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DMFT in a nutshell

% —@tl = 0ij & Z()g,w) = Y (w)
| ey

the self-energy is local !

high connectivity/dimensions

* W. Metzner & D. Vollahardt, PRL (1989)
% A.Georges & G. Kotliar, PRB (1992)

DMFT

self-consistently adjusted
Anderson Impurity Model (AIM)

=>» local, but all orders included!! =» non perturbative in U!!



DMFT algorithm: Self-consistency at the 1P level

* starting point :
auxiliary Inverse Dyson eq. Dyson eq.
W

and ... at a 2P level ? :Im (w,v,v’) ind =eo: fully local as 2,

AL - <> <E[§<§E>

X(q,w) XO(Q;UU)

physical resp. bubble term. vertex correctlons




1P- and 2P-self-consistency of DMFT

B} v
% 1P-level: Gii = GAIM 2> Z G(k7 V) — GAIM(V) always verified in

DMFT calculations

(DMFT self-consistency)
d=o0
DMFT is exact
. 2P| 2P| 2P| g ATM\W
* 2P-|€VE| . rljkl ['IIII 5 5|k5|I‘ I'AIM 2> X — X ( )
ind=o00:x(¢,w) = xarm(w) V¢ (except special momenta)

% A. Georges et al. RMP (1996)



1P- and 2P-self-consistency of DMFT

B} v
% 1P-level: Gij = GAIM 2:> Z G(k) V) — GAIM(V) always verified in

(DMFT self-consistency) DMFT calculations

d<oo
DMFT is an approx.

* 2P-level : uT(I:I/I'lel)lll6 5|k6|I‘ AIM Z:> Z X )%XAIM(CU

X () w XXAIM 7 (except special momenta)

% A. Georges et al. RMP (1996),; A. Katanin et al. PRB (2009),; G. Rohringer & AT, PRB (2016); L. Del Re & AT, PRB (2021)



From e dimensions to ...

Dimensionality: Systems:

d

mathematical
idealization
(DMFT exact!)

bulk materials

layered compounds:

2D-networks,
adatoms
heterostructures

yreality” !

Spatial correlations
beyond DMFT:

[ ]

None

in some
conditions

guite strong!!




From oo dimensions to ... ,reality”!

Dimensionality: Systems: Spatial correlations
beyond DMFT:

% cluster extensions [3§ Kotliar et al. PRL 2001; Huscroft, Jarrell et al. PRL 2001]

1. Cellular-DMFT
(C-DMFT: cluster in real space)

2. Dynamical Cluster Approx.
(DCA: cluster in k-space)

[ Review: “Quantum Cluster Theories”: Th. Maier, et al., RMP 2006]

adatoms
heterostructures
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Diagrammatic extensions of DMFT

% Dynamical Vertex Approximation (DI'A)
[38 AT, Katanin, Held, PRB (2007)]

% Dual Fermion (DF) & Dual Bosons (DB)
[38 Rubtsov, Lichtenstein ..., PRB (2008); Ann. Phys (2012)]

% IParticle Irreducible approach
[38 Rohringer, AT et al., PRB (2013)]

%* DMF2RG
[$€ Taranto, ...,& AT;PRL (2014); Vilardi ,Taranto & Metzner, PRB (2019)]

% TRILEX, QUADRILEX
[38 Ayral & Parcollet, PRB 2015; PRB (2016)]

%—/

REVIEWS OF MODERN PHYSICS, VOLUME 90, APRIL-JUNE 2018

Diagrammatic routes to nonlocal correlations
beyond dynamical mean field theory



Diagrammatic extensions of DMFT

Common feature: two-step procedure !

