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1. INTRODUCTION

Physics is a question of scale! Even though we know the basic laws of Physics,
say at the level of quarks and gluons, much of the structure of the laws at this
level are of no relevance for atomic Physics. Exchange of gluons between quarks
in the atomic nucleus will influence the difference between energy levels of the
atom at say, the tenth decimal place (7). These details are for all practival pur-
poses irrelevant. In some sense this is a consequence of the structure of quantum
mechanics itself. The influence of physics at a high energy scale on physics at a
lower energy scale that is well separated from the former can be computed with
perturbation theory. More generally, the “renormalization group” tells us how to
construct effective theories that depend on the scale.

In addition, “More is different”, as emphasized by P.W. Anderson. Suppose
we give ourselves the Hamiltonian that should suffice to describe all homogeneous
substances at room temperature and normal pressure. It consists in the sum over
individual kinetic energies, plus pairwise interactions between constituents, plus
spin-orbit interactions (a relativistic effect that can be deduced from perturbation
theory). The energy scales involved are of the order of 10 to 100eV. All physics
at these energy scales and less should be contained in that Hamiltonian. But the
challenge we are facing is enormous. Suppose we write down the Hamiltonian for
a piece of aluminum. It is a superconductor at a few degrees Kelvin, or if you
want at energies of the order of about 10~%eV. This means that to predict from
first principles the presence of superconductivity in aluminum, we need a precision
of 10° to 10° in a calculation that involves a macroscopic number of degrees of
freedom, say 10?3. Let us mention a few more scales, taken from lecture notes
by P. Coleman. Take the time scale at the atomic level to be i/1eV ~ 10~ 19s.
If we take the characteristic macroscopic scale to be 1s, the leap to go between
the two scale is as big as that necessary to go from 1s to a sizeable fraction of
the age of the universe. Length scales from the atom to the em differ by 108,
and typically, the number of atoms we look at in an experiment done on a cm? of
matter is 10?3. Clearly, this is an impossible task. What we need to proceed are
new concepts, new principles, new laws if you want, that “emerge” from the basic
theory. In the same way that entropy is a concept that emerges when one studies
the statistical mechanics of matter, the concept of broken symmetry is necessary to
study a phenomenon such as superconductivity. And before that concept emerges,
other conceptual steps had to be taken: the Born-Oppenheimer approximation, the
introduction of collective quantum coordinates such as phonons, density functional
theory to obtain a first guess at the structure of electronic energy levels, Migdal’s
approximation for electron-phonon interaction.

Note that indifference to details about higher energy scales, or shorter distances
if you wish, also occurs in purely classical mechanics. Ordinary hydrodynamics, as
contained in the Navier-Stokes equation, is a theory that is valid for a very broad
class of liquids. The specific atomic details will come in for example in determining
the specific value of viscosity for example, but the concept of viscosity is a notion
that emerges at long wave lengths and large time scales.

This course is thus a course about principles, as well as a course on calculational
approaches, although the latter will often appear to take the whole stage.

The first principle we will use is that of adiabatic continuity. It is possible to
describe a “phase”, say the normal state of a metal, by starting from a simple
Hamiltonian with known properties, such as that of band electrons, and including
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interactions with perturbation theory. This is the subject of the first part of
these lecture notes, where we will develop the formalism of correlation functions
and perturbation theory. In the presence of interactions, “quasiparticles” are
adiabatically connected to our notion of free electrons. But they are not the
same as free electrons. In studying this, we will understand the limitations of the
ordinary band theory of solids. The quasiparticles we have in mind, are those of
the Fermi-liquid theory, put forward by Landau in the 1960’s.

But eventually, perturbation theory breaks down and interactions lead to phase
transitions, in other words to new phases of matter that are not adiabiatically
connected to the original Hamiltonian. At phase transitions, the free energy has
mathematical singularities that cannot be treated by perturbation theory. These
new phases can very often be connected to a new Hamiltonian, that must be
“guessed”, a Hamiltonian that breaks some of the symmetries present in the orig-
inal phase. This will be the subject of the second part of these notes. And the
underlying principle is that of broken symmetries. Adiabatic continuity and bro-
ken symmetry are the two most important basic principles of condensed matter
physics, according to P.W. Anderson.

Finally, the third part is concerned with modern problems and more recent
calculational tools.

Yes, this course is also about calculational tools, about formalism. In quantum
mechanics in general, what we normally call the “Physics” is very much tied to the
calculational tools. These notes are also about calculational tools and about the
Physics that comes out of these tools. If you think of the wave function of a system
with NV degrees of freedom, it gives one complex number for any given specified
value of the N degrees of freedom. What can you tell from this? In principle
everything, in practice, this list of complex numbers grows exponentially with the
number of degrees of freedom and it is not very illuminating. The density at a
point, that we can extract from the wave function, has physical content. Similarly,
the average of the product of the density at a point, times the density at some
other point and some other time has meaning. It is a correlation function, that
tells us how a density perturbation will propagate, how changing the density at one
point influences density at another point. Furthermore, this correlation function
is measurable and, as usual in quantum mechanics, by focusing on observables,
much is gained. By analogy to the case of density correlation functions, in quantum
mechanics we can look at amplitudes, namely we can ask what is the amplitude
for an electron to go from one point at one time to another point at another
time. This is a correlation function, the Green function, that, in cunjunction to
perturbation theory, behaves in the way that is closest to the concept of a particle
that propagates and interacts with other particles. In fact, without perturbation
theory, describing the “Physics” often becomes impossible, or extremely difficult.
Other emergent concepts that come out of these calculational tools are that of self-
energy and vertex functions. These quantities will, in a way, play the same role
as viscosity in ordinary hydrodynamics. They are quantities where much of our
ignorance about the exact solution to the problem can be hidden. Identifying these
hidding places, is part of what it means to understand the physics of a problem.
We work part with images, part with formalism, but in quantum mechanics, often
the images or physical intuitions are meaningless without the formalism.

This is work in progress. Many-body physics is an open frontier. Everyday
new materials lead to new surprises, new phases, new phenomenon appear, and
often new calculational tools must be developed. This course is about the foun-
dations. Much of it will be like learning spelling and grammar, but rest assured,
there are great novels, great stories to be read while you grasp the rules of this
language. And whether you are a theorist or an experimentalist, this language is
indispensable. It is behind the calculations, but it is also behind the interpretation
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of the experiments, it is behind the workings of nature.
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Part 1

A refresher in statistical
mechanics and quantum
mechanics
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This first part will contain some of the results you might have seen in earlier
courses on statistical mechanics and quantum mechanics that do not use Green’s
functions. They will help set some of the notation but they are not necessarily a
prerequisite for what follows.
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2. STATISTICAL PHYSICS AND
DENSITY MATRIX

2.1 Density matrix in ordinary quantum mechanics

Quantum mechanics tells us that the expectation value of an observable O in a
normalized state |1) is given by (¢| O |¢) . Expanding over complete sets of states,
we obtain

WlOoly) = ;w i) (il O17) (7 1) (2.1)
= i@ [) (w18} (il O 15) (2.2)
= i<j|p|z‘><z‘|0|j> (2.3)
= Tf[,@] (24)

where the Density Matriz p is defined, as an operator, by
p= 1) (Y] (2.5)

This is when we have a pure state. If the state is prepared in a statistical
superposition, in other words, if we have a certain probability p, that the state
that is prepared is |¢,,) , then the expectation value of an observable will be given
by the weighted sum of the results in each state, in other words, in the above
formula for the average we should use

P=D palt,) (U, (2.6)

This is the density matrix for a mized state. Note that

PP = pabm 1) (Wl V) (] - (2.7)

)

We have the property p? = p only for a pure state.

When a system of interest is in contact with an environment, it is very useful
to work with an effective density matrix obtained by taking the trace first over the
degrees of freedom of the environment. This idea is common in particular in the
field of quantum information. In this school, we will see that by considering part
of a large system as the environment, we can greatly reduce the size of the Hilbert
space that needs to be considered to diagonalize a Hamiltonian, especially in one
dimension. The optimal way of doing this was found by Steve White and will be
discussed in the context of the "Density Matrix Renormalization Group". Not so
surprisingly, quantum information theory has helped to improve even further this
approach. Uli Schollwock will explain this.
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2.2 Density Matrix in Statistical Physics

Statistical Physics tells us that conserved quantities play a special role. Indeed,
at equilibrium, the density matrix cannot depend on time, so it depends only on
conserved quantities. This means that generally, the density matrix is diagonal in
the energy and number basis for example. All that is left to do is to specify p,,. The
basic postulate of statistical physics is that in an isolated system, all mcroscopic
states consistent with the value of the conserved quantities are equiprobable. This
is the microcanonical ensemble where p,, is identical for all energy eigenstates
[4,,) . The other ensembles are derived in the usual way by considering the micro-
canonical system as including the system of interest and various reservoirs. In the
canonical ensemble for example, p, = e #Fn /Z where Z is the partition function
>, e PP and g = (kgT)™".

Alternatively, the various ensembles are obtained by maximizing the entropy

= —kpTr[plnp] (2.8)

subject to constraints such as fixed average energy and normalization in the case
of the canonical ensemble. Important properties of the entropy include extensivity
and concavity. The entropy also plays a major role in quantum information.

2.3 Legendre transforms

Legendre transforms are encountered in mechanics when going from a Lagrangian
to a Hamiltonian formulation. That transformation is extremely useful in sta-
tistical physics as well and it will be used for example by Gabi Kotliar at this
School.

The important idea of statistical physics that we start with is that of potentials.
If you know the entropy as a function of mechanical quantities, like energy volume
and number of particles for example, then you know all the thermodynamics.
Indeed,

dE TdS — pdV + udN (2.9)

_ 1 Pw_F
dS = ZdE+=dV — ZdN (2.10)

so you can obtain temperature T, pressure p and chemical potential p simply by
taking partial derivatives of the entropy. (1/7,S) (p/T, V) (—u/T, N) are pairs of
conjugate variables. Instead of using F,V, N as independent variables, given the
concavity of the entropy and the uniqueness of the equilibrium state, you can write
S as a function of any three other variables. Nevertheless, the purely mechanical
variables F, V, N are the most natural ones for the entropy. The entropy plays the
role of a thermodynamic potential. As a function of all microscopic variables not
fixed by E,V, N, it is maximum at equilibrium.

Remark 1 When there are broken symmetries, additional variables must be added.
For example, for a ferromagnet with magnetization M in a magnetic field H,

dE = TdS — pdV + pdN + M-dH (2.11)
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There are other potentials. For example, if a system is in contact with a heat
reservoir, the work that will be done at constant temperature will be modified by
the presence of the reservoir. It is thus physically motivated to define for example
the Helmholtz free energy

= E-TS (2.12)
E
= 8— (2.13)
oS V.N
In this case
dF =dE — SdT' — TdS = —SdT — pdV + udN. (2.14)

The Helmholtz free energy F' can be written in terms of any three thermodynamical
variables, but T, V, N are the most natural ones. At fixed T,V, N it is the free
energy that is a minimum instead of the energy because we have to take into
account the reservoir. The change from S to T as a natural variable has been
done through the pair of equations (2.12,2.13). This is the general structure of a
Legendre transform. F and F are potentials, and the subtraction of the product of

the conjugate variables — (g—g)v_ n O does the trick of relating the two potentials

Remark 2 Note that (9°E/95?) = (0T/9S) =1/ (85/0T) = —1/ (9°F/0T?).

2.4 Legendre transform from the statistical mechan-
ics point of view

Note that since

F E

7 = S-% (2.15)
0S

= 5- (3_E)V,N E (2.16)

the quantity —F /T can be seen as the Legendre transform of the microcanonical
entropy. From the point of view of statistical mechanics, if we define Q (E) as the
number of microstate n corresponding to a given energy, then p, = 1/Q(F) for
every microstate and

S(E)

—kpTr[plnp] = _kBZﬁln%E) (2.17)

= kplnQ(E) (2.18)

So, from the point of view of statistical mechanics, the Legendre transform of the
entropy is obtained from

—g = kplnZ=kplny e ¥ (2.19)
= kgl Q(E)e PP (2.20)
E
= kpln) e 0 (2.21)
= ]gBlnie(S(E)—E/T)/kB (2.22)
E

LEGENDRE TRANSFORM FROM THE STATISTICAL MECHANICS POINT OF VIEW 27



Whereas the microcanonical entropy is a function of the energy of microstates, its
Legendre transform is summed over energy and is a function of 1/T), the coefficient
of E in both the thermodynamical expression of the Legendre transform Eq.(2.17)
and the statistical one Eq.(2.22).

We know that

olnZ

op

_ _O(=F/T)
= ~Sun (2.23)

B = -

which clarifies the connection between the statistical mechanics and thermody-
namical definitions of Legendre transform. FE in the case of thermodynamics is
really the average energy from the statistical mechanical point of view. The last
equation could have been written down directly from the statistical expression for
—F/T.
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3. SECOND QUANTIZATION

3.1 Describing symmetrized or antisymmetrized states

States that describe identical particles must be either symmetrized, for bosons,
or antisymmetrized, for fermions. To simplify the calculations, it is useful to
use second quantization. As its name suggest, there is also an axiomatic way to
introduce this method as a quantization of fields but here we will just introduce it
as a calculational tool. The approach will be familiar already if you master ladder
operators for the harmonic oscillator.

For definiteness, let us concentrate on fermions. This can be translated for
bosons. Define the operator ¢T (r) that creates a particle in a position eigenstate
Ir) and antisymmetrizes the resulting wave function. Define also the vacuum state
|0) that is destroyed by the adjoint, namely 1 (r) |0) = 0. In this language

PP )yt ()]0) = % (Ir) [r) =[x} Ir)) (3.1)
= |r,r')=—|r,r). (3.2)

The state to the right is clearly normalized and antisymmetric. There are two
copies of the one-particle Hilbert space. In one component of the wave function,
the particle in the first copy is at |r), in the other component the particle in the
first copy is at |r’) . Clearly, that can become quite complicated. The two body-
wave function (r,r’ |p) is antisymmetric and in the case where there are only two
one-particle states occupied it is a Slater determinant. Clearly, that becomes a
mess. In terms of the creation-annihilation operators however, all we need to know
is that by definition of these operators,

T ()¢t () + 9" () ¥ (r) = 0. (3.3)

We use the short-hand for anticommutation
{vt o)t @)} =0 (3.4)

Taking the adjoint,
{¢(r), ¥ ()} =0. (3.5)
The only thing missing is that

{vm) vt} =s0-r). (3.6)

That is a bit more complicated to show, but let us take it for granted. It is clear
that if ¥ (r) creates a particle, then t (r) removes one (or destroys it). If the
particles are at different positions, that can be done in any order. If r = r’, then
it will matter if we create a particle before destroying it. If the creation occurs
before the destruction, there will be one more particle to destroy. The Dirac delta
function comes from normalization in the continuum. For discrete basis, we would
have unity on the right.
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3.2 Change of basis

A key formula for the “field” operators ¢! (r) is the formula for basis change.
Suppose that one has a new complete basis of one-particle states |a). Then, we
can change basis as follows:

r) =) la){a|r) (3.7)

Given the definition of creation operators, the creation operator (r) for a par-
ticle in state |r) is related to the creation operator cf, for a particle in state |a) by
the analogous formula, namely

Pl (r) = cl (alr). (3.8a)

This formula is quite useful.

3.3 Second quantized version of operators

3.3.1 One-body operators

If we know the matrix elements of an operator in the one-particle basis, the cal-
culation of any observable can be reduced to some algebra with the creation-
annihilation operators. In other words, not only states, but also operators cor-
responding to observables can be written using creation-annihilation operators.
The expression for these operators is independent of the number of particles and
formally analogous to the calculation of averages of operators in first quantized
notation.

To be more specific, consider the operator for the density of particles at position
Ir). It can be written as ¢ (r)¢ (r) as we prove now. Since ABC — CAB =
ABC + ACB — ACB — CAB the commutator ot this operator with ¢ (r) is,

ot @) {w o), 0t @)} - {0t o), 0t @) e e3.9)
= S@—r)y(x) (3.10)

EROTIORTIND

We can now use the following little “theorem” on commutator of ladder operators:

Theorem 1 If[A, B] = 8B and |«a) is an eigenstate of A with eigenvalue v, then
B |a) is an eigenstate of A with eigenvalue a+f, as follows from AB |a)—BA |a) =
A(Blay)) —a(Bla)) =B (Bla)).

Since ' (r) ¥ (r)|0) = 0, the above implies that ¢! (r) ¢ (r) (w (r1) |o>) -
d(r—ry) (zﬂ (r1) \O)) , and generally a state 1" (ry) 9" (r2)...|0) is an eigenstate

of o7 (r) 4 (r) with eigenvalue & (r —r;) + & (r —ry) 4 ... Clearly, the potential
energy of identical electrons in a potential V' (r) can ve written

/ O () V () (r) d°r. (3.11)
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The same reasoning leads to the kinetic energy in the momentum basis, where it

is diagonal
h2k2 3k
¢l (k c(k . 3.12
[ 00 5e 09 5 (.12

Returning to the position-space basis, we obtain

/w* ( h2v2)¢(r)d3r. (3.13)

In other words, for any one-body operator, we can always obtain its second-
quantized form in the one-particle basis |a) where it is diagonal:

Zc (a]Ola)c Zc (] O8) ¢ (3.14)

If we change to an arbitrary basis
=3 li) (i ) (3.15)

the operator takes the form

Xk (0l01B)es = 30 ch ol (1013 @) o = Lo el (10 ey (316

0,5,

Exemple 2 Let ¢! (r) be the creation operator for the position state |r) with the
spin a =T, . We know the matriz elements of all component of the spin operators
in the basis where S, is diagonal. Thus, from the last formula, we see that the
three components of the spin operator are

[uie ( w) ¥y (1) dr (3.17)

where, as usual, the Pauli matrices are given by o* = < 0 1 ) ,o¥ = <
0 1
1 0/

3.3.2 Two-body operators

Let us now consider a two-body operator such as the potential energy. It is
diagonal in position-space. The Coulomb interaction

62

Vir—r)= —— 3.18
)= (318)
is an example. The second quantized Coulomb energy takes the form
1
Vel =) 5 (00 px7) = 86 =17 p () dr’s (3.19)

where the 1/2 comes from avoiding double-counting and d (r — r’) p (r) is necessary
not to count the interaction of an electron with itself. Including spin, the density

operator is
=3 vl () v, (). (3.20)
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Substituting in the expression for the Coulomb interaction and using anti-commutation
relations, we obtain

% > / Vo (r — )9l () !, ()9, (v) 0, (r) dPrd®r. (3.21)

It is an interesting and not very long exercise to prove that formula (which happens
to have the same form for bosons and fermions).
Let us change to some arbitrary basis. First notice that in terms of the potential

energy operator V. .
Ve(r —1') = (r[ (t| Ve [r) 1) . (3.22)

Then, the change of basis
= el tilr). (3.23a)
i

leads to the following two-particle analog of the one-body operator Eq.(3.16) in
an arbitrary basis

‘ZZ (G Ve k) 1) clpclyrciorcne. (3.24)

o,0’ ijkl
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4. HARTREE-FOCK APPROXIMA-
TION

The Hartree-Fock approximation is the simplest approximation to the many-body
problem. It is a mean-field theory of the full Hamiltonian, that we will call “The
theory of everything”. We will begin by writing it explicitely then proceed with
two theorems that form the basis of this approximation.

4.1 The theory of everything

Gathering the results of the previous section, an electron gas interacting with a
static lattice takes the form

Hoe = Y [0L0) (h2v2+vc,e_i<r>) b, ) d'r

2m

*% > / V. (r— )¢l (o)l (@) v, ()0, (v) dPrd®’  (4.1)

where V. ._; (r) is the electron-ion Coulomb potential. The dynamics of the ions
(phonons) can be added to this problem, but until the rest of these introductory
notes, we shall take the lattice as static. We need the to allow the lattice to move
to have the complete "theory of everything" we want to solve in this School. But
the above is certainly a non-trivial start.

4.2 Variational theorem

The Ritz variational principle states that any normalized wave function satisfies

(Y[ H [¢0) = (ol H |tho) (4.2)

where |1, is the ground state wave function.
Proof.  That follows easily by expanding |¢) = >, a;|¢;), where H [¢);) =
E; |[¢;), and using Ey < E; :

WIH) = Y ajai (| Hw) = lail* By

4,7

Y

Eo Y ail® = (ol H [t) (4.3)

K3

In the Hartree Fock approximation, we use the variational principle to look for
the best one-body Green function for Hy,.. In other words, we use our formula
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for a change of basis (there is no sum on repeated spin index here)

b0y = Yo, liolro) =) e 0l (1) (44)

dy = [l @ ieolio) = [Erlwe,w @)
and write our ground state wave function as
|[Ygr) = cJ{Tch;Tcgl ... C}LV/QTC}LV/zl |0} . (4.6)

Our variational parameters are the one-particle Green functions ¢, (r) . Note that
the most general wave function would be a linear combination of wave functions
of the type |ty ), each with different one-particle states occupied.

4.3 Wick's theorem

To compute (Yp| H | gr), we expand each of the creation-annihilation opera-
tors in the Hamiltonian Eq.(4.1) in the basis we are looking for, using the change of
basis formula Eq.(4.4). Consider first the quadratic term and focus on the second
quantized operators. We need to know

(WYupl CITCjT Y rp) (4.7)

The key to compute such matrix elements is to simply use the anticommutation
relations for the creation-annihilation operators and the fact that annihilation
operators acting on the vacuum give zero. Let us do this slowly.

