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Part I 
Machine learning for quantum many-body simulations
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Quantum many-body problem(s)

ℋ Ψ ൌ iℏ𝜕௧|Ψ⟩Schroedinger equation
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Quantum many-body problem(s)

ℋ Ψ ൌ iℏ𝜕௧|Ψ⟩Schroedinger equation

[M Medvidovic, J Robledo Moreno, 
arXiv:2402.11014 (2024)]
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Quantum many-body problem(s)

ℋ Ψ ൌ iℏ𝜕௧|Ψ⟩

ℋ Ψ ൌ E|Ψ⟩

ℋ, 𝜌 ൌ 𝑖ℏ𝜕௧𝜌

Schroedinger equation

o Time evolution Ψ → |Ψ 𝑡 ⟩

o Ground states

o Finite temperature

o Open systems ℒሺ𝜌ሻ ൌ 𝜕௧𝜌

…

[M Medvidovic, J Robledo Moreno, 
arXiv:2402.11014 (2024)]
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Quantum many-body problem

ℋ Ψ ൌ E|Ψ⟩Find the ground state
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Quantum many-body problem

ℋ Ψ ൌ E|Ψ⟩

Ψ ൌΨ 𝑆 |𝑆⟩
ௌ

Find the ground state
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Quantum many-body problem

ℋ Ψ ൌ E|Ψ⟩

Ψ ൌΨ 𝑆 |𝑆⟩
ௌ

Basis state: Spin-configuration

Find the ground state

𝑆 ൌ 𝑠ଵ, … 𝑠ே
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Quantum many-body problem

ℋ Ψ ൌ E|Ψ⟩

Ψ ൌΨ 𝑆 |𝑆⟩
ௌ

Basis state: Spin-configuration

Find the ground state

ൌ

Ψଵ

Ψଶ

Ψଷ

……

Ψଶಿ

N spins

Hilbert space dimension 2ே

𝑆 ൌ 𝑠ଵ, … 𝑠ே



10

Variational wave-functions

Hilbert space

Find the ground state ℋ Ψ ൌ E|Ψ⟩
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Variational wave-functions

Hilbert space

Ψீௌ

Find the ground state ℋ Ψ ൌ E|Ψ⟩
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Variational wave-functions

ℋ Ψ ൌ E|Ψ⟩Find the ground state

Hilbert space

Ψீௌ
Parametrize Ψ Ψ ൌΨ 𝑆 |𝑆⟩

ௌ
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Variational wave-functions

ℋ Ψ ൌ E|Ψ⟩Find the ground state

Hilbert space

Ψீௌ
Parametrize Ψ Ψ ൌΨ 𝑆 |𝑆⟩

ௌ
Examples:
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Variational wave-functions

ℋ Ψ ൌ E|Ψ⟩Find the ground state

Hilbert space

Ψீௌ
Parametrize Ψ Ψ ൌΨ 𝑆 |𝑆⟩

ௌ

1) Product (mean-field) ansatz

Examples:

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ Ψఏభ 𝑠ଵ ⋅ Ψఏమ 𝑠ଶ ⋅ … ⋅ Ψఏಿሺ𝑠ேሻ

𝜃ଵ

…
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Variational wave-functions

ℋ Ψ ൌ E|Ψ⟩Find the ground state

Hilbert space

Ψீௌ
Parametrize Ψ Ψ ൌΨ 𝑆 |𝑆⟩

ௌ

1) Product (mean-field) ansatz

Examples:

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ Ψఏభ 𝑠ଵ ⋅ Ψఏమ 𝑠ଶ ⋅ … ⋅ Ψఏಿሺ𝑠ேሻ

𝜃ଵ

…

E.g. can not represent Ψ ீு ൌ 0 ⊗ே  1 ⊗ே 

(product state is not entangled)
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Variational wave-functions

ℋ Ψ ൌ E|Ψ⟩Find the ground state

Hilbert space

Ψீௌ
Parametrize Ψ Ψ ൌΨ 𝑆 |𝑆⟩

ௌ

1) Product (mean-field) ansatz

Examples:

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ Ψఏభ 𝑠ଵ ⋅ Ψఏమ 𝑠ଶ ⋅ … ⋅ Ψఏಿሺ𝑠ேሻ

2) Matrix product states

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ Trሾ𝑨ଵ
௦భ𝑨ଶ

௦మ …𝑨ே
௦ಿሿ

Area-law entanglement
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Variational wave-functions