# step |: extract a local vertex
from DMFT/EDMFT (AIM)

# step 2: build upon that the diagrammatic expansion

REVIEWS OF MODERN PHYSICS, VOLUME 90, APRIL-JUNE 2018

Diagrammatic routes to nonlocal correlations
beyond dynamical mean field theory
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2P-Feynman diagrams: (local) Green’s & vertex functions

2P-Green's function: G® (71,72, 73,0) = (Co, (1)} (T2) 805 (13)¢ (0))

01,02,03,04

01020304

8
Its Fourier Transform: g® (w, v, 1) = / A7y dry drs €V e
0

= computable for AIM

single band: ED & NRG [Kugler et al. PRX, (2021)]
general multi-band case: CTQMC [TRIQS, w2dynamics, ALPS, ....]

vertex functions:
2P-analogous of the self-energy

NeaY - | 1

<€

Independent 2P-propagation

Full vertex
(scattering amplitude)

B 2

=T
(fRG notation)

= V4
(DF notation)

—i(v4w)Te Z(I/ +w)Ts G(2)

01020304

(7_177_277_37 O)

the lowest order :




2P-irreducibility (2p1) /iﬂ /iﬂ

1) parquet equation:

2
M. Parquet ? truly from
' " parquet floor!
all
diagrams o
1 1
reducible in
fully particle-hole
all diagrams
irreducible channel
13-24

2) Bethe-Salpeter equation (BSE):
e.g., in the ph transverse ( p_h) channel. F == + (D_h



Types of approximations:

(vr+w)t (v +u)l

*) LOWEST ORDER (STATIC) APPROXIMATION: U >.<

vt

F eg. F=U 2" order perturbation theory

. eg..l,=0U RPA, FLEX, pseudopotential parquet

2P- irreducibility

A eg. NA=U parquet approximation

<



Frequency dependence: an overview

t red: F>U

----- = —-——=> _c | (white: F =U)
= F(v,v,w=0) .
€ - blue: F < U

Vn



Frequency dependence: an overview

density magnetic
full vertex F (1PI) w0 ‘
-1.0e+00
20 F -
-2.0e+00
=0 F ! 8 -3.0e+00
f -4.0¢+00
20 + i
40 F _
| | I | |
. . irr 40 20 0 20 40 0
irreducible vertex M4 , )
(2Pl in one channel) . r,-2 L
g - 1w 12400 40 = 40e+00 40 - 1.5e+00
8.0e-01 3.0e+00 1.0e+00
i L 4 H 4001 & L 5.0-01
i 20e400 20 00e+00
‘ 40001 1.0e+00 -5.0e-01
- N = 8001 & 0F 0.0e+00 = 0 | - -1.0e400
126400 -1.0e+00 15400
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40 . 40 - . 40 + 40 -
| | | | | | | | | | | | | | | | | | | |
40 -20 20 40 40 20 20 40 40 20 0 20 40 40 20 0 20 40
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40 - h 3.0e-01 40 - h 1.0e-01
L 7 |0 . | F 0ex00
1] 0.0¢+00 . -1.0e-01
S | ERip SP S| prete
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Frequency dependence: an overview

density magnetic

full vertex F (1PI)

irreducible v@# 1) the more 2PI, the easier the high-frequency
(2Pl in one ¢
dependence

400400 8.0e-01 206400
B} 30400 29 M 4001 20 200400 20

But ... “there is no free lunch*:

1.5e+00

a5

# 2) the more 2PI, the strongest the low-frequency
dependence

Ad' Am'l-

fully irreducible

(2PI)

40 3.0e-01 40 1.0e-01

2.0e-01 i 0.0e+00

20 . lOeOl 20

G.Rohringer, A.Valli, & AT, PRB (20|2), T. Schifer,... & AT, PRL (2013)
See also: J. Kunes, PRB (201 1); A. Dolfen, PhD-Thesis (2009): D. Luitz, PhD-Thesis (2013):
H. Hafermann PRB (2014); M. Kinza PRB (2014); N.Wentzell,G. Li, PRB (2020)




irreducible vertex ™
(2P1 in one channel)

40

or U

20
“0
-20
-40

fully irreducible A (2PI)

Frequency dependence: an overview

full vertex I (1PI)

density

40
20
=0F
20 k

40

40

< 72 UmT

magnetic

40
20
=0 |
-20

40 +

0.0e+00

-1.0e+00
-2.0e+00
-3.0e+00
-4.0e+00

1.5e+00
1.0e+00
5.0e-01
0.0e+00
-5.0e-01
-1.0e+00
-1.5e+00



Relation to the physics?