The anticommutation relations for the operators c(ﬂ are as follows:

{amdo} = [ [évo, @ v, @0l @)}on o) @y
= /dgrgf);ka (r) @jor (r) = 0ij00 0 (4.9)

SO
(0] cipel; [0) =1 — (0] cfyeir [0) = 1. (4.10)

Generalizing this reasoning, we see that (¢ yp| ¥y p) = 1. Now, (¢4l CZTCJ-T [ )

will vanish if either ¢ or j are not in the list of occupied states in |¢);p) since cZT

also annihilates the vacuum in the bra. If ¢ and j are both in the list of occupied
states, (¥ g gl CZTCJ-T | ) = 0;; since ¢j; will remove a particle in state j in |¢ 5 5)

while cZT will remove a particle in state 4 in (¢ ;| . If the list of particles is not the
same in the bra and in the ket, the annihilation operators can be anticommuted
directly to the vacuum and will destroy it. With this, we have that

22
¢HF|Z/"/}T ( rv + Veye—i (r)> Yo (0) dr [y p)  (4.11)

N/2

ZZ/% ( v + Vee—i (r)> ;o (r) dr. (4.12)

o 1=1

To compute the expectation value of the interacting part of Hy,. we need

(Wl eyl Chorcio V) - (4.13)
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Since |1 ) is a direct product of wave functions for up and down spins, if the
spins are different, we obtain

(Wl eyl Chorcio [Wpp) = 0110 k. (4.14)

If the spins are identical, something new happens. If the conditions & = [ or
1 = j are satisfied, the expectation value vanishes because of the anticommutation
relations (Pauli principle). Consider k different from [. Since all we need is that
the list of states created be the same as the list of states destroyed there are two
possibilities

(Vurl C:'rgc;gckacla V) = 0105k — 0ik0j- (4.15)

The last contribution is known as the exchange contribution. The difference in
sign comes from the anticommutation. All these results, including the cases k = [
or i = j for same spin, can be summarized by

(Wrrplclyclyrcror o [V p) = 01105k — 01101100.07- (4.16)

The last result can be written as

(Yurl ngc;r'afcko—’clo Wur) = (Yurl ngclo [Yur) (Yurl C;'ofcko’ % )(4-17)
— Wuplclyekor W r) (Wipl ol [V 4:18)

A four point correlation function has been factored into a product of two-point
correlation functions. For states such as |[¢ ) that are single-particle states,
creation operators are “contracted” in all possible ways with the destruction op-
erators. This elegant form is a special case of Wick’s theorem. It applies to
expectation values of any number of creation and annihilation operators. The
signs follow from anticommutation.

4.4  Minimization and Hartree-Fock equations

Using Wick’s theorem Eq.(4.16) and proceeding with the Coulomb interaction
between electrons as we did with the one-body part of the Hamiltonian in Eq.(4.12)
we obtain

N/2 2 2
h*V
Wl Hioe [V ur) = E E /Qﬁa (r) (‘ om + Veyei (r)) b (r) d’r
o i=1

N/2 N/2

FYY g [Vt 6 (6 (65 00 @) (419

o,0’ i=1 j=1
- 6U,G’¢;'ka' (I‘) ¢ia (I‘/) ¢;0’ (rl) ¢ja’ (I‘)] d3rd3r/' (420)

To find our variational parameters, namely the functions ¢,, (r), we minimize
the above, subject to the constraint that the wave functions must be orthonor-
malized. This means that we take partial derivatives with respect to all variables
in the above expression. We satisfy the constraints

/(b;ca (I‘) ¢ja’ (I’) dgr_(si,j(sa',a’ =0 (421)

using Lagrange multipliers. We have to think of ¢;,, (r) and ¢,, (r) as independents
variable defined at each different position r and for each index i,0. To take the
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partial derivatives carefully, one should discretize space and take the limit but the
final result is pretty obvious. All we need to know is that what replaces the partial
derivative in the continuum version is the functional derivative

5¢)ia( ) _ r— I'/ o )

5oy @) OO0 (4.22)
00ip(r)

o) (4.23)

The result of the minimization with respect of ¢, (r) is straightforward. One
obtains

2v72
(~ 5 Veos 1)) g () Vi ()65 ©) = [ 5'Ver (1) 61, @)
N/2

= 2. 7i%is (1) (4.24)

- N/2
Vg (r) = /d3r’v r—r Zzy% (4.25)

N/2 ’

Veu (x,7) = Ve(r—1' Z% ) b (r). (4.26)

The matrix ~,; is a real symmetric matrix of Lagrange multipliers. Diagonalizing
7vi; and writing the eigenvalues ¢;, the above equation looks like a Schrodinger
equation. The Hartree contribution Vi (r) has the physical interpretation that
each electron interacts with the average density of the other electrons

N/2

=33 160 ). (4.27)

o/ j=1

The exchange contribution V,, (r,r’) has no classical analog. It comes from the
anticommutation of indistinguishible particles. The ¢; can be interpreted as single-
particle excitation energies only if removing a particle does not modify too much
the effective potentials.
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5. MODEL HAMILTONIANS

Suppose we have one-body states, obtained either from Hartree-Fock or from
Density Functional Theory (DFT). The latter is a much better approach than
Hartree-Fock. Nevertheless, it does not diagonalize the Hamiltonian. If the prob-
lem has been solved for a translationally invariant lattice, the one-particle states
will be Bloch states indexed by crystal momentum k and band index n. If we
expand the creation-annihilation operators in that basis using the general formu-
las for one-particle Eq.(3.16) and two-particle Eq.(3.24) parts of the Hamiltonian,
clearly it will not be diagonal. Suppose that a material has s and p electrons,
for which DFT does a good job. In addition, suppose that there are only a few
bands of d character near the Fermi surface. Assuming that the only part of the
Hamiltonian that is not diagonal in the DFT basis concerns the states in those d
band, it is possible to write a much simpler form of the Hamiltonian. We will see
that nevertheless, solving such “model” Hamiltonians is non-trivial, despite their
simple-looking form.

Model Hamiltonians can now explicitly be constructed using cold atoms in
optical traps. A laser interference pattern can be used to create an optical lattice
potential using the AC Stark effect. One can control tunneling between potential
minima as well as the interation of atoms between them.

5.1 The Hubbard model

Restricting ourselves to a single band and expanding in the Wannier basis associ-
ated with the Bloch states, the Hamiltonian takes the form

H = chza ‘KU C]U+ ZZ |V |k |l> Cio 70’610/61@0 (51)

o,0’ ijkl

where K contains all the one-body parts of the Hamiltonin, namely kinetic energy
and lattice potential energy. The operator c(ﬂ annihilate (create) a particle in
a Wannier state centered at lattice site ¢ and with spin o. The one-body part
by itself is essentially the DFT band structure. In 1964, Hubbard, Kanamori
and Gutzwiller did the most dramatic of approximations, hoping to have a model
simple enough to solve. They assumed that (i| (| V. |k) |l) would be much larger
than all other interaction matrix elements when all lattice sites are equal. Defining
ti; = (i| K |5) and U = (3] (i| V.. |i) |i) , and using cipc;e = 0 they were left with

H = Z Z tl? zchJU 2 Z Z Ucza za’CiU'CiU
o o0 1
= Zztij%cﬂ'o + ZUCZ-TC”CHCZ‘T (5.2)
o i i
= Zztijcga_cjg + ZU”ii”iT- (53)
o i i

Most of the time, one considers hopping only to nearest neighbors. The model can
be solved exactly only in one dimension using the Bethe ansatz, and in infinite
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dimension. The latter solution is the basis for Dynamical Mean Field Theory
(DMFT) that will be discussed at this School. Despite that the Hubbard model
is the simplest model of interacting electrons, it is far from simple to solve.

Atoms in optical lattices can be used to artificially create a system described
by the Hubbard model with parameters that are tunable. The laser intensity of
the trapping potential and the magnetic field are the control parameters. The
derivation given in the case of solids is phenomenological and the parameters
entering the Hamiltonian are not known precisely. In the case of cold atoms, one
can find conditions where the Hubbard model description is very accurate. By
the way, interesting physics occurs only in the nano Kelvin range. Discussing how
such low temperatures are achieved would distract us to much.

Important physics is contained in the Hubbard model. For example, the in-
teraction piece is diagonal in the localized Wannier basis, while the kinetic energy
is diagonal in the momentum basis. Depending on filling and on the strength of
U compared with band parameters, the true eigenstates will be localized or ex-
tended. The localized solution is called a Mott insulator. The Hubbard model
can describe ferromagnetism, antiferromagnetism (commensurate and incommen-
surate) and it is also believed to describe high-temperature superconductivity,
depending on lattice and range of interaction parameters.

5.2 Heisenberg and t-J model

Suppose we are in the limit where U is much larger than the bandwidth. One
expects that in low energy eigenstates, single-particle Wannier states will be either
empty or occupied by a spin up or a spin down electron and that double occupation
will be small. If we could write an effective Hamiltonian valid at low energy, that
means that we would reduce the size of the Hilbert space from roughly 4V to 3V
for an N site lattice. This is possible. The effective Hamiltonian that one obtains
in this case is the ¢t — J model, which becomes the Heisenberg model at half-filling.

To obtain this model, one can use canonical transformations or equivalently
degenerate perturbation theory. Although both approches are equivalent, the one
that is most systematic is the canonical transformation approach. Nevertheless,
we will see a simplified version of the degenerate perturbation theory approach
since it is sufficient for our purpose and simpler to use.

We start from the point of view that the unperturbed part of the Hamiltonian
is the potential energy. If there is no hopping, the ground state has no double
occupancy and it is highly degenerate since the spins can take any orientation.
Hopping will split this degeneracy. Let us write the eigenvalue problem for the
Hubbard Hamiltonian in the block form

Hyy Hip X\ X
< Hy  Hio y )Py (5.4)
where H;; contains only terms that stay within the singly occupied subspace, Hio
and Hs; contains hopping that links the singly occupied subspace with the other
ones and Hsyo contains terms that connect states where there is double occupancy.
Formally, this separation can be achieved using projection operators. To project

a state in the singly occupied subspace, one uses H1; = PH P where the projector
Pis

N

i=1
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Returning to the block form of the Hamiltonian, we can solve for Y = (E — H22)71 Ho X
and write
(H11 + Hyo (E — Hyp) ™t H21) X = EX. (5.6)

What save us here is that the eigenstates we are looking for are near £ = 0 whereas
Hyo will act on states where there is one singly occupied state since the hopping
term in Hi, can at most create one doubly occupied state from a state with no
double occupation. The leading term in Hos will thus simbply give a contribution
U which is large compared to E. We are left with the eigenvalue problem

Hy — —> X = EX. (5.7)

The first part of the Hamiltonian H;; contains only hopping between states
where no site is doubly occupied. The potential energy in those states vanishes.

The quantity H15H21 can be computed as follows. The only term of the original
Hamiltonian that links singly and doubly occupied states is the hopping part. Let

us consider only nearest neighbor hopping with ¢;; = —t. Then
H12H21 = t2 Z Z (CIO_CJ‘O- + hC) (CLG_/ClO-/ + hC) (58)
(ij)o (kl)o’

where each nearest-neighbor bond (ij) is counted only once in the sum. Since
we leave from a state with singly occupied sites and return to a state with singly
occupied sites, (kl) = (ij) survives as well as cases such as (kl) = (il) if one of
the sites 7 is empty in the initial state. The latter contribution is called correlated
hopping. It describes second-neighbor hopping through a doubly occupied state.
In the t—J model, this term is often neglected on the grounds that it is proportional
to t2 /U whereas Hy; is of order ¢. That is not necessarily a good reason to neglect
this term.

Let us return to the contribution coming from (kl) = (ij). Discarding terms
that destroy two particles on the same site, we are left with only

_ HipHyy

¢ t t
- T O (cloesoQelycio +i = ) (5.9)

(ij)oo’

where @ is the projection operator that makes sure that the intermediate state is
doubly occupied. We have to consider four spin configurations for the neighboring
sites ¢ and j . The configurations |[¢ T) |7 1) and |¢ |) |j |) do not contribute
since the intermediate state is prohibited by the Pauli principle. The configuration
| 1) |7 |) when acted upon by the first term in the last equation Eq.(5.9) has non-
zero matrix elements with two possible finite states, (i 7| (j || and (i || (j T|. The
matrix element has the value —t2 /U for the first case and #? /U for the configuration
where the spins have been exchanged because of the fermionic nature of the states.
The configuration |i |) |j 1) has the corresponding possible final states. And
the ¢ < j term in Eq.(5.9) just doubles the previous results, in other words
the magnitude of the non-zero matrix elements is 2¢?/U. Since only spins are
involved, all we need to do is to find spin operators that have exactly the same
matrix elements.
What we are looking for is

4t2 h2 zZ Qz 1 + Q- - Qo+ hQ
(i5) (24)

(5.10)

where J = 4t?/Uh?. Indeed, if the neighboring spins are parallel, the quantity

S S;+S7 Sj has zero expectation value while the expectation of S7S7, namely
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h? /4, is cancelled by the expectation of —h?n;n;/4. For antiparallel spins, S7S% —
li*n;n; /4 has expectation value —h?/2 between configurations where the spins do
not flip while § (S;"S;” + S;7S;) has vanishing matrix elements. In the case where
the spins flip between the initial and final state, Only% (Sij_ + S[Sj) has non-
zero expectation value and it is equal to A2 /2. With the definition of J given, this
corresponds to the matrix elements we found above.

This is the form of the Heisenberg Hamiltonian. Including the correlated hop-
ping term, the ¢ — J Hamiltonian takes the following form

52
H = P Z tijCZaCjU + JZ (Sz . Sj . Imm) P (511)
(

ij)o (i)

+P —% > (CI,—JC]}*UC}L'—&-k,onJrk’)U + Cj'—l—k,—ac;'r,—aij*UCjJrk'vU) P
i kAk
where the last term is the three-site hopping term that is usually neglected.

It is remarkable, but expected, that at half-filling the effective Hamiltonian is
a spin-only Hamiltonian (The first term in the above equation does not contribute
when there is no hole because of the projection operators). From the point of
view of perturbation theory, the potential energy is the large term. We are in an
insulating phase and hopping has split the spin degeneracy.

Classically, the ground state on a hypercubic lattice would be an antiferromag-
net. This mechanism for antiferromagnetism is known as superexchange.

In closing, one should remember that to compute the expectation value of any
operator in the singly occupied space, one must first write it in block form, in other
words, one should not forget the contribution from the Y component of the wave
function. For example, the kinetic energy (K) of the Hubbard model calculated
in the low energy subspace will be equal to minus twice the potential energy (V).
That can be seen from

(K) = (X Y)K( ))f ) — (XKY) + (YEX) = —% (X KK X) (5.12)
V) = XY)V ( > ) —(YVY) = J% (X KK X) (5.13)

since in the intermediate state, V' gives the eigenvalue U in all intermediate states.

5.3 Anderson lattice model

In the Anderson lattice model, on purely phenomenological grounds one considers
localized states ( f;_) with a Hubbard U, hybridized with a conduction band (CLU)

of non-interacting electrons. This model is particularly useful for heavy fermions,
for example, where one can think of the localized states as being f electrons:

Hy = Hy+H.+ Hy, (5.14)

ZZ&?fiTafio +ZU (f;}fn) (f;lfu> (5.15)

He = Y Y e o0 (5.16)
o k

Hpe = Y Vil fio +he. (5.17)

=
Il
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In the case where there is only one site with f electrons, one speaks of the Anderson
impurity model. When U is large, one can proceed as for the t—J Hamiltonian and
obtain an effective model where there is no double occupancy of the impurity and
where the spin of the conduction electrons interacts with the spin of the impurity.
The transformation is called the Schrieffer-Wolf transformation and the effective
Hamiltonian is the Kondo Hamiltonian.
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6. BROKEN SYMMETRY AND
CANONICAL TRANSFORMATIONS

The occurence of broken symmetry can be obtained from mathematical arguments
only in very few situations, such as the Ising model in two dimensions. A simple
paramagnetic state and a state with broken symmetry are separated by a phase
transition, in other words by singularities in the free energy. Hence, the broken
symmetry state cannot be obtained perturbatively. One postulates a one-body
Hamiltonian where the symmetry is broken its stability verified using variational
arguments. In this and many other contexts, canonical transformations are key
tools to understand and solve the problem. We have seen examples above. Basis
changes obtained from unitary transformations preserve the (anti)commutation
relations. Such transformations are called canonical. We will illustrate these
concepts with the example of superconductivity.

6.1 The BCS Hamiltonian

t

The general idea of Cooper pairs is that CLTC p) almost plays the role of a boson

b;f). Commutation relations are not the same, but we want to use the general

idea that superconductivity will be described by a non-zero expectation value of

bI) by analogy to superfluidity. The expectation value <CLTCT—p l> occurs in the

Ginzburg-Landau theory as a pair wave function. The mean-field state will be
described by a coherent state.

We first write the general Hamiltonian in momentum space and, in the spirit
of Weiss, the trial Hamiltonian for the mean-field takes the form

1
Hg—puN = Ho—pN+ > U(-p) <CLTCT_N> C—p/Cp/T
p,p’
1
+7 S U@-p)chicl ) (eopiopt)
p.p’

= Hy—pN+ Z (A;c,plcm + CLTCiplAp) (6.1)

p

where we defined )
Ap = v Z Up—p)(cpicpr)- (6.2)
p’

The potential U (p — p’) is an effective attraction that comes from phonons in
standard BCS theory. We take this for granted. The states within an energy shell
of size hw p around the Fermi level are those that are subject to that attraction.The
kinetic part of the Hamiltonian is given by

Hy—uN = Z (ep — 1) CL)O.CPJ (6.3)
pP,o

= Z CpCLan,a- (6.4)
p,o
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In the so-called jellium model, ep = h*p?/2m,. but one can take a more general
dispersion relation. In matrix form, the combination of all these terms gives,
within a constant

=N =Y (chy em ) (2 ) (P ) 09
P

¢ pl

One is looking for a canonical transformation that diagonalize the Hamiltonian.
When this will be done, the c(jl))  will be linear combinations of eigenoperators.
These linear combinations will involve Ap. To find the value of Ap, it will suffice
to substitute the eigenoperator expression for ¢pe in the definition of Ay, Eq.(6.2).
This will give a self-consistent expression for Ap.

Let us define the Nambu spinor

Up = ( c(ip,L ) (6.6)

(oW, } = ot 6.7)

whose anticommutator is

where ¢ and j identiby the components of the Nambu spinor. Any unitary trans-
formation of the Nambu spinors will satisfy the anticommutation relations, as one
can easily check. Since the Hamiltonian matrix is Hermitian, it can be diagonalized
by a unitary transformation.

Eigenvalues E, are obtained from the characteristic equation

(>‘P - <p) (>‘P + <p) - |Ap|2 =0 (6.8)

where one used ¢, = {_, valid for a lattice with inversion symmetry. The solutions

are
Ap = £Ep = £/¢5 + |Ap[ (6.9)

and the eigenvectors obey
+Ep — ¢, -Ap ) ( aip )
. =0. 6.10
( 7Ap :|:Ep + Cp a2p ( )

(£Ep — (p) a1p = Apazp (6.11)

whose solution is

The constraint of normalization for a unitary transformation is
2 2
|a1p|” + lagp|” = 1. (6.12)

The unitary transformation U
U = (:}‘P ‘uﬁp) (6.13)
p p
Ut = (“P* UP) (6.14)

where
1/2

¢ —i
()t [(om)

v2 ( B JfE_p)l/Q e'%2p
P
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diagonalizes the Hamiltonian

Using this result, we can write

S (e )UUT< gp _ACP >UUT < g >(6.15)

HE_MN

P P P -pl
- (e ) (7 ) () e
= al. a_ .
;( Pl TR 0 —Ep ol (6:16)
= ZEpaL,gap,a—i—cte. (6.17)
pP,o

where the new operators are related to the old by the Bogoliubov-Valentin (1958)
transformation

Qp1 Cp1 u* v, Cp1
( ey ) _yt ( o ) _ ( e, ) ( & ) (6.18)
-pl -pl p p -pl

The ground state is the state that is annihilated by these new operators
aps |BCS) = 0.

The new operators are linear combination of creation-annihilation operators since
the eigenstate is a linear combination of states having different numbers of parti-
cles. At zero temperature for example, one can check explicitely that the following
state is indeed annihilated by apes

(¥
1BCS) =] (1 + u—‘icikchT) |0) .

k

The value of the gap Ay, is obtained from the self-consistency equation Eq.(6.2).
It suffices to write the cpt en as a function of the diagonal operators ape. Inverting
the Bogoliubov transformation Eq.(6.18) gives

mo)=Ce o))
f =( 7 t (6.19)
< € p| Up Up & _p|

whose adjoint is

i _ T u  Up
( Cpt C—pl ) = ( anp Qop) ) < _;)’* up ) (6.20)
We also note that

1
n(Ep) = <aLTapT> - 5T (6.21)

The Fermi-Dirac distribution arises from the fact the the Hamiltonian is diagonal

()
P

and quadratic when written as a function of fermionic operators ap’. We can now
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compute the mean value of the pair operator.

(copriopry) = <(UP’O‘L/T +“p'a—p'l> (“p’ap’T _/Up/atp'l>> (6.22)
= ’Up/’u,p/ <O‘I)’TO‘P'T — a,p/laip,l> (623)
= —Up/up/ (1 — 2n (Ep/>> (624)
. 2 1/2

= =3 (1 - E‘;/) e e i (1 —2n (Ep))  (6.25)

p

L Ap | ig s —idsy

= _§E—:,e P1e =102 (1 — 20 (Epy)) . (6.26)
1Ay

= ————(1—-2n(Ey 6.27
57 (12 (5y)) (627)

Ap= =S U (- p) 22 (120 (). (6.28)

where Ap is in general complex. This is known as the BCS equation.

Remark 3 FEven when the interaction depends on p — p’, the phase is necessarily
independent of p. Indeed, the gap equation can be rewritten in the form

1
[CoAp] = Y Z CoU (p—P') Cp [Cor Apr]. (6.29)
p/

where

Cp = (“%Eﬂ)/ (6.30)

The gap equation can then be reinterpreted as an eigenvalue equation. The eigen-
vectors are in brackets and the eigenvalue is unity. Since the matric —CpU (p — p’) Cpr/ (2V)
whose eigenvalues we are looking for is real and symmetric, the eigenvector is real
within a global phase, i.e. a complex number €' that multiplies all components
of the eigenvector. This independence of p of the phase is known as “phase co-
herence”. It is key to superconductivity, If the eigenvalue of the gap equation is
degenerate, something new can happen. One obvious degeneracy is associated with
time-reversal symmetry. When this symmetry is broken, there is still an overall
p independent phase, but the order parameter is complex in a way that does not
correspond to a global phase. This in general gives, for example, a non-trivial
value of the orbital angular momentum.