ℋ Ψ ൌ E|Ψ⟩Find the ground state

Hilbert space

Ψீௌ
Parametrize Ψ Ψ ൌΨ 𝑆 |𝑆⟩

ௌ

1) Product (mean-field) ansatz

Examples:

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ Ψఏభ 𝑠ଵ ⋅ Ψఏమ 𝑠ଶ ⋅ … ⋅ Ψఏಿሺ𝑠ேሻ

2) Matrix product states

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ Trሾ𝑨ଵ
௦భ𝑨ଶ

௦మ …𝑨ே
௦ಿሿ

3) Neural-network quantum states

Ψ𝜽 𝑠ଵ, … 𝑠ே ൌ NNఏሺ𝑠ଵ, … 𝑠ேሻ
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

𝑠ଵ

𝑠ே

Ψఏሺ𝑠ଵ, … 𝑠ேሻ

Neural-net output

[G Carleo and M Troyer, Science (2017)]
[J Carrasquilla and R Melko, Nature Physics 13 

(2017) - SI]
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

𝑠ଵ

𝑠ே

Ψఏሺ𝑠ଵ, … 𝑠ேሻ

Neural-net output
Output of a neuron = 
nonlinear function of 

weighted sum of inputs

𝑤ଵ

𝑤ଶ 𝒇ሺ𝒛ሻ

𝒚𝟐

𝒚𝟏

𝒚𝟑

𝑤ଷ

input values

weights

output value

What is a neural network?

[G Carleo and M Troyer, Science (2017)]
[J Carrasquilla and R Melko, Nature Physics 13 

(2017) - SI]
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

𝑠ଵ

𝑠ே

Ψఏሺ𝑠ଵ, … 𝑠ேሻ

Neural-net output
Output of a neuron = 
nonlinear function of 

weighted sum of inputs

𝑤ଵ

𝑤ଶ 𝒇ሺ𝒛ሻ

𝒚𝟐

𝒚𝟏

𝒚𝟑

𝑤ଷ

input values

weights

output value

𝑧 ൌ𝑤𝑦  𝑏


weighted sum

What is a neural network?

[G Carleo and M Troyer, Science (2017)]
[J Carrasquilla and R Melko, Nature Physics 13 

(2017) - SI]
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

𝑠ଵ

𝑠ே

Ψఏሺ𝑠ଵ, … 𝑠ேሻ

Neural-net output
Output of a neuron = 
nonlinear function of 

weighted sum of inputs

𝑤ଵ

𝑤ଶ 𝒇ሺ𝒛ሻ

𝒚𝟐

𝒚𝟏

𝒚𝟑

𝑤ଷ

input values

weights

output value

𝑧 ൌ𝑤𝑦  𝑏


weighted sum

nonlinear 
“activation function” 

What is a neural network?

[G Carleo and M Troyer, Science (2017)]
[J Carrasquilla and R Melko, Nature Physics 13 

(2017) - SI]
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

𝑠ଵ

𝑠ே

Ψఏሺ𝑠ଵ, … 𝑠ேሻ

Neural-net output

Universal approximation theorem

Width → ∞ 𝑓∗ െ 𝑓ௐ ~ widthିଵ

[Cybenko, MCSS 2, 303 (1989)]
[Leshno et al., NN 6 861 (1993)]

single-layer neural network:

Slide adapted from: Lecture on NQS at ICTP 
2024 (smr 3928) by Filippo Vicentini

[G Carleo and M Troyer, Science (2017)]
[J Carrasquilla and R Melko, Nature Physics 13 

(2017) - SI]
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

𝑠ଵ

𝑠ே

Ψఏሺ𝑠ଵ, … 𝑠ேሻ

Neural-net output

Universal approximation theorem

Width → ∞ 𝑓∗ െ 𝑓ௐ ~ widthିଵ

[Cybenko, MCSS 2, 303 (1989)]
[Leshno et al., NN 6 861 (1993)]

Deep neural networks: 𝑓∗ െ 𝑓ௐ ~exp ሾെdepthሿ?

single-layer neural network:

Proven in some exotic cases 
[Z. Lu et al, NIPS 30, 6231 (2017)]

Slide adapted from: Lecture on NQS at ICTP 
2024 (smr 3928) by Filippo Vicentini

[G Carleo and M Troyer, Science (2017)]
[J Carrasquilla and R Melko, Nature Physics 13 