* generalized local charge susceptibility for iQ=0

>
Xc - Xo — Xo Xc
<

0.02
=> red = positive values

0.00

=? blue = negative values
—(0.02

4

“* P.Chalupa et al., PRL (2021); S.Adler, ..., & AT, SciPost Phys. (2024)



Anderson Impurity Model

* wide-band limit, half-filling
X .H.x V=0 : Atomic Limit (AL)
1/2D \

D=10

Main physical ingredients:

Curie behavior:
XmX1/TS Ty, =const.

T < U: _@_ TNTK<<U:

local magnetic moment Koyfdo screentag




: * w2dynamics — CT-HYB
P hyS I Ca | reS pO n Se Of th e Al M M.Wallerberger, et.al, CPC 235, 388 (2019)
magnetic response charge response
h /
W= hD a
v/

j —+— AIM —-= AL

0 1

L
o
e

2 3 4 0 1 2
I T
** P. Chalupa, T. Schdfer, M. Reitner, D. Springer, S. Andergassen, and A.T., PRL 126 056403 (2021)



: * w2dynamics — CT-HYB
PhySICal reSpOnse Of AL & Al M M.Wallerberger, et.al, CPC 235, 388 (2019)

magnetic response

phys _ 1 E VI
Xm - W X‘m
YVI

charge response

an —— AN —-= AL

0 1 2 3 4 0 1 2 3 4

1
** P. Chalupa, T. Schdfer, M. Reitner, D. Springer, S. Andergassen, and AT., PRL 126 056403 (2021)



1.Step: Non interacting case/bubble term

* 2 step
Xc 467 - X LG (IV)0yy,
0.05
—2.33 1 O
||
> 0.001 . 0.00

. .l

2.33 1
—0.05

1.67 -

7.00 —0.10

70 -35 00 35 7.0

!

vV



2.Step: weak vs. strong-coupling |
e.g.: intermediate temperature region (T <T << U) =02
TK\X
‘TZ‘.TZT — Ul RPA 3 4 BU |
(pert.)
~7.00 1
—40T] 0.05
—2.33 1
0.00 1 -.. 0.00
2.33 1
167 ~0.05
7.00 1

70 —35 00 35 7.0

** P. Chalupa, T. Schdfer, M. Reitner, D. Springer, S. Andergassen, and A.T., PRL 126 056403 (2021)



RPA

AL

—1.000

0.02 0667

Negative ‘images’
one of the other

’

1.0

0.004

0.002

0.000

—0.002

—0.004



RPA AL

—0.667 ' —0.667 1

—0.333 —0.333 1 0.002
0.000 0.00  0.000 A 0.000
0.333 0.333 1 0.002
0.667 _0.02 0.667 - oot
1.000 1.000 1 -

e ~——
— T
0.000{ ——~ —— RPA == ALJ]
0 1 > 3 1



from weak- to strong-coupling
RPA AL

(weak-coupling) (strong-coupling)

10 —05 00 05 1.0 10 —05 00 05 1.0 -

[]
1
—1.000 { 5 —1.000 1 0,001
. 0.02 . :
—0.667 1 —0.667 1
0.333 - 0.333 - 0.002
0.000 1 "= 0.00  0.000 0.000 [' 2PI == 00
0.333 { 0.333 -
—0.002 400
0.667 1 - 0.667 - i 0
1.000 - . 1.000 1 —0.004 ] -
m 100
0

negative diagonal
dominates

diagonal
dominates

= low-freq. eigeval

=> all eigevalues

= Xc& - Xo




Phase diagram of the Hubbard model

;

DOS:

-D

D

'n

n=1 (half-filling)

w

0.1

0

crossover

PM

0

2
U

MIT data. N. Bluemer, PhD Thesis

—~

L\

0.025

0.020

0.015

0.010

0.005

0.0002.5,,2

PM

ngm = 19

4
Udl
Coexistence region

2.50  2.56
U

238 244

Pl

ott insulator)

00 -many 2PI-vertex

divergencies at the MIT!
M. Pelz, ..., & AT, PRB (2023)



Algorithmic
challenges

2Pl = o0

|. Approaches based on 2PI vertices

parquet-based methods
dynamical vertex approximation (DI'A)

QUADRILEX

[A.Toschi et al., PRB (2007); O. Gunnarsson et al., PRB (2016)
T.Ayral et al., PRB (2016); G. Rohringer et al., PRB (2018); ....]