Remark 4 Coherence: Since ¢, + ¢op = ¢ for all values of p, all the pairs are
added to the wave function with exactly the same phase. This can be seen from
the BCS wave function at zero temperature

Ukt
14+ — 0).
H( + ul*{cklck7> 0)

k

It is the interactions that impose that phase coherence that is at the origin of the
phenomenon of superconductivity. Only the overall p independent phase of A is
arbitrary. The global gauge symmetry is broken by fixing the phase since phase
and number obey an uncertainty relation. Fizing the phase thus corresponds to
making the total number of particles uncertain.
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7. ELEMENTARY QUANTUM ME-
CHANICS AND PATH INTEGRALS

Chapter moved to the end of the introduction to Green’s functions.

7.1 Coherent-state path integrals

In the many-body context, the amplitudes that are interesting are of the form

Tr [pcf (t) cﬂ . (7.1)

In the special case where only the ground state contibutes and that state is the
vacuum state (i.e. no particle present), the above reduces precisely to our pre-
vious definition since c;r |0) = |x;) and (0] e PHcy (t) = (0] e PHe e et =
<0‘ Cfe—th — <$f| e—th.

To derive a path integral formulation for that type of amplitude, we note that
destruction operators in H always appear first on the right. Hence, if we replace
the position eigenstates in the one-particle case by eigenstates of the destruction
operator, we will be able to derive a path integral formulation in the many-body
case by following an analogous route. We will not do the full derivation here. The
final result is that both for bosons and fermions, the path integral also involves
exponentials of the action. For fermions, one must introduce Grassmann algebra
with non-commuting numbers to define coherent states. For bosons the situation
is simpler.

Let us see how boson coherent states are constructed. Let [a,a*] = 1, then
define the coherent state |z) by

|2) = e 12*/2¢7a" ) . (7.2)

To show that this is an eigenstate of a, note first that one can easily show by
induction that .

[a7 (aT)n} =n (aT)n (7.3)

which formally looks like

n 0 (af)n
"] = 74
[a, (a') dat (74)
and since the exponential is defined in terms of its power series
T
ZCLT _ aeza _ Z(If
[a, e ] = Bt = %€ (7.5)

Using our little theorem on commutators of ladder operators (3.2), we have that
since a |0) = 0 then a (ez“T |O>> =z (ezaT |O>) and |z) is an eigenstate of a.
To show that |z) is normalized, consider
(z|z) = e 17 (0]e= %% |0y = e 17 el=” (0] €22 |0)

1 (7.6)
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In the last step, one has simply expanded the exponential in a power series and
used the normalization of the vacuum.
Finally we the closure relation

I=— % / dzd=" |2) (2] (7.7)

that can be proven by taking matrix elements with states with arbitrary number
of bosons |n) = (a')” |0) /v/n! and doing the integral in polar coordinates.
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Part 11

Correlation functions,
general properties
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Whenever the N-body problem can be solved exactly in d dimensions, the result
is a function of Nd coordinates and of time, ¥(x1,y1, ..., T, Yd, -.-; ). Variational
approaches, such as that used in the description of the fractional Quantum-Hall
effect, start from such a wave-function. While all the Physics is in the wave-
function, it is sometimes not easy to develop a physical intuition for the result.
One case where it is possible is when the wave function has a simple fariational
form with very few physically motivated parameters. We encounter this in the
fractional Quantum Hall effect for example, or in BCS theory. In the cases where
perturbation theory can be applied, Feynman diagrams help develop a physical
intuition.

Whether perturbation theory is applicable or not, we rarely need all the infor-
mation contained in the wave-function. A reduced description in terms of only a
few variables suffices if it allows us to explain what can be observed by experimen-
tal probes. Correlation functions offer us such a description. As for any physical
theory, we thus first discuss which quantities are observable, or in other words,
what it is that we want to compute.

In this Chapter, we will introduce correlation functions. First, we show that
what is measured by experimental probes can in general be expressed as a correla-
tion function, whether the experiment is a scattering experiment, such as neutron
diffraction, or a transport measurement in the linear response regime.

Whatever the appropriate microscopic description of the system, or whatever
the underlying broken symmetry, the result of any given type of experiment can
be expressed as a specific correlation function.

We will need to treat two different aspects of correlation functions.

First, general properties, which are independent from the specific manner in
which we compute correlation functions. For example

e Symmetries
e Positivity

e Fluctuation-dissipation theorems relating linear response and equilibrium
fluctuations

e Kramers-Kronig transformations, which follow from causality

e Kubo relations, such as that relating linear response to a specific correlation
function.

e Sum rules

e Goldstone theorem, which follows from Bogoliubov inequalities

Second, we will need to develop techniques to compute specific correlation func-
tions. Sometimes, phenomenological considerations suffice to find, with unknown
parameters, the functional dependence of correlations functions on say wave-vector
and frequency. These phenomenological considerations apply in particular in the
hydrodynamic regime, and whenever projection operator techniques are used.

Microscopic approaches will lead us to use another type of correlation functions,
namely Green’s functions. They will occupy a large fraction of this book. In fact,
Green’s function are just one type of correlation function. They will appear very
naturally. Furthermore, many of the general properties of correlation functions
which we discuss in the present chapter will transpose directly to these functions.
Much of this chapter is inspired from Foster.[1]

In this part of the book, we intend to

e Show that scattering experiments are a measure of equilibrium fluctuations
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e Linear response to an external perturbation can be expressed as an equilib-
rium correlation function

And this correlation function can be related to equilibrium fluctuations by the
fluctuation-dissipation theorem.

e Then we discuss general properties of correlation functions

e Give a specific example of sum-rule calculation.
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8. RELATION BETWEEN COR-
RELATION FUNCTIONS AND EX-
PERIMENTS

Physical theories are rooted in experiment, hence, the first question is about mea-
surement and how it is performed. If you want to know something about a macro-
scopic system, you probe it. The elegance of Condensed Matter Physics stems in
part from the plethora of probes that can be used. Neutron scattering, electron
scattering, nuclear magnetic resonance, resistivity, thermopower, thermal conduc-
tivity, Raman and Infrared scattering, muon resonance, the list is long. What
they all have in common is that they are weak probes. Quantum mechanics tells
us that all probes influence what they measure. Nevertheless, by looking at the
probe, we can tell something about the state of the system.

In this chapter, we want to first illustrate the fact that scattering experiments
with weak probes usually measure various equilibrium correlation functions of a
system. This is one of the reasons why we will be so concerned about correlation
functions. The other reason will be that they also come out from linear response.
What we mean by “weak probes” is simply that Fermi’s Golden rule and the Born
approximation are all that we need to describe the effect of the system on the
external probe, and vice-versa.

As an example, we will describe in detail the case of inelastic electron scattering
but it should be clear that similar considerations apply to a large number of cases:
inelastic light scattering, neutron scattering, etc... The first figure in the next
section illustrates what we have in mind. The plan is simply to use Fermi’s Golden
Rule to compute the differential cross section. We will obtain

do _ m? ky
depdQy — | (2m)3h0 k;

Vel*] S dt € {pa(t)p_q(0)) (8.1)

Forgetting for the moment all the details, the key point is that the cross section is
related to the Fourier transform of the density-density correlation function. The
trick, due to Van Hove, to derive this formula from the Golden rule is to use the
Dirac representation of the delta function for energy conservation and the Heisen-
berg representation to express the final result as a correlation function. Since in
the Born approximation, incident and final states of the probe are plane waves,
everything about the probe is known. The only reference to it will be through ex-
plicitly known matrix elements and quantum numbers, such as momentum, energy,
spin etc...

To illustrate the main ideas in a simple but sketchy manner, before entering
the nitty gritty details, recall that the elements of the Hamiltonian involving the
probe are

H, =H)+ Hp, (8.2)

where Hg describes the evolution of the probe and H,, the interaction of the probe
with the system. In general Hg is simple. It describes the propagation of a free
electron for example. The interaction of the system and the probe will generally
take the form

Hps = gAsAp (83)
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where g is some coupling constant while A and A, are respectively operators that
belong respectively to the system and to the probe. In the case where you shoot
an electron, these operators will be the charge density of each system.

We assume that the final state of the probe belong to a continuum.Then we
can use Fermi’s Golden rule that tells us that the transition rate from an initial
state 7 to a final state f is given by

Py = 2 [Vyi|* 8(Bf — Ei — hw) (8.4)

where E; is the initial energy of the system and Ej the final one. The quantum
of energy hw is the energy lost by the probe. In other words, iw = ¢; — € in such
a way that there is energy conservation: Fy+¢c¢ = F; 4 ¢;. The transition matrix
element Vy; is given by

Vii = (sfl @ (psl Hps |pi) @ |si) = g (s¢| @ (ps| AsAp |pi) ® |si)
9(prl Ap Ipi) (55| As|si) (8.5)
where at the beginning and at the end of the experiment, probe and system do

not interact, which means that the state of the system is a direct product of the
system |s;) and probe |p;) states. Hence, we find

2T

h

The transition probability has thus factored into a prefactor, in square brackets,
that is completely independent of the system that is probed. If we know about free
electrons, or free neutrons, or whatever the probe, we can compute the prefactor.

What we are interested in is what the transition probability tells us about the
system. Since the final state of the probe is measured but not that of the system,
the correct transition probability for the probe must be computed by summing
over all final states of the system. In other words, what we need is

Py = |9 ps| Ap lpid || (5] As |si)|* 6(Ef — i — hw). (8.6)

2
> Piy= {% [(ps| Ap Ipi>|2} 2rh > |(sf| As|si)* 0(Ef — B — hw).  (8.7)

Sf

The next elegant step in the derivation is due to van Hove. It takes advantage of
the fact that there is as sum over final states that can allow us to take advantage of
the completeness relation. Using the integral representation of the delta function,
Ay = Al, and the Heisenberg equations of motion with Hj the system Hamiltonian,
we find

2rh Y (sfl Alsi)P0(Bp — By —hw) = > (si| Assg) (s¢] As |Sz‘>/dt eltem B —Et/h

Sf Sf

_ /dt eiwt Z <31‘ eiHSt/h,Ase—iHst/h |8f> <Sf| A, |Sz>
Sf

— /dt eiwt <Sz| eiHst/ﬁAsefiHst/ﬁAs |51>

= /dt et (s Ay (t) Ag |s5)

where in the last equation we have used the completeness relation. Clearly then,
the transition probability of the probe is proportionnal to the time Fourier trans-
form of (s;| As (t) As |s;) . This object is what we call a correlation function.

In general, when we work at finite temperature, we do not know the initial
state. All we know is that the probability of each initial state is given by the
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Boltzmann factor for a system in thermal equilibrium with a reservoir. In this
case to compute the transition probability for the probe we will need the proper
canonical average over the initial states of the system, namely it is the following
expectation value that will enter the transition probability:

Bt A A [ D10 4)
>, e PE N c Tr [e=AH:]

(8.10)

= /dt et (A (1) Ay). (8.11)

In the last line, we have defined what we mean by averages (). Correlation func-
tions will essentially always be computed in thermal equilibrium, as above. There
is no need to average over the initial state of the probe which is assumed to be in
a pure state. We often define the density matrix by

o=e P Ty [e_ﬁHs] . (8.12)

Then, we can write
(A () A,) = Tr oA, (1) Al (8.13)
Clearly, the above is a canevas that can be used for a wide range of probes of
Condensed Matter. With linear response theory, it forms the foundation of mea-
surement theory for us. In the next section, we perform the detailed calculation
for electron scattering. You can skip that section on first reading.

Remark 5 In quantum information, (or atomic physics) when a two-level system
(a qubit) is in an excited state, this is not a stationnary state of the whole system.
It can decay to the ground state because of its coupling to the electromagnetic
field. In this case, the “probe” is the qubit and the “system” is the electromagnetic
environment. With a coupling of the form j- A, where j is the current and A the
vector potential, we see that the decay rate depends on the correlation function
between the vector potential at two different times, in other words, it depends on
vacuum fluctuations of the electromagnetic field. More precisely, it is the size of
the vacuum fluctuations at the transition frequency of the qubit that determines
the transition rate.

8.1 Details of the derivation for the specific case of
electron scattering

Consider the experiment illustrated on figure (8-1). V is the volume of the system,
and Q a quantization volume.

The Hamiltonian of the system is H and the interaction between the probe
electron and the system is simply the potential energy v(R) felt by the probe-
electron of charge e at position R due to the N other charged particles inside the
system, namely

N
v(R) = Z e V(R —ry) = /d37"p(r)VC(R —r) (8.14)
a=1
with V°(R) the Coulomb potential and

N
p(r) = Z ead(r —ry) (8.15)
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Figure 8-1 Electron scattering experiment. €2 is the quantization volume for the
incoming and outgoing plane waves while V' is the sample’s volume. Each charge
inside is labeled by e, while the probe's charge is e and the incident and outgoing
momenta are resprectively k; and k.

the charge density operator for the system being probed. Fermi’s Golden rule tells
us that the transition rate from an initial state ¢ to a final state f is given by

Py=2 V] 0(Ef — E; — hw) (8.16)

where Ej is the initial energy of the system and E the final one. Correspondingly,
the initial and final energies and momentum of the probe electron are given by,

€f =¢€ —hw
hky = hk; — hq. (8.17)

We proceed to evaluate the matrix element as far as we can. It should be
easy to eliminate explicit reference to the probe electron since it has rather trivial
plane-wave initial and final states. It is natural to work in the basis where the
system’s initial and final eigenstates are energy eigenstates, respectively |i) and
|f), while for the probe electron they are |k;) and |ks). The latter eigenstates in
the box of volume €2 are plane waves:

1 k.
R k) = Q1/2e KR
Then, in the Born approximation, we have that
Vis= 1o sl [ droeve® =) k) o3 (8.18)

where the plane-wave matrix element can easily be evaluated

) V )
/d3R<kf| R) VS(R—r) (R k) =Q~! /dSRel(ki*kf)'RV‘:(Rf r) = —d¢iar

Q
(8.19)
so that substitution in the expression for the matrix element gives,
Ve I )
V= <2 [ @ (o) esr = 2 (flp gl (3:20)
Substituting back in Fermi’s Golden rule (8.16), we obtain
2 | Veql? . )
Piog = 2222 (il pg ) L poq i) 6(By — B hw). (821)

Only the momentum and energy of the probe electron appear in this final expres-
sion, as we had set-up to do.
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Definition 3 Note in passing that we use the following definitions for Fourier
transforms in the continuum

fa=[dr f(r)e T (8.22)
fx) = [ ks faea (8.23)

g = [ dt g(t)e™? (8.24)
g(t) = [ $g,et (8.25)

To compute the cross section of that probe electron, one proceeds in the usual
manner described in textbooks. We will use a standard approach, but a more
satisfactory derivation of cross section based on incident wave packets can be
found in Ref.([4]). The total cross section, whose units are those of a surface, is
equal to

Number of transitions per unit time

~ Number of incident particles per unit time per unit surface (8.26)
What we want is the differential cross section, in other words we want the cross
section per solid angle d€2y and per energy interval dey. This is computed as
follows. Since we cannot resolve the final electron state to better than de,d)¢
all the final states in this interval should be counted. In other words, we should
multiply P, by the number of free electron states in this interval, namely

Qd*ky/(27)? = QkpmdepdQph=2 /(2m)3. (8.27)

We should also trace over all final states |f) of the system since those are not
measured. These states are constrained by conservation laws as we can see from
the fact that energy conservation is insured explicitly by the delta function, while
momentum conservation should come out automatically from the matrix element.
The initial state of the system is also unknown. On the other hand, we know that
the system is in thermal equilibrium, so a canonical average over energy eigenstates
should give us the expected result. The differential cross section for scattering in
an energy interval dey and solid angle d€2; should then read,

do  Number of transitions per unit time in given solid angle and energy interval
derdSds - Number of incident particules per unit time per unit surface
(8.28)

_ [Qkpmh2/(27)%] D, e P Yo Py
L hki/(m9) Y€ PF

where we have used that the number of incident particles per unit time per unit
surface is the velocity fik;/m divided by the volume.

When we substitute the explicit expression for the transition probability in this
last equation, it is possible to make the result look like an equilibrium correlation
function by using Van Hove’s trick to rewrite the matrix elements coming in the
transition probability. Using the Heisenberg representation for the time evolution
of the operators

o(t) = e/ oe= (8.29)

and taking H as the Hamiltonian for the system excluding probe electron, we
have, H |i) = E; |i) so that

27h (1] Pq |f> 6(Ef —E; — hw) = /dt et (i Py |f> e~ W Er—Ei)t/h (8.30)
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_ iwt /o JiHE/h  —iHt/h _ jwt
= [aretet et pe i gy = [t il g0 1) (3.31)
Substituting this expression in the equation for the transition probability, (8.21)
VC
. _|Y=a
S rer= |

f

the cross section is proportional to

S B [dt et (il p(t)p_q(0) i) _ 35, [ dt " (il e pg () p_g(0) |i)

> e P > e Pk

(8.33)
- Tr e PH .
= /dt e“’JtT [ Tr /[Oeq_(;)HP]q(Oﬂ = /dt et (pg(t)p_q(0)) . (8.34)

More explicitly, we find Eq.(8.1) quoted at the beginning of the section. We
thus have succeeded in expressing the inelastic electron-scattering experiment as
a measurement of equilibrium density fluctuations!

[t e il pg(0-o(0) 1) (832)

Definition 4 In the last equation, we have also introduced what we mean by the
thermal average (). Here we used the canonical ensemble, but we will mostly use
the grand-canonical one. The only change implied is e PH — e BUH=1N) = Note
also that the quantity

—BH

0= (8.35)

is often called the density matriz. The fact that thermal averages are traces is an
important fact that we will often use later. In the grand canonical ensemble, we
would use instead

e—BH—uN)
Tr[e*ﬁ(H*uN)]

%
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9. TIME-DEPENDENT PERTUR-
BATION THEORY

To compute the response of a system to a weak external probe, such as an ap-
plied electic field or temperature gradient, as opposed to a scattering probe as
above, it seems natural to use perturbation theory. In fact, perturbation theory
will be useful in many other contexts in this book, since this is the method that
is behind adiabatic continuity. In this chapter we thus first pause to recall the
various representations, or pictures, of quantum mechanics, introducing the inter-
action representation as the framework where perturbation theory is most easily
formulated. Then we go on to derive linear response theory in the next chapter.

9.1 Schrodinger and Heisenberg pictures.

Since the Hamiltonian is the infinitesimal generator of time translations, Schrédinger’s
equation for a time-dependent Hamiltonian takes the same form as usual,

L O0vg
ih % =

Using the fact that H(t) is Hermitian, one can easily prove that 9 (g [¢g) /0t = 0,
in other words that probability is conserved. Hence, the solution of this equation
will be given by

H(t)thsg. (9.1)

Ys(t) = Ult, to)vs(to) (9.2)

where U (t, to) is a unitary operator, not simply equal to an exponential as we will
discuss later, that satisfies

Ulto, to) = 1 (9.3)

while by time-reversal symmetry
Ulto,t)U(t,tg) = 1. (9.4a)

Conservation of probability gives
Ult, o) U(t, 1) = 1 (9.5)

so that combining the last result with the definition of the inverse, we have,
Ult,tg) "L = Ult, to). (9.6)
Furthermore, when we can use time-reversal invariance, Eq.(9.4a), we also have
Ult,to) " = Ult,to)' = Ulto, t). (9.7)

By definition, for all values of ¢, the expectation value of an operator is the
same in either the Schrodinger, or the Heisenberg picture.

| (s 1) Os s (1) = (| On () [rr) | (9.8)
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In the Heisenberg picture the operators are time-dependent while in the Schrédinger
picture, only the wave functions are time dependent. Let us choose t = 0 to be
the time where both representations coincide. The choice of this time is arbitrary,
but taking t = 0 simplifies greatly the notation. We have then that

(’)S(t:O):(’)H(t:O)E(’)S (9.9)
Vg (t=0)=1y (t=0)=1g (9.10)

Using the expression for the time-dependent wave function, and the equality of
matrix elements Eq.(9.8), we obtain

O (t) =U'(t,0)05U(t,0). (9.11)

One recovers all the usual results for time-independent Hamiltonians by noting
that in this case, the solution of Schridinger’s equation is,

Ult,tg) = e~ iHt=to)/ (9.12)

Remark 6 When there is time-reversal invariance, then it is useful to replace the
adjoint by the time-reversed operator, so that the connection between Heisenberg
and Schrodinger picture Eq.(9.11) becomes

On(t) = U(0,)0sU(t,0). (9.13)

Because we do mot want to assume for the time being that there is time-reversal
invariance, we shall stick here with the usual expression Eq.(9.11) but in much
of the later chapters, the above representation will be used. Aharonov and others

have been proponents of this time symmetric formulation of quantum mechanics
(Physics Today, Novembre 2010).

0.2 Interaction picture and perturbation theory

Perturbation theory is best formulated in the “interaction representation”. In this
picture, one can think of both operators and wave functions as evolving, as we
will see. We take

| (1) = Ho+ 5H(1)| (9.14)

where Hj is time-independent as above, but the proof can be generalized to time-
dependent H, simply by replacing e*0t/" everywhere below by the appropriate
evolution operator.