(2017) - SI]



24

Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

Representability

o Always valid quantum state (unnormalized)

Slide adapted from: Lecture on NQS at ICTP 
2024 (smr 3928) by Filippo Vicentini
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

Representability

o Always valid quantum state (unnormalized)

o Encode MPS and approximate PEPS with 
poly resources (BUT optimization harder + 
no tensor contraction) [Sharir, 2022]

[Carleo and Troyer, Science 355 (2017)]

[Carleo et al, MRP RMP 91(2019)]

[Sharir et al., PRB 106 (2022)]

Slide adapted from: Lecture on NQS at ICTP 
2024 (smr 3928) by Filippo Vicentini
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Neural-network quantum states

Ψ ൌ  Ψఏ 𝑠ଵ, … 𝑠ே |𝑠ଵ, … 𝑠ே⟩
௦భ,…௦ಿ

Representability

o Always valid quantum state (unnormalized)

o Encode MPS and approximate PEPS with 
poly resources (BUT optimization harder + 
no tensor contraction) [Sharir, 2022]

o Volume-law in principle possible

[Carleo and Troyer, Science 355 (2017)]

[Carleo et al, MRP RMP 91(2019)]

[Sharir et al., PRB 106 (2022)]

Slide adapted from: Lecture on NQS at ICTP 
2024 (smr 3928) by Filippo Vicentini
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Part II
Variational Monte Carlo 
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Estimating expectation values: The local observable trick

Blackboard?
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Stochastic optimization: ML perspective

Variational principle 𝐸ఏ ≔
Ψఏ 𝐻 Ψఏ
Ψఏ Ψఏ

 𝐸ீ

(Stochastic) Gradient descent 𝜃௪ ൌ 𝜃 െ 𝜂∇ఏEఏ

𝜽

𝐸ఏ “Sliding down the hill”

with ∇ఏೖ𝐸ఏ ൌ ∇ఏೖ
Ψఏ 𝐻 Ψఏ
Ψఏ Ψఏ

ൌ 2Reሼ 𝑂
ற𝐻 െ 𝑂

ற 𝐻 ሽ 

𝑂 𝑆 ൌ
𝜕lnΨఏ
𝜕𝜃

ሺ𝑆ሻ

Not stable for NQS: Tends to oscillate between deep local minima 
[Park and Kastoryano, PRR 2(2), 2020]

Estimated via sampling (stochastic)

Improve by taking into account Riemannian metric 
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Stochastic optimization: ML perspective

Variational principle 𝐸ఏ ≔
Ψఏ 𝐻 Ψఏ
Ψఏ Ψఏ

 𝐸ீ

Natural gradient descent Infinitesimal distance 

𝑑𝜃 ଶ ൌ𝑔ఈఉ 𝜃 𝑑𝜃ఈ𝑑𝜃ఉ
ఈఉ

Metric tensor

𝜃௪ ൌ 𝜃 െ 𝜂𝑔ିଵ ∇ఏEఏ ∇ఏ→ ∇෩ఏൌ 𝑔ିଵ∇ఏ

Parameter space

𝜃

𝜙Δ Euclidean distance

Δ ൌ |𝜃 െ 𝜙|
𝜃
𝜃  𝛿𝜃𝛿𝜃

Parameter space

𝑑𝑠ଶ ൌ𝑑𝜃ఈଶ
ఈ

ൌ𝜹𝜶𝜷𝑑𝜃ఈ𝑑𝜃ఉ
ఈ,ఉ

→”vanilla” gradient descent!
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Stochastic optimization: ML perspective

Variational principle 𝐸ఏ ≔
Ψఏ 𝐻 Ψఏ
Ψఏ Ψఏ

 𝐸ீ

Natural gradient descent Infinitesimal distance 

𝑑𝜃 ଶ ൌ𝑔ఈఉ 𝜃 𝑑𝜃ఈ𝑑𝜃ఉ
ఈఉ

Metric tensor

𝜃௪ ൌ 𝜃 െ 𝜂𝑔ିଵ ∇ఏEఏ ∇ఏ→ ∇෩ఏൌ 𝑔ିଵ∇ఏ

→”Stochastic Reconfiguration”

