

1

1 iwn T — € — E(Iimp [g] (an)
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Exact limits

(- )
® DMFT is exact: DIG;| = Z D ioml Giil

\_ J

® ForU=10

e In the atomic limit (7; = 0).

® |nthed — oo limit

® Consider an hypercubic lattice in dimension d

® Scale the hopping as : t/\/c_i. Then ®(Gij) — Z¢1(Gii)
Metzner-Vollhardt 89

® (Combinatoric proof: Cf RMP Georges et al. 1996
2Pl implies at least 3 independent paths between 2 points, hence

non local diagrams scale at least like | /V/d.
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DMFT is an atomic approximation

~ ™)
(I)[Gij] — 2 (I)atom[Gii]

\ _J

® Ond!
® NotonG,2X...

® | ocality is the control parameter.
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DMFT is a diagrammatic method

( )

(I)[Gij] — 2 (I)atom[Gii]

" y '
O - . .

® (Consequences:

® FEasy to mix with other diagrammatic, e.g. GW + DMFT.

® Open many ways of generalizations (e.g. clusters, diagrammatic extensions ...)
Cf lectures by D. Sénéchal,A. Toschi

® Straightforward generalization to non equilibrium (Schwinger-Keldysh)
Cf lectures by P.Werner, M. Eckstein




Analogy with DFT 3

G. Kotliar, S.Y. Savrasov, K. Haule,V. S. Oudovenko,
O. Parcollet, C. Marianetti, Rev. Mod. Phys. 78, 865 (2006)

® Density Functional Theory (DFT)
® Functional F[p(x)].

® Approximate exchange energy term

® [Effective model : | electron in a Kohn-Sham potential

o DMFT
® Functional [ [G]
® Approximated O[G]

® Effective model : impurity. An atom in a electronic bath
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Thermodynamics. Free Energy

® Free energy on the lattice (in DMFT) # Impurity free energy

® On the lattice:
Q=d+T >, [InG (kiw,) -3, (i0,) G (kio,)],

n,KkK,o

® For the impurity :

nimp=¢[G]+T; [InG (iw,)— 2 (iw,)G(iw,)].

® T[herefore: X

=Qimp—T% (f Oode D (e€)

— OO

Z| 2

XIn[iw,+u—2 (iw,)—€]+In G (iw,) |,
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How to solve DMFT equations !

The toolbox




Solving DMFT :iterative method

Impurity solver

/’ Goimp(T) = = (Teo(T)ch(0)) ¢
Ygimp (1Wn) = Q;l(zwn) — G;i}rnp (iwn )

S = — / /O " drdr e (16 (r— 7Y () 4+ /O e U (1), ()

eff

N

Gimp, zimp

Self consistency condition
o 1
Goimp G (iwn) = Z oy

U — € — Z(Iimp [g](lwn)

J

In practice, the iterative loop is (almost) always convergent.
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The DMFT solver toolbox *

® Exact/Controlled algorithms

® Continuous Time Quantum Monte Carlo (CTQMCQC). C(f Lecture by M. Ferrero tomorrow

® Exact diagonalization (ED). Cf lecture by D. Sénéchal on Monday
® Numerical Renormalization group (NRG). Cf Lecture by F. Kugler on Tuesday
® TJensor network (DMRG). Cf Lecture DMFT Part 2

® Approximate solvers
® |terated Perturbation Theory (IPT).

e NCA family (NCA, OCA,...)

® Slave bosons / Hartree-Fock / “Hubbard I’ ( = atomic self-energy)
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Iterated Perturbation Theory (IPT)

® Anderson model : perturbation in U is regular (Yosida,Yamada, 70’%s.).
® Use first non-trivial order (Kotliar-Georges, 1992).

e Bare perturbation theory (don’t use bold diagrams !)

| U , (P . ;
2(lw,)= > FU [0 dt e' " 54(7)

® Exactfor U =0and U = .

® Qualitatively good for Mott transition in DMFT.

