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Localized basis [@] FLATIRON

Goal: transform ab-initio electronic structure into localized basis

F—— = both conceptual and technical

Downfolded Hamiltonian

,\ e advantages:
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chemical intuition
connection to models

local physics, e.g. impurities,
defects, local interactions
dielectric polarization
Wannier interpolation
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= how to do it in practice?

J. Kunes, in Wannier Functions and Construction of Model Hamiltonians edited by E. Pavarini, E. Koch, D. Vollhardt, A. Liechtenstein
(Forschungszentrum, Jiilich, 2017)
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From many-body to effective one-body problem [@] FLATIRON

electronic Schrddinger equation:

A~

Hw(rla T ,I’N) = G\U(I’]_, ey rN)

with

in second quantization:

H= Z t,'jC,-TCJ- + Z U,'jk/C,-TCJTC/Ck
ij ijkl
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Effective single-particle picture [@] FLATIRON

Recast full system into a ficticious, auxiliary system of separable Kohn-Sham orbitals
{1n}, that generates the same density as the original one

2
I:IKS ¢n(r) = [_;_mvz + Veff(r)] ¢n(r) = €n¢n(r) '
e Y% "2 %

dExc[p]
dp(r)

vefr(r) = vi[p](r) + + Vext (1)

= solution is found self-consistently
= exchange-correlation potential is the only unknown — Hks = Z tijC,‘TCj

= Kohn-Sham orbitals have little physical meaning Y

sbeck@flatironinstitute.org 3



The Bloch theorem [@] FLATIRON
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For electrons in a periodic potential the solutions to the Schrédinger equation are Bloch

functions:
I:IKS 'w"k(r) = 6nkwnk(r)
with
¢nk(r) = eik~runk(r) with unk(r) = unk(r + 7\")
A few remarks:
= [A, T;] =0, block diagonalization = k(r) orthonormal
= discrete spectrum n€ Z = gauge freedom e (r) — €Ky (r)
= k € BZ, continuous variable for the = h(r) can be smooth function of k

infinite crystal

F. Bloch, Uber die Quantenmechanik der Elektronen in Kristallgittern, Zeitschrift fir Physik 52, 555 (1929)A .

sbeck@flatironinstitute.org 4



: . FLATIRON
From Bloch states to Wannier functions [@] FLATIRON
Bloch functions Wannier functions
\Vko(x) WQ(X)

= Bloch functions at different k have

%%W different envelope functions e’**
.
\Vk1(X) wnk(r) = el rUnk(r) W1(X)
= build localized basis by superposing
Bloch functions
Wi ) = requirements: W, (%)

= should span same subspace I\
= should be orthonormal basis \I

N. Marzari et al., Rev. Mod. Phys. 84, 1419-1475 (2012)

sbeck@flatironinstitute.org 5



From Bloch states to Wannier functions

= for one band n:

%

Wno(r) = @)

/B dktin(r)

= for multiple Wannier functions:

wor(r) = —

(2m)* Joz

dk e ™®Rep ()

with w,r(r) = (r|[Rn) = wye(r — R), or

IRn) = n )3/ dke ™ Rjyp)

G. H. Wannier, Phys. Rev. 52, 191-197 (1937)

sbeck@flatironinstitute.org
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Wannier functions

Wo(X)

w,(x)

I

T

w,(X)

R
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Properties of Wannier functions

Wannier functions
Properties of |Rn): Wo(X)
= they form an orthonormal set:

(Rn|R'm) = drRr/0nm

w,(x)

= {|Rn)} span the same space as {|{x)}: t\
vV

P = g5 oy 10l = D[R (R

= they are translational images of |0n) \II\ —e

G. H. Wannier, Phys. Rev. 52, 191-197 (1937)

sbeck@flatironinstitute.org 7



Localization of Wannier functions [@] FLATIRON

Properties of |Rn):

= localized to some extent in real space

Fourier transform Fourier series (inverse Fourier transform)

. 14 _ik-R _ ik-R R
|IRn) = —(27r)3 /BZ dke [nk) |¥nk) ZR:G [Rn)