Hilbert space

Ψఏ

Ψథ
Δு Fubini-Study distance

Δு ൌ arccos |𝐹ఏథ| , Ψఏ
Ψఏାఋఏ

𝑑𝑠ଶ
𝑑𝑠ଶ ൌ𝑺𝜶𝜷𝑑𝜃ఈ𝑑𝜃ఉ

ఈ,ఉ

𝑆ఈఉ ൌ
𝜕𝜓ఏ
𝜕𝜃ఈ

𝜕𝜓ఏ
𝜕𝜃ఈ

െ ⟨
𝜕𝜓ఏ
𝜃ఈ

|𝜓ఏ⟩⟨𝜓ఏ|
𝜕𝜓ఏ
𝜕𝜃ఉ

⟩

Hilbert space

𝐹ఏథ ൌ ⟨Ψఏ|Ψథ⟩
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ
Symmetry sector 𝑖

character
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Symmetry sector 𝑖
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Symmetry sector 0:
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏ 𝑥 ൌ Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥  Ψ෩ሺ𝑇ିଶ𝑥ሻ

Symmetry sector 0:
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏ 𝑥 ൌ Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥  Ψ෩ሺ𝑇ିଶ𝑥ሻ

Ψఏ 𝑇𝑥 ൌ Ψ෩ 𝑇𝑥  Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥 ൌ Ψఏሺ𝑥ሻ

Symmetry sector 0:
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏ 𝑥 ൌ Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥  Ψ෩ሺ𝑇ିଶ𝑥ሻ

Ψఏ 𝑇𝑥 ൌ Ψ෩ 𝑇𝑥  Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥 ൌ Ψఏሺ𝑥ሻ

Ψ෩ሺ𝑇ିଶ𝑥ሻ

Symmetry sector 0:
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏ 𝑥 ൌ Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥  Ψ෩ሺ𝑇ିଶ𝑥ሻ

Ψఏ 𝑇𝑥 ൌ Ψ෩ 𝑇𝑥  Ψ෩ 𝑥  Ψ෩ 𝑇ିଵ𝑥 ൌ Ψఏሺ𝑥ሻ

Ψ෩ሺ𝑇ିଶ𝑥ሻ

Symmetry sector 0:

Ψఏ 𝑇ଶ𝑥 ൌ ⋯ ൌ Ψఏሺ𝑥ሻ
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Symmetry sector 1:



43

Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏଵ 𝑥 ൌ Ψ෩ 𝑥  𝜔Ψ෩ 𝑇ିଵ𝑥  𝜔ଶΨ෩ሺ𝑇ିଶ𝑥ሻ

Symmetry sector 1:
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏଵ 𝑥 ൌ Ψ෩ 𝑥  𝜔Ψ෩ 𝑇ିଵ𝑥  𝜔ଶΨ෩ሺ𝑇ିଶ𝑥ሻ

Ψఏଵ 𝑇𝑥 ൌ Ψ෩ 𝑇ିଶ𝑥  𝜔Ψ෩ 𝑥  𝜔ଶΨ෩ 𝑇ିଵ𝑥

Symmetry sector 1:

ൌ 𝜔Ψఏሺ𝑥ሻ
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Example:

Symmetry sector 𝑖

3 spins + PBC

Translational symmetry:

𝑻𝟐𝑻𝟏
111
𝜔ଶ𝜔1
𝜔𝜔ଶ1

𝜒

𝜒ଵ

𝜒ଶ

𝜔 ൌ 𝑒
ଶగ
ଷ

Ψఏଵ 𝑥 ൌ Ψ෩ 𝑥  𝜔Ψ෩ 𝑇ିଵ𝑥  𝜔ଶΨ෩ሺ𝑇ିଶ𝑥ሻ

Ψఏଵ 𝑇𝑥 ൌ Ψ෩ 𝑇ିଶ𝑥  𝜔Ψ෩ 𝑥  𝜔ଶΨ෩ 𝑇ିଵ𝑥

Symmetry sector 1:

ൌ 𝜔Ψఏሺ𝑥ሻ

Ψఏଵ 𝑇ଶ𝑥 ൌ ⋯ ൌ 𝜔ଶΨఏଵሺ𝑥ሻ
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Symmetries

Set of symmetry operations 𝑆𝐺 ൌ 𝑔 : Ψ 𝑔 𝒙 ൌ 𝜒 Ψሺ𝒙ሻ

Direct symmetrization: Ψఏ 𝒙 ൌ𝜒  Ψ෩ሺ𝑔ିଵ𝒙ሻ


Symmetry sector 𝑖

𝐻 ൌ𝑆 ⋅ 𝑆
,

AFM Heisenberg

[K Choo et al., PRL 121 (2018)]