Il. Multivaluedness of LW functional

iterative/self-consistent (=""bold"”’)
Diagrammatic resummation

Diagrammatic Monte Carlo

Nested Cluster Schemes

[E. Kozik et al., PRL (2015); A.Stan et al., NJP (2015);
R. Rossi et al., PRB (2015); J.Vucicevic, et al. PRB (2018, ....

— Exact solution |1

=—a Scheme A

e—e Scheme B

2 4
U




The underlying physics of the nonperturbative regime

/,

STRONG INTERTWINING
between CHANNELS

\,

local spin
fluctuations

suppressed
local charge/density
fluctuations

suppression

= acoherent picture: ["']‘

local moment

~

of charge fluct.

suppressed
local pair
fluctuations

)

2Pl-vertex
divergences

e

*%

’0

(T707) 9yd ‘uueiey| 'y g ACdze} |

’0

BIPY'S

(4707) 359dPS IV
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the dynamical vertex approximation (DrA): a 2Pl-based approach

AT, A.Katanin, K. Held, PRB (2007)
See also: PRB (2009), PRL (2010), PRL (2011), PRB (2012), PRB (2015), ...
Review: RMP (2018)

’:’ DMFT:a | -particle irreducible diagrams (=self-energy) are LOCAL !!

the self-energy becomes NON-LOCAL _®_
i J



3/2d0,(K,K)

An inspiring example : DCA calculations of k-dependent vertex functions

m— 2P-reducible

... of increasing 2P-irreducibility

2Pl in pp channel

2Pl in all channels )

2PI
20.00 — D . 25.00 ~T 20.00 A :
T=t -o- m T=t o PP T=t o
T=0.5t -=- T=0.5t -=- T=0.5t -=-
T=0.25t - T=0.25t -e- | T=0.25t -
15.00 I T=0.125t v - 20.00  T=0.125t " 15.00 [ T=0.125t “v-
““_4 3 § . “:3}3. g
10.00 | ST g 15.00 F e 1 X000}
GC_) L _0 _______________________________ <t o PR P T CLRTETITLLE L 3
»-VS‘:""“ ______ L | %5 o e - v
.“ __________ — [ TR - [ | [ [ ]
\.-_-\;‘;‘1‘1'3‘:“‘“ . _ - R B
5.00 k. .ooopereeiss e ] 10.00 } ] 5.00 ¢ . . 1
//. | /._/0
b
(d) (a) (b) . .
0.00 L L 5.00 . . 0.00
~0,0) (W/3,-m3)  (2n/3-2m/3) (m,-1) (0,0) (W/3,-m/3)  (2n/3-2n/3) (,-1) 0,0 (n/3,-7/3) _K_K(?“/&Q’t’s) (m,-m)
q=K-K’ q=K-K’ 9=

DCA, 2d-Hubbard model, U=4t, n=0.85, v=v‘=m/B, w=0, s. Th. Maier et al,,

PRL (2006)



Flowchart of the (full fledged) DI'A algorithm

x DMFT 1P 1P 1P

auxiliary | —s G, (0) =>
AlIM

Dyson eq.
of the lattice

« DFA _
— R ‘i‘% \ < ~ _

. | AT ()= | Parqueteq. || Cii Zi
D , 2 . of the AIM E A (W,v,V’ M of the latti

AlM ~XAIM(00;V;V) eq efl il ice Xi

2P 2P



Flowchart of the (full fledged) DI'A algorithm

* DMFT
il Dyson ™! Dyson
auxiliary G - "y "
P > o= i =i i >
* DFA

G)\

& 2.

Ij ij

i ’
auxiliary Gft\l)M(errV ) parquet! —> 2Pl " — parquet
AIM Yaml(w,v,v') E eq. of the AIM Ay (w,v,V) of the lattice

—

Xij



Flowchart of the full fledged DI'A algorithm
» DMFT

m Dyson -1 Dyson
auxiliary G - 84 - )
—> Saml©) of the AIM Zam(©)=> of the lattice Gj

=> Possible simplification, if the nonlocal fluctuation of one channel dominate:

» DFA

G2 , .
audtary || Samton) [T o | L [ e | T
AIM Yam(w,v,v') eq. of the AIM Ay (w,v,v) of the lattice

_ _ Xij

G)\




Possible simplification: the ladder DI'A algorithm

» DMFT

il Dyson -1 Dyson
auxiliary G - 8 - )
> Fale) of the 1| = PO ot the fattice [

x ladder DA

G2 ,
auxiliary | _ Gam(wv,v) BSE! s> [recs .. —»| B5E _ Gj s Z;
AlM Yam(w,v,v') eq. of the AIM v (w,v,V) of the lattice

Xij

" —



And ... what about self-consistency?