= smooth, periodic function has Fourier
coefficients that decay rapidly

= “gauge freedom”: [\) = e/®n(K)|y) )

= choose ¢n(k) so that [4Y)) are smooth in k

https://mriquestions.com/fourier-transform-ft.html
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Wannier functions - multiple bands

“gauge freedom” for multiple bands:

NV —ikR|,
R)) = oy [, ARl

no one-to-one correspondence band n <> orb. j
Wannier functions strongly nonunique!
Uk encode the gauge selection

how to choose the unitary rotations to get

localized WFs?

sbeck@flatironinstitute.org

Example: SrVO3

7 2=

da dae
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w (eV)
=
8

Y

roo 25 50



Wannier functions - multiple bands

“gauge freedom” for multiple bands:

NV —ik-R| W
Ri) = ooy [, AR

J
W}JVIY> = Z Uk,njlwnk>

no one-to-one correspondence band n <> orb. j
Wannier functions strongly nonunique!
Uk encode the gauge selection
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localized WFs?
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How to get Wannier functions in practice [@] FLATIRON

Projection method:

= start with localized trial orbitals g,(r):

J
|¢nk> = Z Ak,mnwjmk) with Ak,mn = <wmk|gn> (Wannier90)
m=1

= construct Léowdin-orthonormalized Bloch-like states:
J
|wnk - Z ¢nk Sk with Sk,mn - (ATA)k,mn

= the |¢),) are smooth in k, leading to well-localized Wannier functions
= advantages: simple, they retain the symmetry of the trial orbitals

= disadvantages: cases without good guesses, e.g. molecular orbitals, low-symmetry

N. Marzari et al., Rev. Mod. Phys. 84, 1419-1475 (2012)
sbeck@flatironinstitute.org 10
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Maximally localized Wannier functions (MV method)

= Marzari and Vanderbilt scheme: choose optimal Ui that minimize spread functional
J 2
Q=3 [(0j[2]0j) — [(0j|r[0)]]

j=1

= iterative minimzation using steepest-descents or conjugate-gradient method

= Blount identities provide matrix elements of position operator in Wannier basis:
(Ril¥|0j) = iL/dk R (U [ Vi)
(2m)3 ' !
= can be recast in terms of overlap matrices:

M,.(jk:b) = (u|ujrp)  (Wannier9o)

N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847 (1997)
E.l. Blount, “Formalisms of band theory,” in Solid State Phys., Vol. 13 (Elsevier) p. 305. (1962)
sbeck@flatironinstitute.org 11
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Disentanglement procedure (SMV scheme)
= previous concepts extend to non-isolated (“entangled”) groups of bands

= identify J-dim. Bloch manifold from a larger set
of Jk Bloch eigenstates (subspace selection):

Tk
’¢nk> = Z Vk,mn|¢mk> = W
m=1 2
E
= where Vi m, are Jk x J matrices, VJ ik =15y £ A '\
R
r z A R T

I. Souza, N. Marzari, and D. Vanderbilt, Phys. Rev. B 65, 035109 (2001)

sbeck@flatironinstitute.org
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Tk
’wnk> = Z Vk,mn|¢mk> = w
m=1 \>’-L
= where \~/k’m,, are Jx X J matrices, VJ \7k =1,y L,% D / """" '\
R
vV .
Rj)= — dk —ik-Ry,/,.
Ri) = iy [, ARl
r z A R T
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Disentanglement procedure (SMV scheme)
= previous concepts extend to non-isolated (“entangled”) groups of bands

= identify J-dim. Bloch manifold from a larger set
of Jk Bloch eigenstates (subspace selection):

Jk
’¢nk> = Z Vk,mn|¢mk> = W
m=1 \>’-L
= where \N/k’m,, are Jx X J matrices, VJ \7k =1,y L,% A N
R
Rj) = (2r)3 /Bzd _'kR|¢J\/I¥>
r z A R T

Ik
W) =D Vigiltm) with  Vie = VU

n=1

|. Souza, N. Marzari, and D. Vanderbilt, Phys. Rev. B 65, 035109 (2001)
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Major applications of Wannier functions

= Interpolation
= Geometry and Topology

= Advanced electronic-structure methods

Ab initio engines

Advanced minimization methods (11.D)

[ Wannier interpolation and ] Bands, derivatives, operators

. . Boltzmann transport
tight-binding models (I11.C) | G\ and hybrid functionals

! ! i !