The definition of the evolution operator in the interaction representation Uy (¢, 0)
is given by

U(t,0) = e Hot/hy(t,0). (9.15)
and, as follows from U(t,0)U(0,t) = I,
U(0,t) = U (0, t)elot/h (9.16)
so that for example
Ul(t,to) = e Mot/ (8, tg)eHoto/n (9.17)

We have used the fact that U; (¢, ) obeys the same general properties of unitarity
as an ordinary evolution operator, as can easily be checked. Again the interaction
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representation will coincide with the other two at ¢ = 0. The justification for
the definition of U; above is that when the external perturbation 0H(t) is small,
Ui (t, ) is close to unity. If we write again the equality of matrix elements in the
general case, we obtain

(s ()] Os |vs (1)) = (s U (£,0)05U(¢,0) [1s) (9.18)
= (| UL (t,0)e Mot/ M Oge=Hot /My (£,0) [1h ) (9.19)
= (| UL (£,0)01 (£) Ur(£,0) [¢g) (9.20)

This last result is important. It can be interpreted as saying that the operators
in the interaction representation evolve with

O (t) = etlot/h O ge=iHot/h (9.21)

while the wave functions obey

(10, (1)) = Ur(t,0) [v:5) | (9.22)

In other words, in the interaction picture both the operators and the wave function
evolve.

We still have to find the equation of motion for Uy(t,tp). The result will
justify why we introduced the interaction representation. Start from Schrodinger’s
equation,

mw — HOU (1, to) (9.23)

which gives the equation of motion for Uy(t,0), namely

Hoe Hot/h iy (¢,0) + e’iHOt/ﬁih%UI(t, 0) = H(t)e Hot/hy;(t,0) (9.24)

m%m(a 0) = etHot/h s (t)e = Hot /M (¢, 0). (9.25)

so that using the definition of time evolution of an arbitrary operator in the inter-
action representation as above (9.21), the equation for the time evolution operator
U;(t,0) in the interaction representation may be written,

ih%U](t,O) = 0H(t)Us(t,0) (9.26)
with the initial condition
U;(0,0) = 1. (9.27)

As expected, Eq.(9.26) tells us that, if there is no perturbation, U; is equal to
unity for all times and only the operators and not the wave function evolve. The
interaction representation then reduces to the Heisenberg representation. Multi-
plying the equation of motion from the right by U;(0,%y) we have for an arbitrary
initial time

ih S Ur(t,to) = 6H(t)Ur(t, to) (9.28)

We will come back later to a formal solution of this equation. To linear order
in the external perturbation, it is an easy equation to solve by iteration using
the initial condition as the initial guess. Indeed, integrating on both sides of the
equation of motion (9.28) and using the initial condition, Uy (to,tp) = 1 we have

Ui(t,to) = 1— £ [} dt’ SH(t')Us (¢, o) (9.29)
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which, iterated to first order, gives,
/L' t
Ult,to) =1 / dt' §H (1) + O(0H2) (9.30)
to
and correspondingly

. ot
U(t,to) =1+ %/ dt’ SH(t') + O(6H3) (9.31)

to
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10. LINEAR-RESPONSE THEORY

We are interested in the response of a system to a weak external perturbation.
The electrical conductivity is the response to a weak applied field, the thermal
conductivity the response to a weak thermal gradient etc... The result will be
again an equilibrium correlation function. In fact, we can already guess that if we
evolve some operator B in the interaction representation with a U; on the right
and a U}L on the left to first order in §H;(¢') as in the last two equations of the
previous section, we will simply end up with the thermal average of a commutator.
We will be able to relate the latter correlation function to equilibrium correlation
functions of the type just calculated at the end of the last section by relying on
the so-called “fluctuation-dissipation theorem”. The plan to compute the effect
of an external perturbation is to add it to the Hamiltonian and then to treat it
as a perturbation, taking the full interacting Hamiltonian of the system H as the
unperturbed Hamiltonian. Let us move to the details, that are unfortunately a
bit messy, but really straightforward.
Let

H(t) = H+ dH(t) (10.1)
where H is the Hamiltonian of the system under study (that we called H; in the

example of system interacting wih probe above) and §H(¢) is the perturbation
given by the time-dependent Hamiltonian

SH(t)= — [ d3rA;(r)a;(r.t). (10.2)

In this expression, A; is some observable of the system (excluding external per-
turbation) in the Schrédinger representation, while a;(r,t) is the external field.
Examples of such couplings to external fields include the coupling to a magnetic
field h through the magnetization M, (4; (r) = M, (r); a;(r,t) = h,(r,t)) or
the coupling to an electromagnetic vector potential A/c through a current j,
(A (r) = ju(r)dim; ai(r,t) = Ay(r,t)d; /c) or that of a scalar potential ¢ through
the density p (A; (r) = p(r); a;(r,t) = ¢(r,t)). In this approach, it is clear that
the external perturbation is represented in the semi-classical approximation, in
other words it is not quantized, by contrast again with the scattering of probe
with system discussed above.

In the case of interest to us the external perturbation in the interaction repre-
sentation is of the form,

SH(t)= — [ d3rA;(r, t)a;(r,t) (10.3)

where for short we wrote A;(r,t) to represent a system’s observable evolving in
the system’s Heisenberg representation,

A(r,t) =0 A (r)e  HY, (10.4)

Suppose we want the expectation value of the observable B in the presence
of the external perturbation turned on at time tg. Then, starting from a thermal
equilibrium state o = e=## /Tr [e7#H] at time to, it suffices to evolve the operator
B (r) defined in the Schrodinger picture with the full evolution operator, including
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the external perturbation !
(B(r, )n.e.) = (U (1, 0) BU (1, ). (10.5)

In this expression, the subscript n.e. on the left reminds us that the time depen-
dence includes that from the external perturbation. Using the interaction repre-
sentation Eq.(9.17), with H now playing the role of Hy in the previous section,
the last equation becomes

(B(r,)ne) = <e*th0/ﬁU}(t,to)eth/ﬁB(r)e*th/ﬁU,(t,to)etho/ﬁ>(1o.6)
(B(t,)ne) = <U;(t,t0)B(r,t)U,(t,t0)>. (10.7)

In this last expression, B(r,t) on the right-hand side is now in the system’s Heisen-
berg representation without the external perturbation. In the previous section, this
Hamiltonian was called Hy. To cancel the extra e~ “Hto/h and eiHto/h appearing
in the equation for the evolution operator in Eq.(9.17), we used the facts that
the trace has the cyclic property and that the density matrix Eq. 8.12, namely
0 = e PH/Tr [e7PH] commutes with e'H'/". This expression for the density
matrix is justified by the fact that initially the external probe is absent.

Using the explicit expression Eq.(10.3) for the external perturbation in the
equation for the evolution operator in the interaction representation (9.30), we
have that the term linear in applied field

5 (B(r,t)) = (B(r;t)n.c.) — (B(r,1)) (10.8)

is then given by,

5 (B(r,t)) = % /t dt / B (B, ), A, ) as(' ). (10.9)

It is customary to take tg = —oo, assuming that the perturbation is turned-on
adiabatically slowly. One then defines a “retarded” response function, or suscep-
tibility x %, by

§(B(r,t)) = [Z_dt’ [ d3' xF 4 (r, 60/t )a;(x' 1) (10.10)
with,
XEa, (v tsx ) = £ ([B(r,t), Ai(x/,¢)]) 0(t — t'). (10.11)

This response function is called “retarded” because the response always comes
after the perturbation, as expected in a causal system. The function 6(t — t')
ensures this causality. One can also define anti-causal response functions. We come
back to this later. We notice that the linear response is given by an equilibrium
correlation function where everything is determined by the Hamiltonian H without
the external probe.

This completes our derivation of the different types of correlation functions
measured by the two great types of weak probes: scattering probes and semiclas-
sical probes. We move on to discuss properties of these correlation functions and
relations between them.

Remark 7 Translationally invariant case: Since we compute equilibrium aver-
ages, the susceptibility XgAi (r,t;x',t') can depend only on the time difference. In

I'We let the density matrix take its initial equilibrium value. This is physically appealing. But
we could have as well started from a representation where it is the density matrix that evolves
in time and the operators that are constant.
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the translationally invariant case, the susceptibility is also a function of only r —r’
so that Fourier transforming the expression for the linear response (10.10), we
obtain from the convolution theorem in this case,

0 (Bla,w)) = xBa,(qwai(q,w). (10.12)

Remark 8 Frequency of the response: The response is at the same frequency as
the external field, a feature which does not survive in non-linear response.

Remark 9 Onsager reciprocity relations: Given the expression for the response
function in terms of a commutator of Hermitian operators, it is clear that the
response of the operator B to an external perturbation that couples to A is sim-
ply related to the response of A to a perturbation that couples to B, in other
words where the operators have reversed roles. These are “Onsager’s reciprocity
relations”. The classic example is the relation between the Seebeck and Peltier co-
efficients. In the first case a thermal gradient causes a voltage difference whereas
in the other case a voltage difference causes a thermal gradient.

Remark 10 Validity of linear response and heating: Finally, we can ask whether
it is really justified to linearize the response. Not always since the external pertur-
bation can be large. But certain arguments suggest that it is basically never correct
in practice to linearize the response. Indeed, assume we apply an external electric
field E. As long as the energy gained by the action of the field is smaller than
kT, the linearization should be correct. In other words, linear response theory
should be valid for a time

kT

t< .
eFv

(10.13)

This is unfortunately a ridiculously small time. Taking v = \/kgT/m the condi-
tion becomes t < \/mkpT [eE with E = 1V /cm, /mkpT [eE ~ v/10-3010-23102 /10719 ~
10=%s. Indeed, one finds that unless there is a temperature gradient, or an explicit
interaction with a system in equilibrium (such as phonons), the second order term
in perturbation theory is secular, i.e. it grows linearly with time. This is nothing
more than the phenomenon of Joule heating.[2] We are then forced to conclude
that linear response theory applies, only as long as the system is maintained in
equilibrium by some means: for example by explicitly including interactions with
phonons which are by force taken to be in thermal equilibrium, or by allowing for a
thermal gradient in the system that carries heat to the boundaries. In a Boltzmann
picture, one can see explicitly that if the second-order term in E is kept small by
collisions with a system in thermal equilibrium, then the linear term is basically
equal to what we would have obtained by never going to second-order in the first

place.[2]

Remark 11 Reversibility and linear response: Other arguments against linear
response theory center on the fact that a correlation function where operators all
evolve reversibly cannot describe irreversible processes. [3] We will see explicitly
later that it is possible to compute irreversible absorption with this approach. We
will also see how irreversibility comes in the infinite-volume limit.
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10.1 Exercices

10.1.1 Autre dérivation de la réponse linéaire.

Redérivez la théorie de la réponse linéaire mais cette fois-ci en laissant ’Hamiltonien
exterieur n’influencer que la matrice densité plutdt que 'operateur dont on veut

calculer la réponse.
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11. GENERAL PROPERTIES OF
CORRELATION FUNCTIONS

There are unfortunately very few things that one can know exactly about a piece
of condensed matter. Turning this around, it is in fact remarkable that we know
at least a few. So it is useful to become familiar with such exact results. We begin
with analytic properties that do not depend on the microscopic model considered.
This has at least two advantages: a) to check whether approximation schemes
satisfy these exact relations b) to formulate phenomenological relations which are
consistent. We will see that approximate calculations usually cannot satisfy all
known exact relations for correlation functions, but it will be obvious that violat-
ing certain relations is more harmful than violating others. Many of the general
properties which we will discuss in the present context have trivial generalizations
for Green’s function. Working on these general properties now will make them
look more natural later when we introduce the curious Green’s function beast!

11.1 Notations and definition of "

To start with, recall the definition

B, ' ) = % ([B(r,t), A(x',t"]) Ot — ). (11.1)

We define one more correlation function which will, in most cases of physical
interest, play the role of the quantity that describes absorption. Welcome x”’

Xha(r,tir' 1) = 55 ([B(r, 1), A(t',t)]) . (11.2)

The factor of two in the denominator looks strange, but it will allow x” to generally
be the imaginary part of a response function without extra factors of 2. With this
definition, we have

XEA(e, s ) = 2ixh (x50 )0t — 1), (11.3)

The quantity x’;, has symmetry properties, discussed below, that suffice to find
those of the retarded response. It also contains all the physics, except causality
that is represented by the 6 function.

To shorten the notation, we will also use the short hand

XA, (=) = £ ([Ai(t), A;()]) 0t — ¢). (11.4)

where we include in the indices ¢ and j the positions as well as any other label
of the operator such as vector or spin component. In this notation, we have
not assumed translational invariance. We did however assume time-translation
invariance. Since we are working with equilibrium averages above, this is always
true.
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Exercise 11.1.1 Check time-translational invariance explicitly by using Heisen-
berg’s representation, the cyclic property of the trace and the fact that the den-
sity matriz (Z~ e P in the canonical ensemble, or 2~e PH=1N) in the grand-

canonical) commutes with the time-evolution operator e~ tHL/N,
Corresponding to the short-hand notation, we have
X, (t =) = 55 ([A:(t), 4;(F)]) | (11.5)
N a (E—t) = 2ixs 4 (E— )0t — ). (11.6)

11.2 Symmetry properties of H and symmetry of
the response functions

The quantity X’Ai A, (t—t') contains all the non-trivial information on the response.
Indeed, the causal response is simply obtained by multiplying by a trivial (¢t —t')
function. Certain symmetries of this response function depend on the particular
symmetry of the Hamiltonian, others are quite general. We begin with properties
that depend on the symmetry of H. [1]

Let S be a symmetry of the Hamiltonian. By this we mean that the operator
S representing the symmetry commutes with the Hamiltonian

[H,S] =0 (11.7)

To be more precise, in the context of statistical mechanics we say that S is a
symmetry of the system when it commutes with the density matrix

[o; 5] =0 (11.8)

In other words, S~'oS = p thus the spectrum of the density matrix is unaffected
by the symmetry operation. The operator S is in general unitary or antiunitary
as we will see below.

To extract non-trivial consequences of the existence of a symmetry, one first
takes advantage of the fact that the trace can be computed in any complete basis
set. This means that the thermal average of any operator O is equal to its thermal
average in a basis where the symmetry operation S has been applied to every
basis function. Since the symmetry operation commutes with the density matrix
by assumption, one can then let the symmetry operations act on the operators
instead of on the basis functions. In other words, we have

(S71oS) = (0) (11.9)

It is because S and O in general do not commute that the above equation leads
to non-trivial consequences.

Let us look in turn at the consequences of translational invariance and of
invariance under a parity transformation ro,— —r,.
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11.2.1 Translational invariance
When there is translational invariance, it means that if all operators are translated
by R, the thermal averages are unchanged. In other words,

Xpalr t;r' 1) = xEalr + Rt + R, ) (11.10)

so that x5 4 is a function of r —r’ only. Since we already know that x5, is a
function only of ¢ — ¢’, in such cases we write

[ halr, i/, t) = Xpa(r —x/st —¥) (11.11)

In the general case, to go to Fourier space one needs two wave vectors, corre-
sponding respectively to r and r’ but in the translationally invariant case, only
one wave vector suffices. (You can prove this by changing integration variables in
the Fourier transform to the center of mass and difference variables).

11.2.2  Parity

Under a parity transformation, operators transform as follows
PlO(r)P=cPO(-1) (11.12)

where ¢’ = £1. This number is known as the “signature” under parity transfor-
mation. That e = £1 is the only possibility for simple operators like density
and momentum follows from the fact that applying the parity operation twice is
the same as doing nothing. In other words, P? = 1. To be more specific, 55 =1
for density since performing the symmetry operation r,— —r, for every particle
coordinate appearing in the density operator

N
p(r) :Zeaé(r—ra) (11.13)

we find
N N
P~ lp(r)P= Z ead(r+ry) = Z ead(—r —1y) = p(—r) (11.14)
a=1 a=1
For the momentum operator, 55 = —1, as we can show by the following manipu-
lations
iy
p(r) :Zﬁvr"é(r_ra) (11.15)
Y on Ay
Plpr)P=) —=V,.0 o)== =V d(-r—r1,)=-p(-1) (11.16
()P =3~V xa) = = 3 GV o —r) = p(x) (1110
In general then, this implies that
Xpalr,t;r' 1) = efelixpa(—r. t; —1',1) (11.17)

When we also have translational invariance, the last result means that x5 4 (r — r'; t—
t') is even or odd in r — r’ depending on whether the operators have the same or
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opposite signatures under parity. Correspondingly, the Fourier transform in the
translationally invariant case is odd or even, as can easily be proven by a change
of integration variables in the Fourier transform

Xpalait —t') = epeliXpa(—a;t — ') (11.18)

Remark 12 7o clarify the meaning of the operators above, recall that for example
to obtain the charge density of a two-particle wave function, you need to compute

W@ = e / dr, / dra” (r1,12) p (1) % (£1,12)
= e/d?’rgw* (r, rg)w(r,rg)—i-e/dgrlw* (r1,v) ¢ (r1,@)1.19)

which gives the contributions to the charge density at point r from all the particles.

11.2.3 Time-reversal symmetry in the absence of spin

What happens to operators under time reversal we can easily guess by knowing
the classical limit. To take simple cases, position does not change but velocity and
momentum change sign. To achieve the latter result with the momentum density
operator

SR~

N
p(r) =Y =V d(r—ra) (11.20)
a=1

it appears that complex conjugation suffices. Does this mean that for the wave
function, the operation of time reversal is simply complex conjugation? The an-
swer is yes, except that in the most general case, there can be an additional unitary
operation. We will encounter the latter in the case of spin in the following subsec-
tion. What we cannot guess from the classical limit is what happens to the wave
function under time reversal. But inspired by the case of momentum, it is natural
to suggest that in the simplest case, time reversal corresponds to complex conju-
gation. Inverting time again would mean taking complex the conjugate again and
hence returning to the original state. That is reassuring. If we accept that time
reversing an operator is taking its complex conjugate, then H*should correspond
to time inversion of H.

We can give another plausibility argument. Consider the solution of the
Schrodinger equation for a time-independent Hamiltonian:

Vg () = e /M) (0). (11.21)

Suppose that H involves the square of momentum and some space dependent
potential so that it is clearly invariant under time reversal. Then, evolving some
state backwards from an initial state 1) g (0) means that

Vs (1) = ¢/ (0). (11.22)

But by taking the complex conjugate of the Schriodinger equation and noting that
the Hamiltonian we have in mind has the property H = H*, we find that

~ %

U5 () = e g (0). (11.23)

It thus looks as if the complex conjugate just evolves backward in time.
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We can see the full time-inversion invariance in an alternate manner by doing
the quantum mechanical analog of the following classical calculation for equations
of motion that are time-reversal invariant. Evolve a system for a time tg, stop
and invert all velocities and evolve again for a time ¢y. If we change the sign
of all velocities again we should have recovered the initial state. The quantum
mechanical analog is as follows. a) Start from 14 (0) .b) Evolve it until time ¢,.We
then have the state 94 (tg) = e~ *H*/"4) (0) .c) Take time inversion on that state.
This is the equivalent in classical mechanics of inverting all velocities. Quantum
mechanically, the new state is 1% (to) = eI */"4)% (0). d) Evolve that state for
a time ¢, again using the usual time evolution operator for the usual Sherodinger
equation, not its complex conjugate i.e. ¢% (to +t) = e /" (eiH*tO/hw*S (0)). If
we follow our classical analogy, when t = ¢y, we should have returned to our initial
state if H is time-reversal invariant, except that the velocities have changed sign.
In quantum mechanics, time reversal invariant means H = H*. When this is the
case, what we find for the quantum mechanical state is ¥g (¢o + to) = 5 (0) .The
equivalent of changing the velocities again in the classical case is that we take
complex conjugation. That returns us indeed to the original state 1¢ (0). That
is all there is in the simplest scalar case. Time inversion means taking complex
conjugate.

A system in equilibrium obeys time-inversion symmetry, unless an external
magnetic field is applied. This means that equilibrium averages evaluated with
time-reversed states are equal to equilibrium averages evaluated with the original
bases. In fact time-inversion symmetry is a very subtle subject. A very complete
discussion may be found in Gottfried [4] and Sakurai [8]. We present an oversim-
plified discussion. Let us call T; the operator that time-reverses a state. This is
the operation of complex conjugation that we will call K. The first thing to notice
it that it is unlike any other operator in quantum mechanics. In particular, the
Dirac notation must be used with extreme care. Indeed, for standard operators,
say X, we have the associative axiom

(o X1[8) =(al (X[8)) = (] X) [B) (11.24)

This is clearly incorrect if X is the complex conjugation operator. Hence, we must
absolutely specify if it acts on the right or on the left. Hence, we will write K&
when we want to take the complex conjugate of a ket, and K to take the complex
conjugate of a bra.

e Remark 13 Antiunitary operators: Time reversal is an antiunitary oper-
ation. The key property that differentiates an anti-unitary operator from a
unitary one 1is its action on a linear combination

Ty (a1 [Y1) + a2 [¥3)) = aiTy [¢1) + a3 Ty [1by) (11.25)

In general such an operator is called antilinear. Antiunitarity comes in when
we restrict ourselves to antilinear operators that preserve the norm. The time
reversal operator is such an operator. Under time reversal, an arbitrary ma-
triz element preserves its norm, but not its phase. This is easy to see from
the fact that for an arbitrary matriz element (1| KK [ty) = (¢ [th1) #
(1 |1y) the phase changes sign under complex conjugation while the square
modulus (¥ |31) (¥q |ty) is invariant. Gottfried[]] shows that only discrete
transformations (not continuous ones) can be described by anti-unitary op-
erators. This reference also discusses the theorem by Wigner that states
that if we declare that two descriptions of quantum mechanics are equiva-

lent if |(wy [01)| = (0% |¥1)| (equality of “rays”) then both unitary and
anti-unitary transformations are allowed.
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Remark 14 The adjoint is not the inverse. Note that T:Tt = KK, so this
last quantity is not the identity because the rightmost complex comjugation
operator acts to the right, and the leftmost one to the left. Again, it is not
convenient to talk about time-reversal in the usual Dirac notation.