Inverse Dyson eq. Dyson eq.

G;i=Gam

» DMFT

auxiliary
AIM

* DFA = Quadrilex

“internal
self-consistency”

] A (w,v,v') '
AIM Xam(w,v,v’) eq. of the AIM of the lattice Xi

with
U new(w,v,v’) “external self-consistency”

¢ For the theory of the QUADRILEX approach, s. T. Ayral & O. Parcollet, PRB (2016)



Self-consistency of the ladder DI'A algorithm
* ladder DA

(G2) ,
AI M XA"Vl(wlvlv’)

—

“internal
self-consistency”

e e
(I) : X(q,kK:w,v,
~— =

gen. SUSC.

L

V') =

44 X B XO 79
GGGG

BSE!
eq. of the AIM

/\
X, +

- I'r=c,s, e —p

AlM (w,v,V’)

“internal
self-consistency”
BSE
of the lattice

G)\

J

Xij

& .-

J

bubble term. \

(I11) - _

vertex corrections

(IV) : Z inall G-lines



An approximation for the self-consistency: Moriya DI'A or “*A\-DI'A”*

*x ladder DrA “internal
self-consistency”

G , r
auxiliary | _ G iv(w,v,v) > [r=md.. 3 BSE _ Gij & Zij
AIM Yam(w,v,v) E eq. of the AIM v (w,v,v) of the lattice Xi

, » “Moriya
self- cy’” A-corrections’’

A. Katanin et al, PRB (2009); G. Rohringer & AT, PRB (2016); ). Stobbe & G. Rohringer, PRB (2023)



Explicit expressions for the Moriya DI'A or “\-DI'A”*

0 D = guad> + > + <0 B>~

physical resp. bubble term.
in channel r (eg. m, d)

To be determined
by enforcing TPSC/parquet-like sum rules
Moriya .
A —1 = » oy L 1 n
(II) : XT:mada“‘(q’w) — <[X"°(q7w)] @m 2 Z (Xé,dq T X$,q ) - 5(1 B §>,
term ? ~< g
correction U 2
> 2 (s =) + U”Z LY Gk
@q kvk )
N— E;(:z)t) b?p(zlt)
I : =>v Un | B Ay 3 1w o o move] e
( ) . Ek :7 —U |:1+§)/d,q(1 _UXd,q ) — Eym’q(l—FUXm’q )_ZXO,qu ]Gk—l—q’
wq v

w ' o\ ! ' ! . .
with V,.q = Z (X(‘)),‘fl (1+ UXr,q)) Xrq and Xoq = —Béuw Z Gl‘iGl‘:[‘;, for further details, s. J. Stobbe & G. Rohringer, PRB (2023).
k

vl
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DlA (=beyond DMFT) results in 3 dimensions

v phase diagram computed by A-DI'A:
single band Hubbard model with nearest neibouring hopping in d=3 (@ half-filling), in unit of {=

V6

DMFT === (local correlation only)




A-DlA results in 3 dimensions

v phase diagram: one-band Hubbard model in d=3 (half-filling)
G. Rohringer, AT, et al., PRL (2011)

DMFT == (iocal correlation only)
DI’A e non-local correl. Ty

effects

0.1 ¢

0

0 1 2 3

G. Rohringer, AT, et al., PRL (2011) U



DrA results in 3 dimensions: a quantitative comparison

v phase diagram computed by A-DI'A:
single band Hubbard model with nearest neibouring hopping in d=3 (@ half-filling)

0.10 \ /o) o
\\O o
@ weak-coupling: ° \\\
A-DT' Ay, performs N L\ S
better than A-DI'A4, >
0.06
-
0.04r IDT'A,, —L
IDTA @ strong-coupling:
DF A-DTA,, alone reproduces
0.02 DiagMC the Heisenberg limit !
— — Heisenberg
—Ising
0.00 : : : '
1 2 3 4

U J. Stobbe & G. Rohringer, PRB (2023)



A-DIA results: the critical region

Xor = X5 (O = (,7,7))

DMFT =—

01} PrA =

0

_ X/;; = (T‘ TN?}/

higher
exponent !!