Active area of research

[T Vieijra et al., PRL 124 (2020)]

[T Vieijra and J Nys, PRB 104 (2021)]

[C Roth and A MacDonald, arXiv:2104 (2021)]

[M Reh et al., PRB 107 (2023)]

…
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Part III
Applications: Architectures and benchmarks
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Feed-forward architectures
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Feed-forward architectures: Restricted Boltzmann Machine (RBM) 

[G Carleo and M Troyer, Science (2017)]

hidden layer

visible layer

𝑏ெ

𝑊ே,ெ

𝑎ே

𝑠ଵ

𝑠ଶ

𝑠ଷ

𝑠ସ

𝑠ହ

𝑠

ℎଵ ℎଶ ℎெ
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Feed-forward architectures: Restricted Boltzmann Machine (RBM) 

[G Carleo and M Troyer, Science (2017)]

o Variational state:  Ψఏ 𝑆 ൌ ∑ exp ሺ𝐸ோெሻ ,

Eୖ ൌ ∑ 𝑎𝑠  ∑ 𝑏ℎ  ∑ 𝑊,𝑠ℎ,

hidden layer

visible layer

𝑏ெ

𝑊ே,ெ

𝑎ே

𝑠ଵ

𝑠ଶ

𝑠ଷ

𝑠ସ

𝑠ହ

𝑠

ℎଵ ℎଶ ℎெ
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Feed-forward architectures: Restricted Boltzmann Machine (RBM) 

[G Carleo and M Troyer, Science (2017)]

o Variational state:  Ψఏ 𝑆 ൌ ∑ exp ሺ𝐸ோெሻ ,

Eୖ ൌ ∑ 𝑎𝑠  ∑ 𝑏ℎ  ∑ 𝑊,𝑠ℎ,

hidden layer

visible layer

𝑏ெ

𝑊ே,ெ

𝑎ே

𝑠ଵ

𝑠ଶ

𝑠ଷ

𝑠ସ

𝑠ହ

𝑠

ℎଵ ℎଶ ℎெ

o ”factorize”:
Ψఏ 𝑆

ൌ 𝑒∑ ೖ௦ೖೖ ෑ2 cosh 𝑊,𝑠ℎ
,

 𝑏
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Feed-forward architectures: Restricted Boltzmann Machine (RBM) 

[G Carleo and M Troyer, Science (2017)]

o Variational state:  Ψఏ 𝑆 ൌ ∑ exp ሺ𝐸ோெሻ ,

Eୖ ൌ ∑ 𝑎𝑠  ∑ 𝑏ℎ  ∑ 𝑊,𝑠ℎ,

hidden layer

visible layer

𝑏ெ

𝑊ே,ெ

𝑎ே

𝑠ଵ

𝑠ଶ

𝑠ଷ

𝑠ସ

𝑠ହ

𝑠

ℎଵ ℎଶ ℎெ

o ”factorize”:
Ψఏ 𝑆

ൌ 𝑒∑ ೖ௦ೖೖ ෑ2 cosh 𝑊,𝑠ℎ
,

 𝑏


𝐻 ൌ𝑆 ⋅ 𝑆
,

10 ൈ 10 lattice

AF Heisenberg
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Feed-forward architectures: Convolutional NN (CNN) 

Convolutional filters: Capitalize on 
translational symmetries

log ሺΨ 𝑆 ሻ

𝑆 𝐻 ൌ 𝐽ଵ𝑆 ⋅ 𝑆
,

 𝐽ଶ  𝑆 ⋅ 𝑆
,

[K Choo et al., PRB 100 (2019)]
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Recurrent neural networks: Autoregressive sampling

Ψ ൌ exp 𝑖𝜙 𝑆 𝑃 𝑆 |𝑆⟩
ௌ

Autoregressive trick: Decompose probability 
distribution 𝑃 into conditional probabilities

𝑃 𝑆 ൌ 𝑃 𝑠ଵ 𝑃 𝑠ଶ 𝑠ଵ ⋅ … ⋅ 𝑃ሺ𝑠ே|𝑠ேିଵ, … , 𝑠ଶ, 𝑠ଵሻ

𝑃 𝑆 ൌ Ψ 𝑆 ଶ



55

Recurrent neural networks: Autoregressive sampling

Ψ ൌ exp 𝑖𝜙 𝑆 𝑃 𝑆 |𝑆⟩
ௌ

Autoregressive trick: Decompose probability 
distribution 𝑃 into conditional probabilities