Returning to the action of the time reversal operation on a Schrodinger op-
erator, we see that the expectation value of an arbitrary operator between time
reversed states is

il KOK |j) = (1K) (KO 1)) = (GlO* i) = (G1O™ i) (11.26)

In the above expression, we used one of the properties of the hermitian product,
namely (k [I)* = (I |k), as well as the definition of the adjoint of an operator A :
(k| Al) = (A'k| 1) which implies, that (k| A[l)" = (I| AT |k). Applying this ex-
pression Eq.(11.26) for diagonal expectation values, and recalling that the density
matrix is real, we find for equilibrium averages,

(KOK) = (0t) = (01| (11.27)

The last equality defines the signature of the time-reversal operation for operators.
One easily finds that € = +1 for position while ¢/ = —1 for velocity or momentum,
etc... We can use this last result to find the effect of the time-reversal invariance
on general correlation functions. The action of time reversal Eq.(11.27) gives,
when A and B are self-adjoint operators, and in addition the Hamiltonian is real
(KH=HK )

<£A(t)BI_{)> — <B*67th/hA*eth/ﬁ>
= éyels (BA(—1)) (11.28)

In addition to the signature, the order of operators is changed as well as the sign
of time. For x4, 4, (¢ —1') this immediately leads to

X;/liAj (t—t)= egeéx;"j& (—t' — (=) (11.29)

and for the corresponding Fourier transform in frequency,

Xh,a,(w) = eleixh 4, (W) | (11.30)

e Remark 15 In the case of an equilibrium average where both the density
matriz and the Hamiltonian commute with the time-reversal operation, we
have, as in Fq.(11.9),

(T;'0T,) = (0). (11.31)

Hence as expected, Eqs.(11.27) and (11.51) together imply that Hermitian
operators that have an odd signature with respect to time reversal symmetry
have a vanishing expectation value in equilibrium.

11.2.4 Time-reversal symmetry in the presence of spin

Spin should transform under time reversal like angular momentum r X p, in other
words it should change sign since r does not while p does. Complex conjugation
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has this property for r X p but not for spin represented by Pauli matrices. We
should really wait for the section where we treat fermions to discuss this problem
but we can start to address it here. To come out from the problem that complex
conjugation does not suffice anymore, it suffices to notice that in general the
time reversal operator has to be represented by a unitary operator times complex
conjugation. The resulting operator is still anti-unitary, as can easily be proven.
Let us thus write

T, = KU (11.32)

where K is complex conjugation again and U is a unitary operator UTU = 1 in
spin space that we need to find. Note that the action on a bra is given by

UK (11.33)
“—

Let us first repeat the steps of calculating expectation values in time-reversed
states, as in Eq.(11.26), but for the more general case

GlUTKOKU ) = (GIUTK) (KO'U 1) = (GlUto v 1) = Glutotu i

(11.34)

Computing the equilibrium trace with UTO"U is thus equivalent to computing

the equilibrium trace in time-reversed states but with O. If we take for O the spin

o, the net effect of the time-reversal operation should be to change the direction
of the spin, in other words, we want

Ule™U = —o (11.35)

The expression for U will depend on the basis states for spin. Using the Pauli

matrix basis
0 1 0 —i |1 0
G AT

we have o = o, and 0}, = 04, 0} = —0y, 0% = 0., so that Eq.(11.35) for time

reversal gives us the following set of equations for the unitary operator U

Oz

Ulo, U = —0, (11.37)
Ulo,U =0, (11.38)
Ulo U = -0, (11.39)

Given the fundamental properties of Pauli matrices
0i0j+0j0;, =0 fori#j

o? =1 (11.40)

0i0j =10y (11.41)

where 14, j, k are cyclic permutations of z, ¥, z, the solution to the set of equations
for U is
i
U=e¢e“0, (11.42)

where § is an arbitrary real phase. This is like a 7 rotation along the y axis so
that already we can expect that up will be transformed into down as we were
hoping intuitively. In summary, the time reversal operator in the presence of spin
multiplies the spin part by ei‘;ay and takes the complex conjugate.

T, = Ke“o, (11.43)
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Note the action of this operator on real spinors quantized along the z direction
Ty |1) = —ie " |]) (11.44)
Ty|1) =ie 1) (11.45)

The time reversal operator thus transforms up into down and vice versa but with
a phase. Even if we can choose € = i to make the phase real, the prefactor
cannot be +1 for both of the above equations. In particular, note that T;T; |T) =
—11), another strange property of spinors. The application of two time reversal
operations on spinors is like a 27 rotation around y so that it changes the phase
of the spinor. It can be proven that this result is independent of the choice of
quantization axis, as we can expect.[4] As far as the main topic of the present
section is concerned, observables such as angular momentum will have a simple
signature under time reversal (they are always two spinors that come in for each
observable A;) so that the results of the previous section are basically unmodified.

When le/xiAj (w) is real, the properties of being a commutator (11.47) and of
Hermiticity (11.49) allow us to further show that x4 4 (w) is also an odd function
of frequency, an important result that we show in the following section.

11.3 Properties that follow from the definition and

Xqu—q (Cd) = _ngp_q(_w)

Let us thus write down the general symmetry properties of x/;. A, (t —t') that
simply follow from its definition (11.5). These properties are independent of the
specific form of the Hamiltonian. It only needs to be Hermitian.

e Commutator: Since it is a commutator, we have
Xaa,(t =t) = =X, 4,(t' = 1) (11.46)

which when we move to frequency space with [ dt e reads,

Xh,a, (W) = =X4,4,(-w) | (11.47)

e Hermiticity: Taking the observables as Hermitian, as is the case most of
the time (superconductivity leads to an exception), one can use the cyclic
property of the trace and the Hermiticity of the density matrix to show that

Xaoa, (t—t) = [ngi(t’ —t)} . (11.48)

(Proof for Hermitian operators: ([4;, 4;])" = Tr {pA;A; — pA; A;}"
=Tr{A;A,p— AAjp} =Tr{p[A;, A;]} with p the density matrix.)

In Fourier space, this becomes,

Wioa, (@) = x4, @)] | (11.49)

In other words, seen as a matrix in the indices A;, A;, the matrix x'j, 4, (W) is
hermitian at all frequencies.
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Remark 16 Non-hermitian operators: It is important to note that the operators
A; may be non-Hermitian, as is the case for superconductivity. In such cases, one
should remember that the above property may not be satisfied.

Most useful property: The most important consequence of this section that we
will often use is that correlation functions such as ng piq(w) are odd in frequency
and real

Xrop @) ==X ()= [xhp (@] (11.50)

To prove this, we first use Hermiticity Eq.(11.49) in the form

X @) =[x, )] (1151)

to show that XZQ p_, (@) is real

qup,q(w) = /d3r/d?’r'e*iq'(r*r)xzrpr, (w) (11.52)

- U &r | drent Xpr/pr@] (11.53)
= [ @] (11.54)

The commutator property Eq.(11.47), ngp,q(w) = —X;)’iqpq(—w) and sym-
metry under parity transformation Eq.(11.18), X/p/,qpq(*w) = X/p/qp,q(*w) then
suffice to show that ngpiq(w) is also odd in frequency ngp,q(w) = —ngpiq(—w).

Instead of parity, one could have invoked time-reversal symmetry Eq.(11.30)
Xp.p (@) = X}, (w) and the commutator property Eq.(11.47) x}, ,, (w) = —x, , , (—w)
which imply ngpiq(w) = —X,’,J’iqpq(—w) to show that X;’qpfq(wﬁ is odd, namely
Xy (@)= —xh ()

Quite generally, using the commutator property Eq.(11.47) and time reversal
symmetry Eq.11.30, we see that for operators that have the same signature under
time reversal

X4, (@) = =X a,(—w) (11.55)
in other words, that function, x4, 4, (w), that we will call the spectral function be-

low, is odd and hence vanishes at w = 0, a property we will use for thermodynamic
sum rules below.

11.4 Kramers-Kronig relations and causality

You are familiar with optical conductivity for example, or with frequency de-
pendent impedance. Generally one can measure the real and imaginary parts of
frequency-dependent response functions, namely the dissipative and reactive parts
of the response. Those are not independent. In reality, all the information on the
system is in x';. A, (w). That is the single function containing the physics.

Since the physics is in a single function, there are relations between real and
imaginary parts of response functions. These are the Kramers-Kronig relation.
These are by far the best known and most useful properties for response functions.
The Kramers-Kronig relation follows simply from causality. Causality is insured
by the presence of the 6 function in the expression for the response functions
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Eq.(11.6). Causality simply states that the response to an applied field at time
t' occurs only at time ¢ later. This is satisfied in general in our formalism, as
can be seen by looking back at the formula for the linear response Eq.(10.10).
Kramers-Kronig relations are the same causality statement as above, seen from
the perspective of Fourier transforms. To be more specific, in this section we will
derive the following results:

[xX5,a, )]

; Im
Re [XiAj (W)} = Pfd%T (11.56)

Im [xﬁi,qj (w)} = —PI%%;(W—,)]. (11.57)

They come from analytic properties of the response functions in the complex
frequency plane. We give two derivations.

11.4.1 The straightforward manner:

Let us first derive the relations the easy way. Suppose that we know the Fourier
transform in frequency Xi A, (w) of the response function. We call it the retarded
function because the response comes after the perturbation. It is causal. One way
to make sure that its real time version x%§, A, — t') contains 6(t — t') is to have

Xf{'i A, (w) analytic in the upper half-plane. To see that analyticity in the upper
half-plane is a sufficient condition to have 0(¢t — t'), consider

> dw . Y
b=t = [ FEe N ) (11.58)

oo 2m

If ¢ — ¢ is negative, then it is possible to close the contour in the upper half
plane since the exponential will decrease at positive imaginary frequencies. Since
x4, 4, (w) is analytic in that half-plane, the result will be zero, which is just another
way to say that XﬁiAj (t —t') is proportional to 8(¢t — t’), as we had planned to
show. In the next subsection, we will show that analyticity in the upper half plane
is also a necessary condition to have 6(t — t').

Assuming that Xi A, (w) is analytic in the upper half plane, it is then easy to
derive the Kramers-Kronig relations. It now suffices to use

) dw’ 1
lim | —

— R . . . R .
n—0) W —w-— inXAiAj (W) = 2i TI;IE%) X4, 4, (W +1n) (11.59)

which is easy to prove by applying the residue theorem on a contour closed in the
upper half plane where Xﬁi A, (w) is analytic. Here and from now on, it is assumed
that 7 is a positive infinitesimal. The last formula also assumes that x%, 4, (@)
falls off at least like a small power of 1/w’ so that there is no contribution from the
part at co. Otherwise, if there is a term that does not decay, we need to subtract
it before we use the residue theorem.

We then need the following all important identity,

i 1 _ wkin  _q; _w 4 _im | _pl
lim,,_,o o = lim, .o T = lim,,_,o PR + w2+772} =P- xind (w)

(11.60)
where ¢ is Dirac’s delta function and P means principal part integral. — Suppose
the factor 1/(w +in) on the left is in an integral that can be done by contour
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integration. Then, knowing the definition of the delta function, this can be used
as the definition of principal part.— Using this identity and setting equal the real
parts of our contour integral (11.59) we obtain, upon taking the lim n — 0,

d_w’ Re [XﬁiAj (W/)]

R _ R
Pl————— - [XAiAj (w)] — 2Im [XAiAJ, (w)] (11.61)
while from the imaginary part,
R 1
do T [XAiAJ @ )] R R
'P/?W—FRQ |:XA1‘Aj(w):| =2Re {XA»L'A]‘(OJ)} . (11.62)

This is precisely what we mean by the Kramers-Kronig relations, namely we re-
cover the results Eqs.(11.56)(11.57) at the beginning of this section. From the
proof just given, Kramers-Kronig relations will apply if

. szi A, (w) is analytic, as a function of complex frequency, in the upper half-
plane.

o x4 a,(w) falls off at least as a small power of w at infinity. If there is a
term that does not decay, it needs to be subtracted off before we can apply
Kramers-Kronig relations.

11.5 Spectral representation

It is instructive to perform a derivation which starts from what we found earlier.
We will gain as a bonus an explicit expression for real and imaginary parts in
terms of correlation functions, as well as a derivation of the analyticity properties
from scratch. In fact this will also complete later the proof that analyticity in the
upper half-plane is both necessary and sufficient to have causality.

Using the convolution theorem, we would write for the frequency-space version
of the response functions, (11.6)

o[ dw
XﬁiAj (w) = 2i / %X:giAj (W)f(w — ). (11.63)

This looks nice, but it does not really mean anything yet because we encounter a
serious problem when we try to evaluate the Fourier transform of the 6 function.
Indeed,

0o ) eiwt

/ dte™'0(t) = —|° (11.64)
oo w

and we have no idea what > means. To remedy this, we have to return to
the expression for the linear response (10.10). Assuming that the external field
a; is turned-on adiabatically from ¢ = —oo, we multiply whatever we had before
by e"t/, taking the limit of vanishing 7 at the end of the calculation. We also
adiabatically turn off the response at t — oo by using a factor e~ .The equation
for the response in time (11.6) is then simply multiplied by e"(t/_t), so that it
still depends only on the time difference. Furthermore, when we take its Fourier
transform, [ d(t — ¢/ )ei(t=1) " everything proceeds as before, except that we

’ .
can use the extra convergence factor e 7(*~%) to make sense out of the Fourier
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transform of the Heaviside theta function. To be more specific, the equation for
the response (11.6) now reads,

XA A, (= t)e ) = 2034y (E— )0t — t)e ) (11.65)

so that in the calculation of the response (11.63) we have,

oo ) ) i(w+in—w’)(t—t") 1
i(wtin—w’) (t—t’ € oo
/ d(t —¢')e! =)0 — ) = i(w+in— ') o = —w—in)
(11.66)

Everything behaves as if we had computed the Fourier transform for w+in instead
of w,

i(w’

. [ du .
XﬁiAj (w+in) = 22/ %XZMAj (W)b(w +in — W) (11.67)

_[dw Xaa, (@)
_/ T W —(wHin)

This function is called the “retarded response” to distinguish it from what we
would have obtained with 6(¢' — t) instead of (¢t — t'). The retarded response is
causal, in other words, the response occurs only after the perturbation. In the anti-
causal case (“advanced response”) the response all occurs before the perturbation
is applied. In the latter case, the convergence factor is e (' =) instead of e?(*'—1).
Introducing a new function

(11.68)

Xa,4,(2) = dot Xhot ) (11.69)
we can write for the retarded response,
XiAj (w) = limy—0 X4, 4, (2)|2=w+in (11.70)

and for the advanced one, which we hereby define,

XﬁiAj (W) = limy 0 x4, 4, (2)]z=w—in- (11.71)

Using the above results, it is easy to see that Xi A, (w) is analytic in the upper-half
plane, while Xf&i A, (w) is analytic in the lower-half plane. The advanced function
is useful mathematically but it is acausal, in other words the response occurs
before the perturbation. In the time representation it involves 6 (¢’ — t) instead of
o(t—t).

Xa,4,(2) is a function which is equal to x4 4, (w) for z infinitesimally above
the real axis, and to th A, (w) for z infinitesimally below the real axis. On the
real axis of the complex z plane x 4,4, (2) has a cut whenever x4, 4 (w) # 0 since

[, (@ 1) = X, (w0 = i) = 204, (). (1L.72)
Definition 5 Equations such as (11.69) are called spectral representations.

So much for taking the Fourier transform of a response which is so simple look-
ing in its ordinary time version Eq.(11.6). Time-reversal invariance (11.30) and
Hermiticity in Eq.(11.49) imply, for two operators with the same signature under
time-reversal, that x4, A, (w') is a real function. Hence, from the mathematical
identity for principal part Eq.(11.60) and from the spectral representation (11.69)
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we have, for two hermitian operators A;, A; with the same signature under time
reversal, that

Im [XﬁiAj (W)] = X4, (W) (11.73)

so that from the spectral representation we recover the first of the Kramers-Kronig
relation (11.56). The other one can be derived following the same route as in
the simpler derivation, namely apply %‘“wﬂ}, 7 on both sides of the spectral
representation. For two hermitian operators A;, A; with opposite signatures under
time reversal Egs.(11.30) and (11.49) imply that x4, 4, (w’) is purely imaginary.
In this case,

Re {XﬁiAj (W)} = ix'h, 4, (W) | (11.74)

Remark 17 Kramers-Kronig and time reversal: The Kramers Kronig relations
do not depend on these subtleties of signatures under time-reversal. However
the relation between real and imaginary parts of the response and commutator
Eq.(11.73) does. If we can compute either the real or imaginary part of the re-
sponse, the Kramers Kronig relations give us the part we do not know. In any
case, everything about the system is in XZuA,-(‘”)-

11.6 Lehmann representation and spectral represen-
tation

Definition 6 The function that contains the information, XZL-A,- (w') is called the
spectral function. '

The reason for this name is that, as we discuss in the next section below,
XA, A, (w') contains information on dissipation or, alternatively, on the spectrum
of excitations. Hence, in that kind of equations, the response is expressed in
terms of the spectrum of excitations. We will also have spectral representations
for Green’s functions.

To see the connection with the spectrum of excitations and develop physical
intuition, it is useful to express x4, 4, (@) in terms of matrix elements and exci-
tation energies. We begin with the definition and use the Heisenberg equations of
motion and insert a complete set of energy eigenstates so that we find

1

Vi) = Trlo(4 ()4, (0) — 4; (0) A, (1) 1L75)
1 6_6En i g _i ;
= o S S [l A B ) () 4 )
— (n] A; |m) (m| &Fmt/" A= Ent/ ) (11.76)

Changing dummy summation indices m and n in the last term, we have

" 1 e i(En—Em)t/h
iy () = oS T ) () 4, ) BB (11.77)

so that the Fourier transform is
" efﬁEn _ efﬁEm
Xy @) = S (] As|m) (m] A ) 7 6 (o — (Epp — En))

(11.78)
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Substituting in the spectral representation Eq.(11.69), we find

e BEn _ o=BEmM (n| A \lm) (m| A; |n
XA;A; (Z) = Z 7 < (|Em_>-E<‘n)|_ ;1|Z ) (11'79)

n,m

From this, one trivially deduces, by letting z — w + @7, the so-called Lehmann
representation for the retarded response function. The poles or the integrand are
indeed in the lower-half frequency plane, as we wanted to prove. They are just
below the real axis, a distance 1 along the imaginary direction. The position of
the poles carries information on the excitation energies of the system. The residue
at a given pole will depend on the value of X4 4, at the corresponding value of the
real coordinate of the pole. The residues tell us how strongly the external probe
and system connect the two states. The Lehmann representation reminds us of
low order perturbation theory in the external probe.

To refine our physical understanding of X;/li A, (w) let us go back to the original
form we found in the time domain, Eq.(11.76), before we changed dummy indices.
Taking Fourier transforms directly on this function, we find

¢—BEn
Xaa, @) = > 7 [(n] Ai[m) (m[ Aj[n) 7 & (hw — (Em — E))
— (n| A;j Im) (m| Ai[n) 76 (hw — (En — Em))] - (11.80)

If we take the zero temperature limit, 5 — oo, we are left with Z = e #%0 where
Ejy is the ground state energy and the above formula reduces to

Jim x50, @) = ST LO] A ) (m] A 10) 78 (heo = (B, — Eo))

m

— (0] Aj [m) (m| A 0) 76 (hw — (Eo — Er))] - (11.81)

Form =0, x4, A, (w) vanishes. Then, only excited states contribute and E,,—Ey >
0. For positive frequencies only the first term contributes and it contributes only
if hw is equal to the energy of an excitation in the system, namely FE,, — Ey,
and if the external probe through A;, and the measured operator A;, have a non-
vanishing matrix element that connects the excited and ground state. Clearly then,
Xfﬁxi A, (w) is related to absorption. The second term contributes only for negative
frequencies. External probes that are in cos (wt) = (e’ 4 e~™") /2 couple to
both positive and negative frequencies. It is not surprising that both positive
and negative frequencies enter ngi A, (w). At finite temperature, contributions to
positive frequencies can also come from the second term and contributions to
negative frequencies can also come from the first term. If 4, = A; it is easy to
verify that at any temperature, X'y 4.(w) = —x4, 4, (—w)-

Remark 18 In an infinite system, ifxif‘iAj (w') is a continuous function and then
the poles of XA A, () are below the real axis, but not ncessarily close to it. The
passage from a series of poles to a continuous function is what introduces irre-
versibility in many-body systems.

Remark 19 In a system with time reversal symmetry, applying the time-reversal

" . . : ) N
operator to all states should leave X4,4, nvariant. Then, using (i KOK l7) =
(5| O |i) found in Eq.(11.26) we see that show that X4, 4,(w) is pure imaginary
if A; and A; are hermitian and have different signatures under time-reversal.
Otherwise it is real.
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11.7 Positivity of wx”(w) and dissipation

We want to show that the key function of the previous discussion, namely x/;. A, (w),
contains all the information on the dissipation. Since stability of a thermodynamic
system implies that an external applied field of any frequency must do work the
dissipation must be positive, which in turns means, as we now demonstrate, that
wx'4, 4, (w) is a positive-definite matrix.