® (f TRIQS tutorial
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A DMFT classic

Hubbard model, | band, 1/2 filling
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Phase diagram

® Hubbard model at half-filling (6=0). D is half-bandwidth.

Coexistence region

0.10

0.08] —

CROSSOVER

0.06| = First Order transition
T/D T.
0.04| METAL -

0.02]

0.00

| | 5 = |

1 > Vo3 b4

/ Ucl UCZ\
U/D

Mott gap closes Destruction of the metal : Z—0
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2 solutions

® Metallic solution : A(0) # 0, Kondo effect

Spectral function
| | |

I

1.0OI™ =

S\~
Re X

0.50[ ]

B U/D=2.5 - L e .__Re )y
0.00[ The.. - N

Self-energies in metal

)
5
2 S '“
- | = ety A SV I
U/D=3 2 I’fz
~0.50— Im 2, _
B U/D=4 .

=150~ ]

ReS(w+i0T)=UR+(1-1/Z)w+ O(w’),

ImE(w+lO+)= _Ba)2—|‘ 0(&)4) 0.00 1.00 2.00 3.00 4.00
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2 solutions

® |nsulating solution : A(0) = 0 : gapped bath = no Kondo effect

Spectral function (U/D=4)
Self-energies in insulator

SOF|

(43 4,001 - ]
o 300 0- \J . |

2 0 2 4
I )

Atomic limit 5 200 ~__
Re X
Gliw,) 1 ( 1 1 ) 100}~ .
W) — < - - -

2 an—l—U/Q an—U/Q 0.00] _
U2 ~1.00— \ /_//Im;. B

Y (twn) =

21w,
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A Dynamical Mean Field

® Transfer of spectral weight from low to high w Hubbard model, DMFT, (IPT), 7=0,6=0

|
- Metal -

® Fermi liquid with low coherence scale T*=2Z2D | uD=1
® Hubbard bands é\ 5 :
| U/D=2
e DMFT valid above T*: = =
the QP peak “melts” — IR U/D=2.5
® Beyond a low energy static /”\ - UD=3
quasi-particle description 3| l )
= A
e Given by slave bosons Jib=4

| | |
® Valid below T* .
Mott insulator
QP peak

Hubbard band (coherent)

(incoherent) width 7




lllustration of the low-coherence temperature

Thermodynamics quantities

0.20 |-

Cy

0.1(

0.00

i

L 1)
. ...‘.
*
*
'Y
.0
*
... —
.. ]
-
L)
E J
*
"
L J
‘0
*

0.00

Fermi liquid
behaviour

Tcoh

Trivial paramagnetic insulator

/3




Complete phase diagram

T/W

Fermi liquid

p Critical point

Paramagnetic
insulator

74
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Ordered phase

® DMFT is a mean field. It can be converged in an ordered phase.
® Bath is ordered.

® Example :Antiferromagnetism

® sublattice A

q)[GAO'7 GBO‘]

® sublattice B

Yo (twn) = Xp_o(iwn)

® |n the reduced Brillouin zone for cluster (A,B)

1imp

G (iwn) = iwn + b — charp — t°G P (iwy,)
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Remark on frustrated systems

e DMFT paramagnetic equations = equations of a frustrated system

ggl(iwn) — Wy, + U — ochap — tQGimp (an)

— O

® FE.g afrustrated Bethe lattice (paramagnetic phase).

Q;l(z’wn) — Wy, + U — hap — (t% + t%)Gi,mp(iwn)
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Complete phase diagram

® With frustration (or AF would be much higher)

T/W
Critical point

Paramagnetic
insulator

Fermi liquid
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Comparison with some experiments




Organics (resistivity measurements)

2-d organics : resistivity measurement versus T and pressure P.