0 1

For the critical exponent of A-DI'A see: L. Del Re, ... & AT, PRB (2019)

15

- $_'_*?_"°:‘?"§be_’_gf% ______ } ______ R -

13 [

> 1.4

12 F

see also:

DF for Falicov-Kimball model

A.

D.H

Antipov et al., PRL (2014)
and for the 3d-Hubbard
irschmeier et al., PRB (2015)

3




A-DrlA results in 3 dimensions: the spectral properties

. ' " DMFT =—
nd Hubbard model in d DrA(k,)

DMFT — | " | lohringer, AT, A.Kata DrA(k) —
DrA(k,)
DrA(K,) ==

A. Katanin et al, PRB (2009); G. Rohringer & AT, PRB (2016)



A-DrlA results in 3 dimensions: the spectral properties

DMFT =
DrA(k,)
DI'A(k;) —

DrA(k,)
DIA(K;) ==

-
-
-
-
-
-"'
-

DMFT W

DI'A(ky)
DrA(k,) ®

0

0 1

G. Rohringer & AT, PRB (2016)



From e dimensions to ...

Dimensionality: Systems:

d

mathematical
idealization
(DMFT exact!)

bulk materials

layered compounds:

2D-networks,

adatoms
heterostructures

yreality” !

Spatial correlations
beyond DMFT:

[ ]

None

in some
conditions

guite strong!!



~There is life” ... out of half-filling: A-DI'A study of the pseudogap in 2D

Hubbard model

@Ro=1u

= 0.95
0.93
0.90

- 0.88

- 0.85

- 0.82

- 0.80

- 0.78

[0.75
0.70

L 0.95
[ 0.93
- 0.90

- 0.88
- 0.85
- 0.82

- 0.78
' 0.75
0.70

Node

Antinode

Hubbard model

(a)

AN
Wt

N Aw, k)

D ——

@)
[

w [t]

2D-Hubbard model, U=8t (£’=-0.2 t; t’=0.1t), s. . Worm, M. Reitner ... & AT arXiv:23 | 2.xxxx



»There is life” out of half-filling: d-wave superconducting instabilities in A-DI'A

A-DTAin the magnw S I T A k1
k+q k"+q (k'tqg L & 3 [l

> : : :
L r sas E
i < L < » I I I | T
ko k" k' :
¥ - — — ——
F(kk',q) k| kM -k Y
d,2_,2-hole doping[%]
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A (diverging) elephant in the room (of DIA) ?
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Should be DI'A called
rather.. \DooA‘ ?

[credit: G. Sangiovanni, 2013]



Working with 2Pl vertices : The (non-problematic) ladder case

By exploiting the following identity the ladder diagrams of DI'A can be exactly rewritten ...
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... eliminating any explicit appearance of the (possibly dangerous) FA,M !

G. Rohringer, AT , et al., PRB (2013); G. Rohringer et al., RMP (2018)



And, remarkably, this works even at the parquet-DI' A level !!

v Important progress achieved by Jae-Mo Lihm, Seung-Sup Lee, F. Kugler & D. Kiese

(no spoiler here: preprint in preparation)



Conclusions:

. . ) Inclusion of the
Diagrammatic extenstions of DMFT: two-step procedure ! nonperurbative

local physics:
local moments

# step |: extract a local vertex [l " -@-
from DMFT/EDMFT (AIM) i 1\ Mott MIT, etc.
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# step 2: build upon that the diagrammatic expansion
(e.g., 2.order, ladder, parquet,...)

—
full fledged: parquet resummation
w DIA input: 2Pl-vertex functions of DMFT < self-consistent
approximated: ladder resummation _ ,
— Moriya corrections

Outlook: Muiltiscale approaches

=> vertices of (short range correlations) input of diagrammatic expansions (long range ones)