Since the change in the energy of the system due to the external perturbation
is given by the perturbation Hamiltonian Eq.(10.2), this means that the power
dissipated by the external world is

=T a0 i

dt - dt dt Lt

In the last equality, we have used our short-hand notation and included position
in the index ¢. The integral over r then becomes a sum over ¢ which is not written
explicitly since we take the convention that repeated indices are summed
over. Taking the expectation value in the presence of the external perturbation,
we find - dan (s
a:

o [(A) + (045)] C}i )
where (A;) is the equilibrium expectation value, and (§A;) the linear response.
Taking the total energy absorbed over some long period of time T, the condition
for the dissipated energy to be positive is,

(11.83)

— [T o dai(t)
W= /T/th (0Ai(t)) == > 0. (11.84)

For (§A;) we have written explicitly all the time dependence in the operator in-
stead. Taking T — oo and getting help from Parseval’s theorem, the last result
may be written,

d
—/%(5Ai(w)>iwai(—w) >0. (11.85)
Finally, linear response theory gives
d
_ / %ai(—w)xﬁ“qj (w)iwa;(w) >0 (11.86)

Changing dummy indices as follows, w — —w, i — j, j — 4 and adding the new
expression to the old one, we obtain the requirement,

W= _% / Z—iai(—w) (X34, @) = X 4, ()| iwas (@) > 0. (1187)

Calling the spectral representation (11.70) to the rescue, we can write

dow' X4,a,(@) dw' X4, (@)
T w — (w+in) 7w —(—w+in)
(11.88)
We know from the fact that x4, 4, is a commutator that (11.47) x4, 4, (w) =
—=X4, 4, (—w). Using this identity and the change of variables w" — —w’ in the last
integral, we immediately have that

duw’
[a, )~ xa 0] = [ i )|

{XﬁiAj (W) = Xﬁin(—w)} - /

1 1
w —w—1 R— —1
n Wt w—1n
(11.89)
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= 2ix'4, 4, (). (11.90)

Substituting all this back into the last equation for the dissipated energy, and
using the fact that since the applied field is real, then a;(—w) =a}(w), we get

/;l—:a;(w) [XZuAj (w)w} aj(w) > 0. (11.91)

This is true whatever the time-reversal signature of the operators A;, A;. Further-
more, since we can apply the external field at any frequency, we must have

al(w) [XZMAJ- (w)w] a;(w) >0 (11.92)

for all frequencies. This is the definition of a positive-definite matrix. Going to
the basis where XZL., A, is diagonal, we see that this implies that all the eigenvalues
are positive. Also, when there is only one kind of external perturbation applied,

XA, 4, (W)w > 0. (11.93)

We have seen that for Hermitian operators with the same signature under time
reversal, X4 4, (w) is a real and odd function of frequency so the above equation is
satisfied. The positive definiteness of Xfﬁxi A, (w)w by itself however does not suffice
to prove that x’y. 4. (w) is an odd function of frequency.

One can check explicitely that X’Ai A (w) contains spectral information about
excited states by doing backwards the steps that lead us from Fermi’s golden rule
to correlation functions.

Remark 20 For Hermitian operators A;, A;, the matriz X'y 4, (w) is Hermitian,
hence its eigenvalues are real, even if off-diagonal matriz elements between opera-
tors that do not have the same signature under time reversal are purely imaginary.

11.8 Fluctuation-dissipation theorem

This very useful theorem relates linear response to equilibrium fluctuations mea-
sured in scattering experiments. It takes the form,

/

Saia, (W) = =2amwxlh,a, (W) = 20(1 + np (W)x4, 4, () (11.94)

where np (w) = 1/ (" — 1) is the Bose factor while the “structure factor” or
correlation function is defined by,

Saa, () = (Ai()Az) — (Ai) (4;) = ((Ai(t) — (A4i)) (4;(0) = (4;)))  (11.95)

= (5A;(t)0A;). (11.96)

We have already encountered the charge structure factor in the context of inelas-
tic neutron scattering. Clearly, the left-hand side of the fluctuation-dissipation
theorem Eq.(C.10) is a correlation function while the right-hand side contains the
dissipation function x” just discussed. This is a key theorem of statistical physics.
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To prove the theorem, it suffices to trivially relate the definitions,

a0 = 50 (A0, A = o (B4, 64,0 (1197
- % (GAL()5A; — SA5AL(L)) (11.98)
= % (SAiAj (t) — SAin(—t)) (11.99)

then to use the key following identity that we set to prove,

[ S0, (=) = Sa,a,(t = ihB) | (11.100)

This kind of periodicity of equilibrium correlation functions will be used over and
over in the context of Green’s functions. It will allow to define Fourier expansions
in terms of so-called Matsubara frequencies. The proof of the identity simply uses
the definition of the time evolution operator and the cyclic property of the trace.
More specifically using the cyclic property of the trace, we havewe start with,

Sa,a,(—t) = Z7Tr [ePHEA;6A;(1)] = Z7'Tr [6Ai(t)e PH5A;] . (11.101)

Using e #HePH = 1 to recover the density matrix on the left, simple manipulations
and Heisenberg’s representation for the time-evolution of the operators gives,

Saa,(—t) = Z'Tr [e PHePH A (t)e PG5 A;] (11.102)

=Z"'"Tr [e PP A;(t — ihB)SA;] = Sa,a,(t —ihp). (11.103)

This is precisely what we wanted to prove. The rest is an exercise in Fourier
transforms,

/ dte™ S, a,(t — ihB) = / dte™ DG, 4 (1) = e P S g 4, (w).  (11.104)

To prove the last result, we had to move the integration contour from ¢ to t 4 A3,
in other words in the imaginary time direction. Because of the convergence factor
e~PH in the traces, expectations of any number of operators of the type e*t Ae—*H?
are analytic in the imaginary time direction for —ihf < t < kA8, hence it is
permissible to displace the integration contour as we did. Fourier transforming
the relation between x'j. Y (t) and susceptibility Eq.(11.97), one then recovers the
fluctuation-dissipation theorem (C.10).
A few remarks before concluding.

Remark 21 Alternate derivation: Formally, the Fourier transform gives the same
result as what we found above if we use the exponential representation of the Taylor
series,

Sa,a,(t—ihB) = e M0F S 4 (1).

Remark 22 Relation to detailed balance: The Fourier-space version of the peri-
odicity condition (11.100) is a statement of detailed balance:

Saja,(—w) = e PMSy 4, (w) | (11.105)

Indeed, in one case the energy hw is absorbed in the process, while in the other
case it has the opposite sign (is emitted). In Raman spectroscopy, when the photon
comes out with less energy than it had, we have Stokes scattering. In the reverse
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process, with a frequency transfer w of opposite sign, it comes out with more energy.
This is called anti-Stokes scattering. The cross section for Stokes scattering say,
will be proportional to Sa,a,(w) as we saw with our golden rule calculation. The
ratio of the anti-Stokes and the Stokes cross sections will be given by the Boltzmann
factor e= P which is a statement of detailed balance. This is one way of seeing
the basic physical reason for the existence of the fluctuation-dissipation theorem.:
Even though the response apparently had two different orders for the operators,
the order of the operators in thermal equilibrium can be reversed using the cyclic
property of the trace, or equivalently the principle of detailled balance.

Remark 23 Physical explanation of fluctuation-dissipation theorem: Physically,
the fluctuation-dissipation theorem is a statement that the return to equilibrium is
governed by the same laws, whether the perturbation was created by an external
field or by a spontaneous fluctuation.

11.9 Imaginary time and Matsubara frequencies, a
preview

Recall that all the information that we need is in the spectral function x”. To
do actual calculations of correlation functions at finite temperature, whether by
numerical or analytical means, it turns out that it is much easier to compute a
function that is different from the retarded response function. That function is
defined as follows

(A; (7) A7) 0(7) + =

- (A;A; (1))0(—T) (11.106)

St =

XA; A, (1) =
where 6 is the step function and by definition,
A (1) = e™H/h e HIR (11.107)

In other words, if in this last equation we replace 7, a real number, by the purely
imaginary number it, we recover that the operator evolves with the Heisenberg
equations of motion. This definition is motivated by the fact that the operator
e PH in the density matrix really looks like evolution e~**/" in imaginary time.
It is also customary to define the time ordering operator T, in such a way that
operators are ordered by from right to left by increasing order of time:

Xaa, (7) = % (T As () A;). (11.108)

That will be very useful in cunjunction with perturbation theory. As long as we
can extract the spectral function x” from x 4, A, (1) above, we are in good shape
to obtain all we need.

To see how to do this, we first note that we can define x4, 4, () on the interval
—Bh < 7 < Bh, and that if we do that, this function on this interval only has
some periodicity properties that can be put to use. More specifically, assume that
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—Bh < 7 < 0,then from the definition of the function, we have that

Xaa, (1) = (A4 A(0) = 3T [ 4,4, (7)] /2

= %Tr [4; () e_’@HAj} /Z

= ST [P A (r) e P A /2

= Xa,a, (T+5h) (11.109)

since now 7 4+ Sh > 0.We have a periodic function on a finite interval. Hence we
can represent it by a Fourier series

Xaa, (1) = 2 o X, (i) (11.110)

where the so-called bosonic Matsubara frequencies are defined by

2nmkpT 2
Wy = MTB = % ; n  integer (11.111)
The periodicity property will be automatically fulfilled because e ~#'«nf8 = ¢=i2n7 —
1. The expansion coefficients are obtained as usual for Fourier series of periodic

functions from

; Bh Wn T
Xa,a, (iwn) = [o7 dTe™nTx 4 4, (T) (11.112)

By using the Lehman representation, we can find a spectral representation for
the latter function

. I
X4, A, (wy) = 7 /0 dre*nT (A; (1) Aj)
| E Bnr/h Emr/h
= g e Sl B A P ) (A1)
1 e PEn (n] A; [m) (m| A; |n) (e*onPrHPEn=FEm 1)
- 7> o E T E /11.114)

e_BEn — e_ﬁEm

1
- E;(Em—En)—ihwn

(n| A; |m) (m| A; |n) (11.115)

where we used e’»5" = 1. Using the Lehman representation for X4, 4, (W) Eq.(11.78)
that we recopy here,
// efﬁEn — efﬁEm
X4, 4, (W) = Z — (n] A; lm) (m| Aj |n) 76 (hw — (Ep, — Ey)) .
n,m
we can write . ,
dw' XA, 4, (@)

T W —iwy

X4, 4, (iwn) = (11.116)

which is clearly a special case of our general spectral representation Eq.(11.69).
This the response function in Matsubara frequency may be obtained from x 4, A (iwn) =

X4, 4, (#z = iwy) whereas for the retarded function XﬁiAj (W) = Xa,4, (z = w+in).

Remark 24 Once we write the expansion in Matsubara frequencies, the function

XA, A, (1) in Eq.(11.110) is defined by its periodic extension outside the interval of

definition —Bh < 7 < Bh. That follows the standard procedure for Fourier series.

Outside the interval of definition however, it does not coincide with the original

Xa,a, (T) Eq.(11.106). Indeed, take x 4, 4, (T +28h) = Tr [e=PH 2P0 A, (1) e=2PH A;] [ (ZR) . There
is no way this can become equal to X 4, 4, (7).
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11.10 Sum rules

All the many-body Physics of the response or scattering experiments is in the cal-
culation of unequal-time commutators. These commutators in general involve the
time evolution of the systems and thus they are non-trivial to evaluate. However,
equal-time commutators are easy to evaluate in general using the usual commu-
tation relations. Equal-time corresponds to integral over frequency as seen from
Fourier space. Hence the name sum rules. We will not in general be able to
satisfy all possible sum-rules since this would mean basically an exact solution
to the problem, or computing infinite-order high-frequency expansion. In brief,
sum-rules are useful to

e Relate different experiments to each other.
e Establish high frequency limits of correlation functions.

e Provide constraints on phenomenological parameters or on approximate the-
ories.

11.10.1 Thermodynamic sum-rules.

Suppose we compute the linear response to a time-independent perturbation. For
example, compute the response of the magnetization to a time-independent mag-
netic field. This should give us the susceptibility. Naturally, we have to leave the
adiabatic switching-on, i.e. the infinitesimal 7. In general then,

0 (A;(w=0)) zxﬁiAj(w:O)aj(w:O). (11.117)
Returning to the notation where q is explicitly written,

5 (A;(qw =0)) = X}ZiAj (qw = 0)a;(q,w = 0). (11.118)
Using the spectral representation (11.69) and the usual relation between in and
principal parts, Eq.(11.60), we also have,

 duw X, 4, (Qw > dw Xa, 4, (Qw
dw Xa,4,(9w) / dw Xa;,(9) (11.119)

Vi [ el

oo T W= oo T w
There is no contribution from the imaginary part on the grounds that there can
be no zero-frequency dissipation in a stable system. In fact, as long as the thermo-
dynamic derivatives involve operators that have the same symmetry under time
reversal, then x/;. A, (q,w) is odd, as proven at the end of the section on symmetry
properties, so that X', A, (q,w = 0) = 0. Note that in practice, the principal part
in the above equation is not necessary since X;Ili A, (q,w) usually vanishes linearly
in w for small w. To be completly general however, it is preferable to keep the
principal part.

Recalling that the thermodynamic derivatives are in general for uniform (q =
0) applied probes, the above formula become,

0A4;

Fa = X (11.120)

q—0 g
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X4, = limg_o /7 %M—Aﬁ : (11.121)

This is called a thermodynamic sum-rule. As an example, consider the density n
response. It obeys the so-called compressibility sum rule,

o0 d " 8N
lim % (quw = 0) = lim [ 22 Xm(9dw) _ (—) . (11.122)
q—0 a—0 ) . 7 w ow ) pyv

As usual, a few remarks are in order:

Remark 25 Thermodynamic sum-rule and moments: Thermodynamic sum-rules
are in a sense the inverse first moment over frequency of XffxiAj (qw) (the latter
being analogous to the weight). Other sum-rules are over positive moments, as we
now demonstrate.

Remark 26 Alternate derivation: Here is another way to derive the thermody-
namic sum rules. First note that thermodynamic variables involve conserved quan-
tities, namely quantities that commute with the Hamiltonian. Take for example
N, the total number of particles. Since N commutes with the Hamiltonian, in the
grand-canonical ensemble where

(N) = Tr [e*B(H*“N)N} /7
we have the classical result
ooy - v = 5 (5%)
B\ op TV

By definition,

2 . e dw
(NN) —(N)” = lim — Son(q,w) (11.123)

a—0 J_ o 2w
Using the general fluctuation-dissipation theorem, we mow relate this quantity to
Xon(d,w) as follows. Because ng for q =0 is simply the total number of parti-
cles N and hence is conserved, (ng—o (t) ng=o0) is time independent. In frequency
space then, this correlation function is a delta function in frequency. For such a
conserved quantity, at small q all the weight will be near zero frequency so the

fluctuation-dissipation theorem Eq.(C.10) becomes

2h

2
R E N/ _a o
Snn(qa 0.)) - (})11% 1— e_/ghw Xnn(qvw) - Bann(q, w) (11124>

from which we obtain what is basically the thermodynamic sum-rule Eq.(11.122)

(NNY— (N2 = tim [ &3, (q,w) (11.125)
a—0 J_ 27
(o9} 1"
- hm/ o Xom(®w) _ 1 (ON (11.126)
a—0 ) Bw B\ou)ry

This is then the classical form of the fluctuation-dissipation theorem. In this form,
the density fluctuations are related to the response (ON/Ou)q ., (itself related to
the compressibility).
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11.10.2 Order of limits

It is extremely important to note that for thermodynamic sume rules, the w — 0
limit is taken first, before the q — 0 limit. The other limit describes transport
properties as we shall see. Take as an example of a q = 0 quantity the total
number of particles. Then

Koo (1) = 5 ([N (), N]) =0 (11.127)

This quantity vanishes for all times because N being a conserved quantity it is
independent of time, and it commutes with itself. Taking Fourier transforms,
X n (w) = 0 for all frequencies. Hence, we must take the q — 0 limit after the
w = 0.

Another important question is that of the principal part integral. If we take
the q — 0 limit at the end, as suggested above, we do not run into problems.

As follows from a problem set, in the long wave length limit we have x” (q,w) =

2D92w

w2+(Dq2)2 Xnn
form that at any finite ¢, it does not matter whether we take or not the principal
part integral. We did not take it in Eq.(11.122). If we take the limit g — 0
before doing the integral however, limq_.¢ X/, (q,w) is proportionnal to wd (w) so
it is important NOT to take the principal part integral to get the correct result
(in other words, under the integral sign the  — 0 limit must be taken before
the g — 0 limit). We also see this as follows. If we return to the original form
lim, o 1/(w—in) = lim,ow/(w?+n?)+in/(w?+n?), and then do the integral of
the first term (real part), we can check that we have to take the 7 — 0 limit under
the integral sign before the g — 0 limit to recover the result obtained by doing the
integral at finite q and then taking the g — 0 limit (the latter is unambiguous and
does not depend on the presence of the principal part in the integral). Physically,
this means that the adiabatic turning-on time must be longer than the diffusion
time to allow the conserved quantity to relax. This is summarized by the following
set of equations

where D is the diffusion constant. One can check explicitly with that

i p [ Xm(@0) o, 70 X (9) (11.128)
a—0 J_ 7 w a-0 ) 7 w ’
o0 1
- / d?“é%M”TW (11.129)
— 00
oo d /!
£ P / 7“ lim —X""fuq’“). (11.130)
—o0

11.10.3 Moments, sum rules, and high-frequency expansions.

The n’th moment of a probability distribution is defined as the average of the
random variable to the power n. By analogy, we define the n’th moment of the
spectral function by ffooo %‘*’w"x;"i A, (w). For operators with the same signature
under time reversal, even moments vanish while odd moments of x4, 4, are related

to equal-time commutators that are easy to compute:

Oodwn// _ < dw ~anfiwt "
[ 2ot =[5 (5) et @ IRCEEE
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St =

([0 4]0y

(68w -
(11.132)

which may all easily be computed through n equal-time commutations with the
Hamiltonian.

These moments determine the high frequency behavior of response functions.
One does expect that high frequencies are related to short times, and if time is
short enough it is natural that commutators be involved. Let us see this. Sup-
pose the spectrum of excitations is bounded, as usually happens when the input
momentum q is finite. Then, x4 4 (w') = 0 for w’ > D where D is some large
frequency. Then, for w > D, we can expand the denominator since the condition
w'/w < 1 will always be satisfied. This gives us a high-frequency expansion,

X 4, (aw) = [, % Xiia @) (11.133)

co T w—w—in

in where we have explicitly taken into account the fact that only odd moments of
X, A do not vanish because it is an odd function. Clearly, in the w — oo limit,
the susceptibilities in general scale as 1/w?, a property we will use later in the
context of analytic continuations.

Suppose the spectrum of excitations is bounded, as usually happens when
the input momentum q is finite. Then, XigiAi(w’) = 0 for w’ > D where D is
some large frequency. Then, for w > D, we can expand the denominator since
the condition w'/w < 1 will always be satisfied. This gives us a high-frequency
expansion,

X5 4 (quw) = [0, 4 X, (0) (11.134)

oo T w!—w— ’LT]

RSy o [T (W) T X A, (a) (11.135)

where we have explicitly taken into account the fact that only odd moments of
Xin A, do not vanish because it is an odd function. Clearly, in the w — oo limit,

the susceptibilities in general scale as 1/w?, a property we will use later in the
context of analytic continuations.

11.10.4 The f-sum rule as an example

The f-sum rule is one of the most widely used moment of a correlation function,
particularly in the context of optical conductivity experiments. It is quite remark-
able that this sum rule does not depend on interactions, so it should be valid
independently of many details of the system. The sum rule is

> e (qyw) = L (11.136)

m

If we return to our high-frequency expansion in terms of moments, Eq.(11.135),
we see that

-1 dw nq2

R Ny

w) " — —w +...=— +.... 11.137
Xnn(q7 ) 2 / Xnn<q7 ) 2 ( )

This is equivalent to saying that at very high frequency the system reacts as if it
was composed of free particles. It is the inertia that determines the response, like
for a harmonic oscilator well above the resonance frequency.
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Let us derive that sum rule, which is basically a consequence of particle con-
servation. When the potential-energy part of the Hamiltonian commutes with the
density operator, while the kinetic-energy part is that of free electrons (not true
for tight-binding electrons) we find that

2

Joo Zwxn(aw) = 2L (11.138)

—0o0 T m

This is the f sum-rule. It is valid for an arbitrary value of the wave vector q. It is a
direct consequence of the commutation-relation between momentum and position,
and has been first discussed in the context of electronic transitions in atoms. The
proof is as follows. We first use the above results for moments

/_ O:O d%wxi{n(q, w) = # < {%gt(t) : nq(t)] > (11.139)

1
=~y {H nq ()], n-q()]) (11.140)

In the first equality, we have also used translational invariance to write,

/d (r—r1) e_iq'(r_”l)f(r -r') = % /dre*iq"" / dr'e” " f(r —1') (11.141)

where V is the integration volume. The computation of the equal-time commutator
is self-explanatory,

ng = /dre_iq"P Z d(r—ry) = Z e laTa (11.142)

[e3%

(5,74 :§ [a%,Ze‘““a] = —hg"e” "5 (11.143)

[0}
Assuming that the interactions commute with the density operator, and using
[p-p,n] =pp,n| + [pP,n]p we have

[H ng(0)] =

2
D 1 —iq-r —iq-r
—/6 nql = % (pﬁ . (—hqe 'q ﬁ) + (—ﬁqe q B) . pﬂ)

2m’
5 5
(11.144)
N
1 —iq-rg iq- hzqu
[, nq(®)],n-q(t)] = —— B§_1h2q2e e (11.145)

which proves the result (C.9) when substituted in the expression in terms of com-
mutator (11.140) with n = N/V. The result of the commutators is a number not
an operator, so the thermodynamic average is trivial in this case! (Things will be
different with tight-binding models.)

11.11 Exercice

11.11.1 Fonction de relaxation de Kubo.

Dans la limite classique, le théoréme de fluctuation-dissipation devient:

B—wSAiAJ_ (r,r;w).

X (1750) = 5
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Définissons une fonction C, , telle que la relation précédente soit toujours vraie,
K]
c’est-a-dire que méme pour un systéme quantique on veut que:

y d 2 9
ZECAMJ' (r, r'; t) = BX A4, (r, r'; t).

Montrez que cette derniére relation est satisfaite par la définition suivante de C', 4

s
Copa, (x5t =) = 5*1/ dB'[< Ai(r, ) A; ('t +ihB) > — < A; >< Aj >).
0

Ceci est une autre fonction de corrélation due a Kubo et qui décrit la relaxation.

11.11.2 Constante diélectrique et Kramers-Kronig.

Considérons la constante diélectrique d’un milieu isotrope €(¢) comme une fonction
de réponse, sans nous soucier de sa représentation en terme de commutateurs. En
utilisant le principe de causalité (e(t) = 0 pour ¢ < 0), demontrez que e(w) est
analytique dans le plan complexe supérieur. Determinez aussi la parité de €; et
€2 (e(w) = €1(w) + iea(w)) sous changement de signe de w. En utilisant ensuite
le théoréeme de Cauchy sur les intégrales des fonctions analytiques, dérivez deux
relations de Kramers-Kronig entre les parties réelles et imaginaires de e(w):

e1(w) — €1 (00 P/ ;62_ " (11.146)

€1(§) — e1(o0)

e2(w) = —%uﬂ?/o d¢ (§ — (11.147)

11.11.3 Lien entre fonctions de réponses, constante de diffusion et dérivées thermo-
dynamiques. Role des regles de somme.