𝑃 𝑆 ൌ 𝑃 𝑠ଵ 𝑃 𝑠ଶ 𝑠ଵ ⋅ … ⋅ 𝑃ሺ𝑠ே|𝑠ேିଵ, … , 𝑠ଶ, 𝑠ଵሻ

Sampling recipe:

1. Sample 𝑠~𝑝ሺ𝑠|𝑠ழሻ and concatenate to 𝑠ழ

2. Use samples to define 𝑝ሺ𝑠ାଵ|𝑠ழାଵሻ

Obtain uncorrelated samples
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Recurrent neural networks: Autoregressive sampling

Ψ ൌ exp 𝑖𝜙 𝑆 𝑃 𝑆 |𝑆⟩
ௌ

Autoregressive trick: Decompose probability 
distribution 𝑃 into conditional probabilities

𝑃 𝑆 ൌ 𝑃 𝑠ଵ 𝑃 𝑠ଶ 𝑠ଵ ⋅ … ⋅ 𝑃ሺ𝑠ே|𝑠ேିଵ, … , 𝑠ଶ, 𝑠ଵሻ

𝑃ଵ 𝑃ଶ 𝑃ே
Sampling recipe:

1. Sample 𝑠~𝑝ሺ𝑠|𝑠ழሻ and concatenate to 𝑠ழ

2. Use samples to define 𝑝ሺ𝑠ାଵ|𝑠ழାଵሻ

𝑠ଵ 𝑠ଶ 𝑠ଷ

[M Hibat-Allah et al., PRR 2 (2020)]

Obtain uncorrelated samples
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Recurrent neural networks: Autoregressive sampling

Ψ ൌ exp 𝑖𝜙 𝑆 𝑃 𝑆 |𝑆⟩
ௌ

Autoregressive trick: Decompose probability 
distribution 𝑃 into conditional probabilities

𝑃 𝑆 ൌ 𝑃 𝑠ଵ 𝑃 𝑠ଶ 𝑠ଵ ⋅ … ⋅ 𝑃ሺ𝑠ே|𝑠ேିଵ, … , 𝑠ଶ, 𝑠ଵሻ

𝑃ଵ 𝑃ଶ 𝑃ே

𝑠ଵ 𝑠ଶ 𝑠ଷ

[M Hibat-Allah et al., PRR 2 (2020)]

AFH Heisenberg on triangular lattice

[M Hibat-Allah et al., arXiv:2207.14314 (2022)]
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Recent advances: minSR

𝜃௪ ൌ 𝜃 െ 𝜂𝑆ିଵ ∇ఏEఏ

Stochastic reconfiguration:

𝑆ᇲ ൌ 𝑂
ற𝑂ᇲ െ ⟨𝑂

ற⟩⟨𝑂ᇲ⟩ 𝑂 𝑆 ൌ
𝜕lnΨఏ
𝜕𝜃

ሺ𝑆ሻwith 
Quantum geometric tensor
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Recent advances: minSR

𝜃௪ ൌ 𝜃 െ 𝜂𝑆ିଵ ∇ఏEఏ

Stochastic reconfiguration:

𝑆ᇲ ൌ 𝑂
ற𝑂ᇲ െ ⟨𝑂

ற⟩⟨𝑂ᇲ⟩ 𝑂 𝑆 ൌ
𝜕lnΨఏ
𝜕𝜃

ሺ𝑆ሻwith 

[𝑁௧௦ ൈ
𝑁௧௦ሿ

Quantum geometric tensor

Limit: GPU memory
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Recent advances: minSR

𝜃௪ ൌ 𝜃 െ 𝜂𝑆ିଵ ∇ఏEఏ

Stochastic reconfiguration:

𝑆ᇲ ൌ 𝑂
ற𝑂ᇲ െ ⟨𝑂

ற⟩⟨𝑂ᇲ⟩ 𝑂 𝑆 ൌ
𝜕lnΨఏ
𝜕𝜃

ሺ𝑆ሻwith 

[𝑁௧௦ ൈ
𝑁௧௦ሿ

Quantum geometric tensor

Limit: GPU memory

Linear algebra trick:
Instead invert ሾ𝑁௦௦ ൈ 𝑁௦௦ሿ matrix [A Chen and M Heyl, arXiv:2302.01941 (2023)]