Ballistic transport and Berryology Topological invariants Electron-phonon Beyond DFT with
nanostructures (I11.D) (IIL.E) (I.F) interactions (I11.G) localized orbitals (111.H)
Landauer conductance, Berry curvature, optical and Chern numbers, Z, Phonon-limited transport, Koopmans-Wannier spectral
i gies, Hall ivi invariants, Fermi arcs superconductivity functionals, strongly correlated
large-scale tight binding orbital magnetization and surface states systems with DMFT

A. Marrazzo, SB et al., arxiv:2312.10769 (2023)
sbeck@flatironinstitute.org 13
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Wannier interpolation and tight-binding models

= {|Rn)} span the same space as {|1k)}

= efficient interpolation in reciprocal
space important for BZ integrals

- 1 1
= 2009 = g [k

Energy [eV]

= reproduce correct band connectivity

A. Marrazzo, SB et al., arxiv:2312.10769 (2023)

sbeck@flatironinstitute.org
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Wannier interpolation
f(k) F(R) f(k')

HY 1) = () A9

)

= [Vi(HW]

m

with

Hnm(k) = 6nk5nm

J. R. Yates, X. Wang, D. Vanderbilt, and |. Souza, Phys. Rev. B 75, 195121 (2007)
sbeck@flatironinstitute.org 15
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Wannier interpolation
f(k) F(R) f(k')

HY 1) = () A9

’.I

ugy:>>
= Vi ()H(k) |

nm

with HY(R) = Z “kRHM (k)

Hnm(k) = 6nk5nm

J. R. Yates, X. Wang, D. Vanderbilt, and |. Souza, Phys. Rev. B 75, 195121 (2007)
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Wannier interpolation
f(k) F(R) f(k')

HY (k) = <u9ﬁv)'ﬁl(k) ugyp>
= [MoHW]
with HM(R) = Z ~ikR W) )
Him(K) = enim k H(-W’<k’) - R

J. R. Yates, X. Wang, D. Vanderbilt, and |. Souza, Phys. Rev. B 75, 195121 (2007)
sbeck@flatironinstitute.org 15
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[@] FLATIRON

Automatic, high-order, adaptive Brillouin zone integration
Task: compute local single-particle Green's function (i.e. DOS)

G(w) = /BZ Pk Tr [(w = H(k) = Z(k,w)) "]

J. Kaye, SB, A. Barnett, L. Van Mufioz, and O. Parcollet, SciPost Phys. 15, 062 (2023)
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[@] FLATIRON

Automatic, high-order, adaptive Brillouin zone integration
Task: compute local single-particle Green's function (i.e. DOS)

G(w) = /BZ Pk Tr [(w = H(k) = Z(k,w)) "]

= Applications: e.g. self-consistency loops in DMFT and post-processing

J. Kaye, SB, A. Barnett, L. Van Mufioz, and O. Parcollet, SciPost Phys. 15, 062 (2023)
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Automatic, high-order, adaptive Brillouin zone integration
Task: compute local single-particle Green's function (i.e. DOS)

6w = [ Pk Tr [(w = H(k) = Z(k,w)) "]

= Applications: e.g. self-consistency loops in DMFT and post-processing
w) = in

= Setting: H(k) obtained from a Wannier Hamiltonian H(R), X(k,

-

€ (:V) i
S
5
\
6 (eV)

J. Kaye, SB, A. Barnett, L. Van Mufioz, and O. Parcollet, SciPost Phys. 15, 062 (2023)
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Automatic, high-order, adaptive Brillouin zone integration [@] FLATIRON
Task: compute local single-particle Green's function (i.e. DOS)
G(w) = [ d®Tr|(w— H(k) - Z(k,w)) ']
BZ
= Applications: e.g. self-consistency loops in DMFT and post-processing
= Setting: H(k) obtained from a Wannier Hamiltonian H(R), X(k,w) = in