Soit un systéme uniforme de spins 1/2, comme par exemple I’helium 3He. Les
interactions dans le systéme de spin ne dépendent pas du spin. Donc, I’aimantation
totale dans la direction z, que nous noterons M, est conservée, c’est-a-dire que

M (r,t) + V- jM (r,t) =0 (11.148)

ot jM est le courant d’aimantation. Sur une base purement phénoménologique,
ce courant dépend du gradient d’aimantation. En d’autres mots, comme M est
conservée, il obéit & une dynamique diffusive. Dans un processus hors d’équilibre,
(mais pas trop loin de 1’équilibre!) et sur des échelles hydrodynamiques, (grand
temps et grandes longueurs d’ondes) nous aurons donc

G (xt)),, =—DV (M (x,t)),, (11.149)

ou la moyenne fait référence & une moyenne hors d’équilibre.
Soit la fonction de corrélation aimantation-aimantation

SMM (I‘,t) = <M (I‘,t) M(050)> (11150)
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Cette fonction de corrélation est accessible par exemple par diffusion neutronique.
a) Phénoménologie: En utilisant le fait que le couplage entre aimantation et
champ magnétique est donné par

Hipt = — / d®*rM (r) h (r)
et que I’Hamiltonien commute avec I’aimantation totale, montrez que
oM 1
hm SM]W (kt O) B < oh > = EXMM (11151)
En supposant ensuite que la dynamique pour (M (r,t) M (0,0)) avec ¢ > 0 est

la méme que celle obtenue phénoménologiquement pour une perturbation hors
d’équilibre et en utilisant la réversibilité, soit

(M (r,t) M (0,0)) = (M (0,0) M (r, —t)) (11.152)

pour déduire le résultat lorsque ¢ < 0, montrez qu’aux grandes longueurs d’onde
(c’est-a~dire dans la limite hydrodynamique)

2Dk oDk 1
Sarar (kw) = ——— Sy (k= 0) & — == 11.153
e o) = e Dy S )~ v g g (11153)

e Vous pouvez utiliser 'invariance sous la transformation de parité r — —r.

e L’hypothéses menant & ce résultat est connue sous le nom d’hypothése de ré-
gression d’Onsager: “Les fluctuations spontanées a 1’équilibre régressent vers
I’équilibre de la méme fagon que les perturbations provoquées de l’extérieur,
en autant que ces perturbations ne soient pas trop fortes (réponse linéaire).”

b) Lien entre calcul phénoménologique et microscopique. En utilisant le théoréme
de fluctuation-dissipation, obtenez une prédiction phénoménologique pour X,z(4 v (kw)
a partir de Sysps (kw). Montrez ensuite que si un calcul microscopique nous donne
Xarar (kw) alors la constante de diffusion peut étre obtenue de ce calcul micro-
scopique en de la facon suivante:

Dy = lim [lir% %x}(“/[ (k,w)] (11.154)

w—0

tandis que la susceptibilité magnétique uniforme elle, s’obtient de

. dw X/](/[M (k,w)
= lim — 11.1
XMM k1—>0/ ™ w ( 55)

¢) Reégles de somme: La derniére équation ci-dessus est la régle de somme ther-
modynamique pour la susceptibilité X;(/[ v (k,w) . Notre expression phénoménologique
pour xysas (Kw) satisfait cette régle de somme. Considérons maintenant la régle
de somme f. L’expression microsopique pour I'aimantation est

N
(r) =) 2846 (r —Ta) (11.156)

otll, dans ce systéme paramagnétique, s, = i% et p est le moment magnétique,
alors que 'expression correspondante pour le courant d’aimantation est

Z { V.. r—ra)—&—é(r—ra)%ivra (11.157)
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avec m la masse. Utilisant ces expressions, démontrez la régle de somme f pour
ce systéme de spins, soit

dw " n
= kw) = —u2k> 11.158
. WXMM( ,w) m,u ( )

ou n est la densité. Vérifiez ensuite que ’expression phénoménologique trouvée ci-
dessus pour X'j\l/[ u (k,w) & partir de considérations hydrodynamiques, ne satisfait
pas la régle de somme f. Laquelle de nos hypothéses phénoménologiques devrait
étre raffinée pour arriver & satisfaire cette régle de somme?
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12. KUBO FORMULA FOR THE
CONDUCTIVITY

A very useful formula in practice is Kubo’s formula for the conductivity. The
general formula applies to frequency and momentum dependent probes so that
it is of more general applicability than only DC conductivity. It is used in prac-
tice to make predictions about light scattering experiments as well as microwave
measurements. At the end of this section we will see that conductivity is simply
related to dielectric constant by macroscopic electrodynamics. This explains the
wide applicability of the Kubo formula. We will see that the f—sum rule can be
used to obtain a corresponding sum rule on the conductivity that is widely used in
practice, for example in infrared light scattering experiments on solids. On a more
formal basis, the general properties of the Kubo formula will allow us, following
Kohn, to better define what is meant by a superconductor, an insulator and a
metal.

After a general discussion of the coupling of light to matter, we discuss in turn
longitudinal and transverse response, exposing the consequences of gauge invari-
ance. After a brief application to the definition of superconductors, metals and
insulators, we make the connection between conductivity and dielectric constant.

12.1 Coupling between electromagnetic fields and
matter, and gauge invariance

Electric and magnetic fields are related to vector and scalar potential by

0A
E=—— 12.1
L (12.1)
B=V xA. (12.2)
The gauge transformation
A— A+VA (12.3)
N

leaves the electric and magnetic fields invariant. We say that the theory is gauge
invariant. In other words, there are many equivalent ways of representing the
same physics. It is not a symmetry in the usual sense.[9] We will give a more
detailed derivation in the next subsection, but you only need to know the so-called
minimal-coupling prescription to couple matter and electromagnetic field,[5] one
of the most elegant results in physics

h I
L0 0
zﬁa — zha —ep(r,,1). (12.6)
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In this expression e is the charge of the particle, not the elementary charge. The
derivatives to the right are called covariant.

Given this, Schrodinger’s equation in the presence of an electromagnetic field
should read

'ha t _ 1 hV A t i 1% 12.7
(g~ cotran0)) = - (3V0 - cAt0) wve  2a)

where V is some potential energy. Suppose we write the equation in a different
gauge

) oA\ , 1 [h 2 ,
<zh§ —ed(r,,t)+ eg) P = o (;Va —eA(r,,t) — eVA) P+ V'
(12.8)

The solution is different since it is not the same equation. Assume however that
1 and ¢’ correspond to an eigenstate with the same value of the eigenenergy. The
latter should be gauge invariant. Then, the solution v’ that we find is related to
1) with the same eigenvalue in the following way

Y = etehhy, (12.9)

That is easy to check since if we substitute in the equation for ’, then we recover
the previous equation for .

Observables should be gauge invariant. That is clearly the case for the poten-
tial,

/ Prp*Vap = / ey V) (12.10)

since the phases cancel. The conjugate momentum operator however is not gauge
invariant

/d3rw*?v¢ £ /d3r¢'*?v¢’ (12.11)

since VA # 0. On the other hand, the following quantity (%V — eA(ra,t)) is
gauge invariant since

/d?’r,w* (%V — eA(I'a,t)) ’l/) = /d?’r,l/}/* <?V o GA(I‘Q,t> o 6VA> w/.
(12.12)

That quantity is the expectation of the mass times the velocity and is thus an
observable. It is necessary to establish the correct expression for the current.

12.1.1 Invariant action, Lagrangian and coupling of matter and electromagnetic
field[10]

This section is not necessary to understand any other section. It is just useful to
recall the fundamental ideas about coupling electromagnetic fields and matter.

Take a single particle of charge e in classical mechanics. The action that
couples that particle, or piece of charged matter, to the electromagnetic field
should be invariant under a Lorentz transformation and a gauge transformation.
The simplest candidate that satisfies this requirement is

Se—m = e/Aﬂdr“ (12.13)
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where we used the summation convention as usual and the four-vectors with r#
the contravariant four-vector for position

Ta

Ay = (—d)e, Ag) ; 1 = ( ct ) . (12.14)

The action is clearly Lorentz invariant. It is also gauge invariant since, with
O = (Cat,V), the gauge transformation

Se—m — e/(AM + 0, A) drt = e/AMdr“ (12.15)

only adds a total time derivative to the Lagrangian

e/(@MA) drt = e/(a N /—dt (12.16)

and in the variational principle the Lagrangian does not vary at the limits of time
integration.
Speaking of the Lagrangian, it can be deduced from

Se—m = e/A“ddt dt = /(—e¢+eA~%) dt = /Le,mdt (12.17)

The coupling of light to matter appears at two places in the equations of motion
obtained from the Euler-Lagrange equations. It appears in the Euler-Lagrange
equations for matter that involve particle coordinates, and in the Euler-Lagrange
equations for the electromagnetic field that involve electromagnetic potentials
playing the role of coordinates. The former give Newton’s equations with the
Lorentz force and the latter Maxwell’s equations.

The part of the Lagrangian that involve particle coordinates, neglecting po-
tential energy terms that do not play any role in this derivation, is given by
L =mv?/2+ Le_,,, namely

1 d
L = smv —e(¢ Ad?) (12.18)
= %mv276(¢fA~v) (12.19)

It can be verified that the Euler-Lagrange equations give Newton’s equation with
the Lorentz force. The conjugate moment, is

OL h o
= — g+ edy — = 12.2
7 (ava> R =muq + eda — = o (12.20)

It is the conjugate moment p that obeys commutation relations with position in
quantum mechanics, in other words it is p that becomes %V

The action of the electromagnetic field is written in terms of the Faraday tensor.
What is important for our discussion is that the current in Maxwell’s equation is
generated by the following term

. OLe_m, e
Ja = evg= < oA ) = (po — €Aq) (12.21)

where in the last equation we have used the equation that relates the conjugate
moment to the velocity and vector potential Eq.(12.20). Physically this makes a
lot of sense. The current is simply charge times velocity.
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In condensed matter physics, we do not generally write down the part of the
Hamiltonian that involves only the pure electromagnetic field. But we are inter-
ested in coupling matter to the electromagnetic field and we would like to have the
expression for the current that follows from the Hamiltonian where the minimal-
coupling prescription has been used. It is indeed possible to satisfy this wish and
to obtain the current from the Hamiltonian. It proceeds as follows. Taking for
L the full Lagrangian, except for the part that contains only the electromagnetic

field, we obtain
oL o o0 (pb’Ub - H)
(aAa)nv ; < aAa r,v (1222)

s

where p (r,v,A) is written in terms of r,v and A using the equation for the
conjugate moment Eq.(12.21). With the chain rule, we thus find (components of
p that are not differentiated are also kept constant)

Olppor —H)\  _ (Opp ) (OH O\ _(0H
aAa r,v aAa r,v ’ 8pb r,A aAa r,v aAa p,r.

)

(12.23)
Since Hamilton’s equations give (g—g) AU we are left with
oL OH
o = €Ve= | —— = — | — . 12.24
J (aAa)r,v (aAa)p,A ( )

This result comes out because, as usual in a Legendre transform, the first derivative
with respect to the conjugate variable p vanishes. The above expression for the
current in terms of a derivative of the Hamiltonian is often used in practice. In
this expression, H does not contain the part that involves only electromagnetic
potentials.

Remark 27 In the four-vector notation of the present section, the prescription
for minimal coupling, is
Oy — 0y —ieA, /h. (12.25)

12.2 Response of the current to external vector and
scalar potentials

We need to find the terms 0H(t) = dH(t)y + 0H(t)a added to the Hamiltonian
by the presence of the electromagnetic field. Let us begin by the term §H(t)a
coming from the vector potential. Under the minimal coupling prescription, we
find (recall that the gradient will also act on the wave function that will multiply
the operator)

R _, R _, eh e?
—%VQ — ——V (A(ra)~VQ+VQ-A(ra))+%

e 2
Va5 A2(r,). (12.26)

This means that to linear order in the vector potential, the change in the Hamil-
tonian is

SHBA = =5 L (A(r,) Vo +Va-Alr,) = /drA(r,t) ). (12.27)

2mi
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where, continuing with our first-quantization point of view, we defined the para-
magnetic current for particles of charge e

e
T 2m

j(r) Z(é(r— r'q)Pa + Pad(r —ry)). (12.28)
Given the fact that [rg, pa] = 104, there is an ambiguity in the position of the
d function with respect to the momentum operator: We can have p,d(r —r,) or
d(r —ro)pPa. We see that the symmetrized form comes out naturally from the
coupling to the electromagnetic field. We have allowed the semi-classical external
field to depend on time.

The paramagnetic current that we found above is the same as that which
is found from Schrodinger’s equation in the absence of electromagnetic field by
requiring that probability density 11 be conserved. Given the minimal coupling
prescription, Eq.(12.5) and the considerations of Sec.12.1 on gauge invariance of
observables, the observable current operator jA(r) is obtained from the minimal
coupling prescription in the paramagnetic current operator Eq.(12.28)

A . e . _ 7&
i) =) == Ar,)d(r —ra) = j(r) —A(r)p(r) (12.29)
where we have defined the charge density as before
p(r) =en(r) = > §(r—ra). (12.30)

The last term in the equation for the current is called the diamagnetic current.

Remark 28 Our definition of the current-density operator Eq.(12.28) automati-

cally takes care of the relative position of the vector potential and of the gradients

in the above equation. The current can also be obtained from — (gf) K as
“/p

explained in the previous section.

It is easier to add an ordinary scalar potential. From Schrédinger’s equation in
the presence of an electromagnetic field Eq.(12.7), the presence of a scalar potential
introduces a term

SH(t)y = / dro(r,t)p(r) (12.31)

in the Hamiltonian.
Using the explicit expression for the current Eq.(12.29) and our linear-response
formulae in Chapter 10, we finally come to the general expression for the response,

6 (jH(qw)) = [Xﬁjb (q,w) — %Z%b} Ap(q,w) = xF (g w)p(qw).|  (12.32)

There is a sum over the repeated indices a as usual. The term proportional to
- ”Tff dqp in this expression, called the diamagnetic term, comes from the last term
in the expression for the gauge invariant current Eq.(12.29). Since the density
operator there is already multiplied by the vector potential, its average can be
taken for the equilibrium ensemble where the average density is independent of
position.

The above expression is not gauge invariant in an obvious way. The response
is not given in terms of gauge invariant fields. We will show below that there is
indeed gauge invariant. We begin with the case of the transverse response, which
is easier.
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12.3  Kubo formula for the transverse conductivity

The above relation between current and electromagnetic potential still does not
give us the conductivity. The conductivity relates current to electric field, not to
poetntial. Roughly, for the conductivity o we have j = o E. We thus need to go
back to the fields. In addition, the first thing to realize is that the conductivity
is a tensor since it relates current in one direction to field applied in any other
direction. Moreover, the electromagnetic fields can be transverse or longitudinal,
i.e. perpendicular or transverse to the direction of propagation. Let us begin by
discussing this point.

When we study the response to applied fields whose direction is perpendicular
to the direction of the wave vector q, we say that we are studying the transverse (or
selenoidal) response. In this case, q - E(q,w)=0. The scalar potential contributes
only to the longitudinal component of the field (along with the longitudinal con-
tribution from the vector potential) since the gradient is always along q. We
can thus disregard for the moment the contribution from the scalar potential and
leave it for our study of the longitudinal response, where we will study in detail
the question of gauge invariance. The magnetic field is always transverse since
V-B=V-V x A =0. Let us decompose the vector potential into a transverse
and a longitudinal part. This is easily done by using the unit vector q = q/|q|

A'=G4q-A=q(q-A) (12.33)
AT = (T’faa) ‘A. (12.34)

<
In the last equation, I is the vector notation for d,;. We introduced the following
notation for the multiplication of tensors with vectors,

(0 A)y = gaAs. (12.35)
b
The transverse and longitudinal parts of a tensor are obtained as follows,
A4 — —
o’(q,w) = ( I qu) Lo (quw) - ( I qu) (12.36)

>
o"(q,w) =44 7 (q,w) - 4q (12.37)
To simplify the notation, we take the current and applied electric field in the
y direction, and the spatial dependence in the x direction. This is what happens
usually in a wire made of homogeneous and isotropic material in the presence of
the skin effect. This is illustrated in Fig.(12-1).
Then the conductivity defined by

g <];(qw’w)> = Uyy(Qwvw)Ey(Qwaw) (12.38)

follows from the relation between current and vector potential Eq.(12.32) and from
the relation between electric field and vector potential

Ey(qe,w) = i(w + in) Ay (¢z, ) (12.39)

We used the trick explained in the context of Kramers-Kronig relations which
amounts to using w + in because the field is adiabatically switched on. We find
for the transverse conductivity

2
Ty (42, ) = 357 [xﬁjy (¢a,w) — %} (12.40)
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Figure 12-1 Application of a transverse electric field: skin effect.

12.4 Kubo formula for the longitudinal conductivity
and f-sum rule

When q is in the direction of the electric field, we say that we are considering the
longitudinal (or potential) response. Using the consequences of charge conserva-
tion on the response functions x”, it is possible to rewrite the expression which
involves both scalar and vector potential Eq.(12.32) in a way that makes the re-
sponse look explicitly invariant under gauge transformations. This is the plan for
this section.

As usual current conservation and gauge invariance are intimately related.
More specifically, Noether’s theorem states that to each continuous symmetry that
leaves the action invariant, correponds a conserved quantity. Using this theorem,
gauge invariance leads to current conservation, namely

dp(r,t)

o = —V -j(r,t) (12.41)
8/)(3? t) _ —iq-j(a,t). (12.42)

We can use current conservation to replace the charge-density operator in the term
describing the response of the scalar potential by a current density, which will make
the response Eq.(12.32) look more gauge invariant. Take q in the z direction to
be specific. Some gymnastics on the susceptibility in terms of commutator gives,

Deplanl) _ 8(8) s (L2 (22.0), p(— g ) +0(8) = (—ig) ([ (22.0). G (—, 1))
ot % ” ’ Yy ” '
(12.43)
The equal-time commutator is calculated from the f sum rule. First use the
"

definition of x7 ,(gz,w)

i, . [ dw
n ([J2(¢2,0), p(—2, 0)]) =i ?X_I’j;p(qﬂﬁw) (12.44)
then current conservation
[ dw w
= z/?q—zxgp(qx,w) (12.45)
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and finally the f sum rule Eq.(C.9) to rewrite the last expression as

TL62

= ig, " (12.46)

Substituting back in the expression for the time derivative of the current-charge
susceptibility Eq.(12.43) and Fourier transforming in frequency, we have

7l€2

—i(w+ iﬁ)Xﬁp((me) = igp - — iqrxﬁjm (Gz,w). (12.47)

Using this in the general formula for the response of the current Eq.(12.32) the
longitudinal linear response function can be written in terms of the gauge invariant
electric field in two different ways:

ne2
5 (jM(quw)) = m |:Xf;jx (@, w) — W] (i(w + i) Az (qu, w) — 1qeP(qe,w))
(12.48)
= [m%xﬁp(qu] (i(w + 1) A (e, W) — 1q2P(qe.w)) - (12.49)

Hence, replacing the gauge-invariant combination of potentials by the field,

E.(qz,w) =i(w~+ i) Az (qe, w) — 1q: (g ,w) (12.50)

we find the following Kubo formulae for the longitudinal conductivity § < 3 (qx,w> =
O w0 (e, W) By (¢, w)

2
Ot 9) = 7y X (@) = 25| =[x B (@) | (1250)

Using gauge invariance and the f—sum rule, the above result for the longitudinal
response will soon be rewritten in an even more convenient manner.

12.4.1 Further consequences of gauge invariance and relation to f sum-rule.

The electric and magnetic fields, as well as all observable quantities are invariant
under gauge transformations,

A A+VA (12.52)
oA
o — ¢ — N (12.53)
Let ¢ = 0. Then
A R ne’
6 (i (qew)) = | X, (s w) — — | Ae(g2,w) (12.54)

Doing a gauge transformation with A(z,t) independent of time (w = 0) does
not induce a new scalar potential (¢ = 0). The response to this pure gauge
field through the vector potential should be zero since it corresponds to zero
electric field. This will be the case if

[xﬁjx (z,0) — ”72] ~0| (12.55)
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This can be proven explicitly by using the spectral representation and X;’l e (¢z,0) =
0,

dw' X7, ;. (qz, ")
X5 . (g2, 0) =/—7j fe 7 (12.56)

T W’

as well as the conservation of charge,

dw’ 7 ’w/ d/w/ " sz/
T w ™ 4z
and the f-sum rule (C.9)
1 [do ne’
= % 7W/XZP(%7W/) = Xﬁjz (¢,0). (12.58)
The form
o’ Xipip (900) _ ne? (12.59)

of the above result, obtained by combining Eqgs.(12.55) and (12.56) will be
used quite often below.

Another possibility is to let A =0. Then, the general Kubo formula (12.32)
gives

§ (ju (@.w)) = =X} (@, w)B(q.w). (12.60)
If we let A(z,t) be independent of z, (q =0) then the vector potential remains

zero (A =0). Again, the response to this pure gauge field through the scalar
potential must be zero, hence

X, (0,w) =0| (12.61)

That this is true, again follows from current conservation since

" (0,
00 = [ L D) (1262

T W —w—1n

and

X (0,u) = / dtei“’tﬁ <{ / drjp (), / dr'p(r')D —0 (12.63)

where the last equality follows from the fact that the total charge [ dr'p(r’) =
eN is a conserved quantity. In other words it commutes with the density
matrix, which allows, using the cyclic property of the trace, to show that the
commutator of e/N with any operator that conserves the number of particles,
vanishes.