—

20F

.
-
"a

/

80

k-(BEDT-TTF)

O P (T)—O0—P (T)

O T* @ p(T)
*Met max
-------- Q- T Ins O (dG/dP)maX
Bad metal -
- //O /

First order

7 trdnsition
04  4F Fermi liquid
1 insulator
10 | | | | | | | |
100 200 300 400 500 600 700 800
P (bar) ~1/U

P Limelette, et al. PRL 91,016401 (2003)
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Comparison with organics : phase diagram

p Critical point

Paramagnetic
insulator

Critical Point

Coexistence region

First order
transition

80

70 -

60 —

50 -

40 -

30 -

10

1 insulator

S o P (T) —O—P° (T)

“—_O““ T*Met ‘_ p(T)maX
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"\ /
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| o /43/“1)
///O/
///O/
O
O
-O7
Fermi liquid

0

| ' | ' | ' | ' |
100 200 300 400 500 600 /700

P (bar) P~I/U

P Limelette, et al. PRL 91,016401 (2003)

800

80
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Experimental evidence for hysteresis

S O P (T)—O0—P (T)
70 = . .
7 O T*Met @ p(T)maX
sol Semiconductor e T o (do/dP)
P /
504 o Bad metal i
. | - o . e .0
< 40 - N N 0 O
- Mott o
insulator 0
30 o
1 ) 2 ~~~~~~ - - - ) . . .
- ®1 AF Fermi liquid
| | ek 1 insulator ’ //
1.0 ° E 036K . 7
. D Dg‘ ' | | v | T | T I ’ I . | .
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064 "%0 @0 w0 a0
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0.0 ' | |
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Various regimes around the critical point

T/W

— p Critical point

Paramagnetic
F liguid insulator
Ordered "
phase "

Sketchs of the spectral density
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Bad metal regime. Comparison with DMFT

1 SO P () 0P (T)

: "~ T0 T e o,
® DMFT. Bethe lattice, NRG solver | Semiconductor ® T o o,

50 _’ . Bad metal A
® Adjusted parameters : ¢ M. %%%%%% P
= 91 Mott o7
D, p(T=0), global scale and U. o insulator
. . . 201 AF Fermi liquid
® Melting of quasi-particles | insutator ///}o -

T y T T
0 100 200 600 700 800

P (bar)
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O 300 bar —O>—W=3543 K
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Conclusion:

This is just the beginning ...
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Qutline: lecture 2

® Multiorbital models: a step toward realism
® C(Cluster extensions of DMFT: how to get control and restore some k dependence of X

® A quick review of quantum impurity solvers : pros and cons...

® [wo particle quantities, transport.
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DMFT : some references

® The classic.
A. Georges, G. Kotliar,W. Krauth and M. Rozenberg,
Rev. Mod. Phys. 68, 13, (1996)

® On realistic computations (DFT + DMFT)

G. Kotliar, S.Y. Savrasov, K. Haule,V. S. Oudovenko, O. Parcollet, C. Marianetti,
Rev. Mod. Phys. 78, 865 (2006)

® On Quantum Monte Carlo (DMFT) Impurity solvers
E. Gull et al.
Rev. Mod. Phys. 83, 349 (201 1)

® On Cluster DMFT methods

T. Maier et al.
Rev. Mod. Phys. 77, 1027 (2005)

® OnVertex and DMFT extensions
G. Rohringer et al. Rev. Mod. Phys. 90, 025003 (2018)




Julich Autumn School on Correlated Electrons
Book series — available as free eBooks

: : L [ 7
&, S q‘“‘.‘r 7
=y 2 Erme :

(e '™

-l

(% 1"' A
Zc(w) — G‘\n( ),k.;i

The LDA+DMFT approach to strongly correlated materials DMFT at 25: Infinite Dimensions OMET: Erom Infinite Dimenslons to Real Matarals
| Eva Pavarini, Erik Koch, Alexander Lichtenstein, and Dieter Vollhardt (Eds.)

JIEY [ % 10uicH J

https://www.cond-mat.de/events/correl.ntml

Also: recent book by V.Turkowski (Springer)
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Thank you for your attention