“minSR” [R Rende et al., arXiv:2310.05715 (2023)]
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Recent advances: minSR

𝜃௪ ൌ 𝜃 െ 𝜂𝑆ିଵ ∇ఏEఏ

Stochastic reconfiguration:

𝑆ᇲ ൌ 𝑂
ற𝑂ᇲ െ ⟨𝑂

ற⟩⟨𝑂ᇲ⟩ 𝑂 𝑆 ൌ
𝜕lnΨఏ
𝜕𝜃

ሺ𝑆ሻwith 

[𝑁௧௦ ൈ
𝑁௧௦ሿ

Quantum geometric tensor

Limit: GPU memory

Linear algebra trick:
Instead invert ሾ𝑁௦௦ ൈ 𝑁௦௦ሿ matrix [A Chen and M Heyl, arXiv:2302.01941 (2023)]

“minSR” [R Rende et al., arXiv:2310.05715 (2023)]

𝐻 ൌ െ𝑆 ⋅ 𝑆
,
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Benchmark energies  
logΨ 𝑆 ൌ 𝑅𝐵𝑀ሺ𝒯 𝑆 ሻ 𝐻 ൌ 𝐽ଵ𝑆 ⋅ 𝑆

,

 𝐽ଶ  𝑆 ⋅ 𝑆
,

Vision transformer

[R Rende et al., arXiv:2310.05715 (2023)]
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Part IV
Fermionic systems
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Lattice Fermions

Fermions

Continuum Fermions

𝒓𝟏

𝒓𝟐
𝒓𝒊

𝒓𝟏
𝒓𝟐

𝒓𝑵

…

M
ol

ec
ul

es
Pe

rio
di

c 
sy

st
em

s

Molecules, solids (full ab-initio),
electron gas, …

Effective lattice models of materials 
(Hubbard-like models)
Quantum simulators: Ultracold atoms

[J Robledo Moreno et al., PNAS 119 (32)]

[C Kenny et al.,  Nature 
communications 11.1 (2020)]

[M Medvidovic, J Robledo Moreno, arXiv:2402.11014 (2024)]
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Fermions (continuum)
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Fermions (continuum)

Antisymmetry 𝑐ఈ
ற, 𝑐ఉ

ற ൌ 𝑐ఈ, 𝑐ఉ ൌ 0, 𝑐ఈ, 𝑐ఉ
ற ൌ 𝛿ఈఉ,

Creates single-particle state |𝜙ఈ⟩, 
e.g. 𝜙ఈ 𝒓𝒊 ൌ 𝑒𝒌𝜶⋅𝒓𝒊

Second quantization

Ψ 𝑟ଵ, 𝑟ଶ, … 𝑟ே ൌ െΨሺ𝑟ଶ, 𝑟ଵ, … 𝑟ேሻ

First quantization
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Fermions (continuum)

Antisymmetry

Choice of basis 

𝑐ఈ
ற, 𝑐ఉ

ற ൌ 𝑐ఈ, 𝑐ఉ ൌ 0, 𝑐ఈ, 𝑐ఉ
ற ൌ 𝛿ఈఉ,

Creates single-particle state |𝜙ఈ⟩, 
e.g. 𝜙ఈ 𝒓𝒊 ൌ 𝑒𝒌𝜶⋅𝒓𝒊

Ψ 𝒙 antisymmetric by 
construction of 𝒙

Second quantization

𝒓𝟏

𝒓𝟐
𝒓𝒊

𝒓𝟏
𝒓𝟐

𝒓𝑵

…

Ψ 𝑟ଵ, 𝑟ଶ, … 𝑟ே ൌ െΨሺ𝑟ଶ, 𝑟ଵ, … 𝑟ேሻ

Ψሺ𝒙ሻ needs to be constructed such 
that antisymmetry is fulfilled

First quantization

e.g. using a Slater determinant
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Variational wave-functions for fermions (continuum)

Non-interacting wave-function (Hartree-Fock):

Ψ 𝑟ଵ, … 𝑟ே ൌ
1
𝑁!