= Goal: fully automatic, high-order and adaptive algorithm

L 12 A 15
Y VY Ve D
G & &

J. Kaye, SB, A. Barnett, L. Van Mufioz, and O. Parcollet, SciPost Phys. 15, 062 (2023)
16
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Adaptive Brillouin zone integration - DOS of SrVOs;

= density of states (DOS): @
20
1 f & &
Aw)=-=ImGw) * D
m >
= comparison of default (PTR) versus §10
new (lAl) algorithm s
= user-provided error tolerance eliminates
convergence tests
= available in AutoBZ. j1 package 10 " 2 w V) 1 " °

L. Van Mufioz, SB, and J.Kaye, in preparation (2024)
https://github.com/1xvm/AutoBZCore.jl/tree/main/aps_example
sbeck@flatironinstitute.org 17
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Beyond DFT with localized orbitals

® optical conductivity

downfolding

(self-consistent) o H(R), Vi, Ay, ...

o Ulw)

post-processing embeddlng
@ spectral function

e.g. DMFT
o S(k,w) ~ B(w)
® Gioc(w)

® susceptibilities

A. Marrazzo, SB et al., arxiv:2312.10769 (2023)

sbeck@flatironinstitute.org
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Idea: DFT description good for most
states, many-body (MB) treatment for
low-energy states

Approach: partition the total Hilbert
space efficiently using WFs

charge self-consistency important (for
some systems)

see lecture by O. Parcollet
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Low-energy subspace with Wannier functions
DOS

e e ) T

=

2 AN
S 0 S = : 1
R ]
32

-4 4 —

‘\
-6 — "~
_8 4 W90 L
r X M r 200 25 50
?
. . Lo ‘4-0

Degree of localization... {0

= depends on energy window and contained states (hybridization)
= affects difficulty of MB calculations, value/form of local interaction
= Example: 3 tp orbitals versus 5+9 dp orbitals in SroRuOy4 ? 1O

sbeck@flatironinstitute.org 19



Low-energy subspace with Wannier functions

DOS

2

total
— W-d
— op

Degree of localization...

= depends on energy window and contained states (hybridization)
= affects difficulty of MB calculations, value/form of local interaction

= Example: 3 tp orbitals versus 5+9 dp orbitals in SroRuOy4

sbeck@flatironinstitute.org
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Wannier functions ecosystem

Ecosystem based on:
= theoretical advancement

= e.g. automation workflows, novel
localization algorithm, ...

= development of open-source software packages
= Wannier Software Ecosystem Registry*

= user su pportT

= documentation, tutorials, mailing list,
schools, developers meeting, ...

*
https://wannier-developers.github.io/wannier-ecosystem-registry/
https://wannier.org/support

sbeck@flatironinstitute.org
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Total number of codes: 53
Codes

Ifyou think that a code is missing in this registry, you can simply add it by opening a GitHub
pull request, following the instructions that you find in the README file of the repository.

Codes are sorted alphabetically by their 0.

ABINIT ‘aiissngies| (ssandionrsiiasi
ABINIT s 2 software sute to caculate the optical
mechanical,vibrational, and other observable properties of

At materials. Starting from the quantum equations of density
functional theory, you can build up to advanced applications

with perturbation theories based on DFT, and many-body
Green's functions (GW and DMFT)

Show details


https://wannier-developers.github.io/wannier-ecosystem-registry/
https://wannier.org/support
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Wannier functions for the practitioner using Wannier90

Building Wannier functions:
= ingredients from an electronic structure calculation:
= overlap between Bloch states (wannier90.mmn): M,-(jk’b) = (Uik|Ujk+b)
= projection onto trial localized orbitals (wannier90.amn): A — (Ymk|&n)
= user-defined input (wannier90.win):

= trial orbitals, disentanglement parameters, ...

Other quantities:
= hoppings (input: wannier90.eig — output: wannier90_hr.dat)

= additional ingredients based on quantity of interest...

A. Marrazzo, SB et al., arxiv:2312.10769 (2023)
sbeck@flatironinstitute.org 21
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