Detሺ 𝜙ఈ 𝑟 ఈሻ
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Jastrow factor
𝐽 𝒓ଵ, … 𝒓ே ൌ𝐽ሺ|𝒓 െ 𝒓|ሻ
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Jastrow factor

Creates 
correlation hole

𝑑𝑦

𝑑𝑥

𝐽 𝒓ଵ, … 𝒓ே ൌ𝐽ሺ|𝒓 െ 𝒓|ሻ
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Backflow transformation

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Jastrow factor
𝒓 ൌ 𝒓 𝜉ఛ,ఛೕሺ|𝒓 െ 𝒓|ሻሺ𝒓 െ 𝒓𝒊ሻ



Creates 
correlation hole

𝑑𝑦

𝑑𝑥

𝐽 𝒓ଵ, … 𝒓ே ൌ𝐽ሺ|𝒓 െ 𝒓|ሻ
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Backflow transformation

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Jastrow factor
𝒓 ൌ 𝒓 𝜉ఛ,ఛೕሺ|𝒓 െ 𝒓|ሻሺ𝒓 െ 𝒓𝒊ሻ



Creates 
correlation hole

𝑑𝑦

𝑑𝑥

Modifies nodal 
structure 

𝐽 𝒓ଵ, … 𝒓ே ൌ𝐽ሺ|𝒓 െ 𝒓|ሻ
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Backflow transformation

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Jastrow factor
𝒓 ൌ 𝒓 𝜉ఛ,ఛೕሺ|𝒓 െ 𝒓|ሻሺ𝒓 െ 𝒓𝒊ሻ



Creates 
correlation hole

𝑑𝑦

𝑑𝑥

Modifies nodal 
structure 

𝐽 𝒓ଵ, … 𝒓ே ൌ𝐽ሺ|𝒓 െ 𝒓|ሻ


can in principle 
represent generic 
wave-functions
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Backflow transformation

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Parametrize with NN

[J Hermann et al., 
Nature Chemistry 12 
(2020)]

𝒓 ൌ 𝒓  𝛿𝒓𝒊ሺ𝒓𝟏, … 𝒓𝑵ሻ
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Slater-Jastrow-Backflow wave-functions

Ψ 𝑟ଵ, … 𝑟ே  ൌ
1
𝑁!

Det( 𝜙 𝒓𝒊 
)

Backflow transformation

Include correlations:

𝒆ି𝑱 𝒓𝟏,..𝒓𝑵

Parametrize with NN

[JS Spencer et al., arxiv:2011.07125 
(2020)]

[D Pfau et al., PRR 2 (2020)] 

[J Hermann et al., Nature Chemistry 12 
(2020)]

FermiNet

PauliNet

[Pescia et al.,arXiv:2305.07240 (2023)]Graph NN

[J Hermann et al., 
Nature Chemistry 12 
(2020)]

𝒓 ൌ 𝒓  𝛿𝒓𝒊ሺ𝒓𝟏, … 𝒓𝑵ሻ

Iterative 
backflow

[D Luo and B Clark, PRL 122 (2019)]
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Example: 3D electron gas with message-passing NQS

Backflow transformation

𝒓 ൌ 𝒓  𝛿𝒓𝒊ሺ𝒓𝟏, … 𝒓𝑵ሻ

Parametrize with Message-passing Graph NN
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Example: 3D electron gas with message-passing NQS

Backflow transformation

𝒓 ൌ 𝒓  𝛿𝒓𝒊ሺ𝒓𝟏, … 𝒓𝑵ሻ

Parametrize with Message-passing Graph NN

[Pescia et al.,arXiv:2305.07240 (2023)]

3D interacting Electron gas 

𝐻 ൌ െ
1

2𝑟௦ଶ
∇ଶ



1
𝑟௦


1

𝑟 െ 𝑟ழ

Wigner-Seitz radius 𝑟௦ ൌ 3/ሺ4𝜋𝑛ሻయ
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Outlook: Other applications

Real time evolution

Open systems

Finite temperature 

Quantum state reconstruction

[M Schmitt and M Heyl, PRL 125 (2020)]
[M Medvidovic and D Sels, PRX Quantum 4 (2023)]
[A Sinibaldi et al., arXiv2305.14294  (2023)]

[G Torlai et al., Nature physics 14 (2018)]

[S Czischek et al., PRB 105 (2022)]
[J Carrasquilla et al., Nature Machine Intelligence 1.3 (2019)]

[J. Carrasquilla et al., Nature Machine Intelligence 1 (2019)]
[A. Nagy and V. Savona, Phys. Rev. Lett. 122 (2019)]

[F Vicentini et al., arXiv:2206.13488 (2022)]

[N Irikura and Hiroki Saito, PRR 2 (2020)]
[Y Nomura et al., PRL 127 (2021)]
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