Remark 29 Both results Fq.(12.55) and Eq.(12.61) are consistent with the gen-
eral relation found between both types of correlation functions Eq.(12.47). It suf-
fices to take the q — 0 limit assuming that Xﬁjm (gz,w) is finite or diverges less
slowly than 1/q, to prove Eq.(12.61) and to take w — 0 assuming that Xﬁp(%,w)
is finite or diverges less slowly than 1/w to prove Eq.(12.55).
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12.4.2 Longitudinal conductivity sum-rule and a useful expression for the longitudinal
conductivity.

The expression for the longitudinal conductivity

1
i(w +in)

TL€2
I am) = 5 (12:64)

can be written in an even more convenient manner by using our previous results
Eq.(12.59) obtained from the f—sum rule and the spectral representation for the
current-current, correlation function

1 ! /'I‘ 17(4]/ ! /4/. w’w/
Opz(Q,w) = ———— /‘EM _/EM 12.65)
i(w+in) T oW —w—1in ™ w!
1 dw' Xj, ;. (quw')(w + i
i(w+in) T W(wW—w—in)
w’ /7'l 7 ( Iaw/)
O (Qsw) = 1 [ %%} (12.67)

From this formula, we easily obtain with the usual identity for principal parts,
Eq.(11.60)

Re 0y (qz,w) = X“T(q“) (12.68)

from which we obtain the conductivity sum rule valid for arbitrary g,

7 w w2
S22 2 Re 00 (g, w)] = [0, de Xnsal ) — 0 _ 200y (12.69)

directly from the f—sum rule Eq.(12.59). In the above expression, ¢q is the per-
mittivity of the vacuum and w% is the plasma frequency, which we will discuss
later. Using the fact that the real part of the conductivity is an even function
of w, as follows from the fact that X.;/z jo (¢z,w) is odd, the above formula is often
written in the form of an integral from 0 to co. The case g, = 0 needs a separate

discussion, presented in the following section.

Remark 30 Alternate expression: There is no principal part in the integrals ap-
pearing in the last expression. An equivalent but more cumbersome expression for
the longitudinal conductivity, namely,

O'ww(QLan) = P% [X]R;]T (QIaw) - %82} - 775((*}) [XJR;]T (qx,UJ) - %82} (1270)

is obtained from Eq.(12.64) by using the expression for principal parts. It is also
possible to prove the optical-conductivity sum-rule from this starting point. Indeed,
taking the real part and integrating both sides,

> dw B * dw X}, ;,(qz,w) ReXijI (¢z,0)  ne?
/_OO 2m Relowe (@r,w)] = P/_Oo 2m w 2 + 2m
_ e
- 2m

Note that since the conductivity sum rule is satisfied for abitrary q., it is also
satisfied at q, = 0, a limit we will need when computing the conductivity in the
next section.
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Remark 31 Practical use of sum rule: The n that appears in the conductivity
sum rule is the full electronic density. In pratical calculations for experiment, one
stops integrating at a finite frequency, which is smaller than the binding energy
of core electrons. These electrons are then frozen, and the appropriate plasma
frequency is calculated with the free electronic density in the conduction band.

Remark 32 The case of interactions in lattice models: The f—sum rule is par-
ticularly useful because it gives a result that is independent of interactions. We
will see later that for models on a lattice, this is not quite true anymore.

Remark 33 If we need to consider the q, — 0 limait, it is clearly taken last since
we integrate over all frequencies, including w = 0, first. In addition, we are looking
at the longitudinal response, hence we need a small non-zero q, at least to decide
that we are looking at the longitudinal response.

12.5 Exercices

12.5.1 Formule de Kubo pour la conductivité thermique

Dérivez les équations (1) a (19) de la section IT de Particle “A Sum Rule for Ther-
mal Conductivity and Dynamical Thermal Transport Coefficients in Condensed
Matter -I” cond-mat /0508711 par Sriram Shastry (donnez les étapes manquantes
et trouvez les fautes de typographie s’il y en a.). Notez que la représentation de
Lehmann s’obtient facilement en utilisant un ensemble complet d’états intermé-
diaires et en utilisant 1’évolution d’Heisenberg pour les opérateurs (il faut en un
certain sens refaire a ’envers certaine des étapes qui nous ont permis de trouver
la relation entre section efficace calculée par la régle d’or de Fermi et fonction de
corrélation).
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13. DRUDE WEIGHT, METALS,
INSULATORS AND SUPERCON-
DUCTORS

All the above considerations about conductivity, correlation functions and sum
rules may seem rather formal, and even useless. Let us put what we learned to
work. In the present Chapter, we will find some powerful and unexpected results.
For example, one can measure the penetration depth, i.e. the distance over which
a static magnetic field is expelled by a superconductor, by doing instead a finite
frequency conductivity measurement.

If we begin to talk about a superconductor, the first thing that comes to
mind is the DC conductivity. Even if in the end we will see that zero resistance or
infinite conductivity is not what characterizes a superconductor, this is a legitimate
starting point. Suppose we are interested in the DC conductivity. We then need
the response for a uniform, or very long wavelength field, i.e. the limit ¢, — 0
of our earlier formulae. It is important to notice that this is the proper way to
compute the DC conductivity: Take the q — 0 limit, before the w — 0 limit. In
the opposite limit the response vanishes as we saw from gauge invariance (12.55).
Physically, transport probes dynamical quantities. A DC measurement can be seen
as the zero frequency limit of a microwave experiment for example. By taking the
q — 0 limit first, we ensure that we are looking at an infinite volume, where energy
levels can be arbitrarely close in energy. Then only can we take the zero frequency
limit and still get absorption when the state is metallic. Otherwise the discrete
nature of the energy states would not allow absorption in the zero frequency limit.

By asking questions about the DC conductivity, we are clearly beginning to ask
what is the difference between a perfect metal, a superconductor, and an insulator.
This is the question we will focus on in this chapter. The first step is to define the
Drude weight.

13.1 The Drude weight

In the correct limit, the above formulae (12.68) and (12.70) for conductivity give
us either the simple formula,

" 0, w
Re [0 (0, 0)] = X“T() (13.1)
or the more complicated-looking formula
X"’x B (0,w) R ne?
Re[042(0,w)] = P% —m6(w) |Re [xj;, (0,w)] — — (13.2)

The coefficient of the delta function at zero frequency d(w) is called the Drude
weight D:

D = wlim,_ {%z —Re [Xﬁjz (O,w)]] . (13.3)
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Remark 34 Alternate form: While the Drude weight is the strength of the delta
function response in the real part of the conductivity, one can see immediately
from the general expression for the longitudinal conductivity, Eq.(12.6]), that it
can also be extracted from the imaginary part,
D=mn limOwIm [022(0, w)] (13.4)
w—
Remark 35 Alternate derivation: To be reassured that the Drude weight would

also come out from the first expression for the conductivity Eq.(13.1), it suffices
to show that both expressions are equal, namely that

ne2

= —mo(w) {Re [Xﬁjz (0,w)] — o (13.5)

—P

Xjj. (0,0) XG5, (0,0)
w w

To show this, one first notes that given the definition of principal part, the differ-
ence on the left-hand side can only be proportional to a delta function. To prove
the equality of the coefficients of the delta functions on both sides, it then suffices
to integrate over frequency. One obtains

/°° dw )75, (09) /°° dw X5, (0,w) (13.6)
oo T w oo T w
2
—  Lim lim | _ R
= uljlirb qlmlglo [ — Re [x}t;, (qw,w)]] (13.7)

an expression that is clearly correct, as can be shown by using the spectral repre-
sentation (or Kramers-Kronig representation) of the current-current correlation
function and the f—sum rule Eq.(12.59).

Remark 36 Contrary to what happened for conserved quantities in thermody-
namic sum rules, principal parts here are very relevant.

13.2 What is a metal

To understand what is a metal, let us first begin by asking what is the Drude weight
for free electrons. The answer is that for free electrons, the ¢, — 0 conductivity
is a delta function at zero-frequency whose Drude weight is D = 7ne?/m.

Proof: Let the current be nev. Then, using Newton’s equation of motion in an
electric field we find ,

dj(q=0;) ne?

=—E(q=0¢ 13.8
ot m (a ) (13.8)
or with a single applied frequency,
1 ne?
i(g =0 =———" " E(q=0w). 13.9
j(a=0w) Tt m (@=0w) (13.9)
From this we see that the conductivity has only a Drude contribution (free
acceleration).
jla=0w) ne?
JAR T =0w)=m1—190 13.1
Re E(q=0w) Reo(q=0w) = — (w) (13.10)
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For interacting electrons, the current of a single particle is no longer a conserved
quantity and there is a contribution from = lim, .o Re [Xijjz (O,w)]. The rest of
the weight is at finite frequency. Hence, the criterion given by Kohn [6] for a
system to be a metal is that it has a non-zero Drude weight Eq.(13.3) at zero
temperature, in other words infinite conductivity or zero resistance even in the
presence of interactions. At finite temperature or when there is inelastic scattering
with some other system, like the phonons, the delta function is broadened. It can
also be broadened at zero temperature by impurity scattering.

13.3 What is an insulator

Kohn'’s criterion [6] for a material to be an insulator is that it has a vanishing DC
conductivity (or equivalently D = 0). This is the case whenever

dw’ ij]z ,w') _ ne?
hm Re [XJ ;. (0, _‘P—>OIP/ o = (13.11)
Recalling the result obtained from the f—sum rule (or equivalently from gauge
invariance), (12.59)

dw' X5 . (@e,w")  me?
R YENES ?
R 0)= [ —2dede — ~ — 13.12
Xz (82, 0) / T w’ m ( )
this means that when the order of limits can be inverted, the system is an insulator:

lim hm Re [Xﬁjr(qx,w)} = lim hm Re [Xj i (2, w)] - (13.13)

w—0¢gz— X e —0w—0

This occurs in particular when there is a gap A. In this case, then X;l e (gz,w) =0
for all g, as long as w < A. In particular, there can be no contribution from zero
frequency since X] Ja (¢+,0) = 0 so that the principal part integral and the full
integral are equal.

Remark 37 Gapless insulators: The condition of having a gap is sufficient but
not necessary to have an insulator. There are examples where there is no gap in
the two-particle excitations but there is a vanishing DC conductivity. [7]

13.4 What is a superconductor

Finally, superconductors are an interesting case. While gauge invariance (or
f—sum rule) implies (12.55) that

n€2
[Xijjm (42, 0) — 7] =0. (13.14)

there is no such principle that forces the transverse response to vanish. Indeed,
gauge transformations (12.3) are always longitudinal. Hence, it is possible to have,

neQ] _ (q.) €

s, (00) — L (13.15)

m
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where ng is any density less than n. A superconductor will indeed have such a
non-vanishing “transverse Drude weight”. In general we will be interested in the
long wave length limit and the g, dependence can be neglected. We will show in
Eq.(13.31) below that positivity of the dissipation implies that n, cannot be larger
than n.

Definition 7 n, is called the superfluid density.

Remark 38 The term “transverse Drude weight” is a very bad choice of termi-
nology since the order of limits for the Drude weight is very different than for this
transverse case.

To show why a non-vanishing value of ns in Eq.(13.15) is related to supercon-
ductivity it suffices to show that in that case the system exhibits perfect screening
of magnetic fields (the Meissner effect). This is done by starting from the general
formula for the response to a transverse electromagnetic field (12.32)

2
§(jMaw))y = | (E, (aw) - %%b Al (qw).

To simplify the discussion, we take a simple case where the q dependence of the
prefactor can be neglected in the zero-frequency limit, (we keep the zeroth order
term in the power series in q),

(i (@0)T) = " 4T (q,0) (13.16)

We have written ng to emphasize that this quantity is in general different from n.
This quantity, ns is called the superfluid density. The above equation is the so-
called London equation. We take the curl on both sides of the Fourier transformed
expression,

nse?

Vxé <.](r7w:0>> = m

B(r,w=0) (13.17)

and then multiply by p,, the permeability of the vacuum, and use Maxwell’s
equation V x B(r,w=0) = pyj(rw = 0) as well as V x (VxB) = V(V-B) —
V?(B) with V- B =0. The last equation takes the form,

nse?

V*(B)

11oB (13.18)

T m
whose solution in the half-plane geometry shown in figure (13-1) is,
B,(z) = B,(0)e /"

with the London penetration depth

2
_ nge€
A= " 1o, (13.19)

The magnetic field is completely expelled from a superconductor. This is perfect
diamagnetism.

Remark 39 In the case where ng = n, which often occurs at zero temperature in
BCS-like superconductors, we find

ne?  m 1 9

242
“pAL eomnezpy  Eofly c ( )
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Figure 13-1 Penetration depth in a superconductor.

Why are the transverse and longitudinal zero-frequency responses different in
a superconductor? By comparing the result of the f-sum rule Eq.(13.14) with the
definition of the transverse Drude weight Eq.(13.15) this can happen only if

Jim i, (00, 0,0 = 0) # Jim X} 4. (0, qy,0 = 0) (13.21)
or in other words

lim dt/dre’i%zxfj (r,w=0)# lim /dt/dre*iqyyxfj, (r,w=0).
de0 wde ay—0 2

(13.22)
That is the true definition of a superconductor. The above two limits cannot be
inserted in a superconductor because long-range order leads to Xﬁ s (r,w =0)
which does not decay fast enough for the integral to be uniformly convergent.
More on this in a later chapter. In an ordinary metal there is no such long-range
order and both limits are identical so that the London penetration depth is infinite.

13.5 Metal, insulator and superconductor

In all cases, gauge invariance Eq.(12.55), or equivalently particle conservation,

implies that
2

ne
[Xijjm (42, 0) — W] = 0. (13.23)

The difference between a metal, an insulator and a superconductor may be sum-
marized as follows. There are two limits which are relevant. The Drude weight

(13.3)

2
— o lim Lim | — R
D= Wuljlgb qlwlgo [ — Re [xj;, (O,o.;)]] (13.24)
and the transverse analog of the f—sum rule,
3 3 n€2
Dg = mlimg, ¢ limy, o [7 — Xijjy (qm,w)} (13.25)

As we just saw, contrary to its longitudinal analog, Dg is not constrained to
vanish by gauge invariance. It is instead related to the inverse penetration depth
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D | Dg
Metal DO
Insulator 0|0
Superconductor | D | Dg

Table 13.1 Difference between metal, insulator and superconductor, as seen from
the limiting value of correlation functions

in a superconductor. Since the London penetration depth is generally very long
compared with the lattice spacing, the ¢, dependense of Dg, or equivalently the
superfluid density, can be neglected. The table summarizes the results.

A superconductor can unambiguously be defined by the non-vanishing of Dg.
Indeed, a superconductor has a gap to single-particle excitations, like an insulator,
and it has a delta response in the longitudinal direction at zero wave vector, like
a metal. On the other hand, neither metal nor insulators have a non-zero Dg.

Remark 40 Non-standard superconductors: Note that superconductors can be
gapless in the presence of magnetic impurities, and they can also have resistance
in the so-called mized-state.

13.6 Finding the London penetration depth from
optical conductivity

Let us first establish the transverse conductivity sum rule for finite wave vector
probes, such as microwaves, or electromagnetic radiation in general. In a metal,
we already know that

1 ne?
Reoyy(qe,w) = P; [X;'/yjy (qm,w)} — 76 (w) {Re Xﬁ/jy (Gz,w) — o (13.26)

Let us imagine an experiment at finite temperature where the delta function is
broadened. It is easier to also use the fact that the ¢, — 0 and g, — 0 limits can
be interchanged and work with the equivalent formula Eq.(13.1)
1!
X, i (Oa (.d)
Re [0y, (0,w)] = 22—~ (13.27)
‘ w

When we integrate over frequency we find the same result as that predicted by
the f-sum rule, namely

2

/OO g—:Re [0y (0,w)] = /OO dol [x;’yjy(O,w)} ne (13.28)

o oo 2T W ~ 2m

The experiment can be performed above the superconducting transition temper-
ature for example and the integral over frequency done to find the value of the
right-hand side.

Now, assume the system becomes a superconductor, then as we just saw a
superconductor exhibits a true zero-frequency delta function response at finite
wave-vector in the transverse response. This means that Eq.(13.26) for the trans-
verse conductivity may be written

+ Ds (qz) 0 (w) . (13.29)

X5, 5, (42w
Reayy(qw,w):pM
w
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In that case, a conductivity experiment with electromagnetic radiation will not
pick up the piece proportional to 6 (w) in the transverse response Eq.(13.29), so
doing the integral we will obtain

. * dw . > dw 1 7
dmy | e Relom@n] = JmP [ 5o [ )]
o1 R
= qlmlgoiRexjyjy(qw,O) (13.30)
(n —ns) e
= ~— 2" 13.31
5 (13.31)

where we used the result Eq.(13.15) for Re Xijy (gz,0). Note that there is no

difference here between Re Xi iy (¢z,0) and Xi iy (¢z,0) since this is a thermody-
namic quantity at small g,. The delta function in frequency in front of Dg this
time forces us to take the w = 0 limit first. The missing weight for the transverse
response is in the delta function at the origin. The weight of that delta function
is Dg/ (2m) = ngse?/2m. It is necessarily less than ne?/ (2m) so that ny < n as
we had promised to prove. This is called the Ferrell-Glover-Tinkham sum rule. It
is quite remarkable that the penetration depth can be obtained from an optical
conductivity experiment by looking at the missing weight in the f-sum rule.

As a recent example[l1] of how this sum rule can be used is shown on Fig.
(13-2). The nice aspect is that we do not need the frequency integral up to in-
finity. Indeed, at sufficiently high frequency, the absorption in the normal and in
the superconducting state become identical, so the penetration depth is obtained
from the missing area by using our previous result Eq.(13.19), namely )\22 =
ponse?/2m, to relate the two quantities. In a superconductor, many of the exci-
tations are gapped, in other words they do not contribute to absorption. Let us
call the typical gap energy A. For frequencies larger than a few times A, the re-
sults in the superconducting and in the normal state must become identical when
hw becomes larger than the largest gap. For the example given here, this occurs
around 6A.

In the cuprates, there is suggestion that there is missing weight when one tries
to relate ¢ axis conductivity to penetration depth in the underdoped regime.[12]
The in-plane optical conductivity of YBaysCusOr_, satisfies the sum-rule for the
penetration depth but, in the underdoped case, the missing area extends over an
unusually broad frequency range, suggesting that simple models based on Fermi
liquids do not apply. [13]

Remark 41 This is a very elegant result that relates two apparently very different
experiments. We can obtain the zero frequency penetration depth from a finite-
frequency conductivity experiment. This result does not depend on details of the
interaction.

Remark 42 Other manifestation of delta function response: Note that in the
imaginary part of the conductivity, the existence of a non-zero Dg has observable
consequences at finite frequency since the delta function in the real part gives a
long 1/w tail in the imaginary part. More specifically,

1 [ne?
Imoyy(gzw) = |7 Re Xﬁjy (¢, w) | — 70 (w) X7 j, (2, &B.32)
. Ds
ili%wlm Oyy(Qz,w) = — (13.33)

since X;'/yjy (¢z,0) = 0.That is another way to obtain the London penetration depth.
In that case we do not need to know the conductivity at all frequencies, but only
its high frequency tail.
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FIG. 3 (color online). T-dependent o (@) curves. The inset
shows o (w) at 10 and 45 K. The shaded area represents the
missing area due to the opening of superconducting energy gap.

Figure 13-2 A penetration depth of 2080A was obtained from the missing aread in
this infrared conductivity experiment on the pnictide Bag.¢Kg.4FezAss with a T, of
37 K.
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14. RELATION BETWEEN CON-
DUCTIVITY AND DIELECTRIC CON-
STANT

The relation between dielectric constant and conductivity is a matter of macro-
scopic electromagnetism. Hence, since we already know the relation beween con-
ductivity and correlation functions, we will be able to relate dielectric constant
and correlation functions that we can compute later. The dielectric constant is
basic to optical measurements. In infrared spectroscopy for example, one mea-
sures the reflectivity or the transmission coefficient, either of which is related to
the complex index of refraction which follows from the dielectric constant.

We start from Maxwell’s equations. We consider a translationally invariant
system, so that it suffices to consider the Fourier-space version

iq-E=L (14.1)
€0
iqx E=i(w+1in)B (14.2)
iq-B =0 (14.3)
) . (w1
iqx B :MOJ—%E. (14.4)

where g9 = 8.85 x 1072 farad/meter is the permittivity of vacuum and p, =
41 x 1077 henry/meter its permeability. The speed of light is related to these
quantities by gopy = 1/c%.

14.1 Transverse dielectric constant.

Using the definition of transverse conductivity, the last of Maxwell’s equations
reads,
N i (w+in)

iq x B =pyo’ - E— E. (14.5)

2
Using the second Maxwell equation on the left-hand side, as well as iq - E = 0 for
transverse response and q x (q x E) = q(q - E) — ¢°E, we have

- 2 2T
B —pgi (w0 + in) o - B4 ;“7) g= ;”7) ‘;—E (14.6)
0

where the last equality is the definition of the dielectric tensor. If there was no
coupling to matter, the electric field would have the usual pole for light w = ¢q.
In general then,

7 iceopy i

T = _— = _—
€ (qw)=¢e0+ (w+i77)a g0+ (w+i77)a (14.7)
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In the simple case where the dielectric tensor is diagonal, it is related to the
dielectric constant n and the attenuation constant s through /€ = n + ix. Using
the Kubo formula for the conductivity in terms of response function Eq.(12.40),
we have that

2

T w - 1 R 4
€ (q,w) =& (1 — m) I + W (ij (q, w)) . (148)

Remark 43 Bound charges: When one can separate the charges into bound and
> >

free in the calculation oijl}(q, w), the contribution of the bound charges to mxg(q, w)

R d
is usually included with the 1 and called, €T pound-

Remark 44 Transverse current and plasmons: The transverse current-current
correlation function does mot contain the plasmon pole since transverse current
does not couple to charge. (One can check this explicitly in diagrammatic calcu-
lations: The correlation function between charge and transverse current vanishes
i a homogeneous system because the wave-vector for the charge and the vector
for the current direction are orthogonal, leaving no possibility of forming a scalar.
The equilibrium expectation value of a vector vanishes in a homogenous system.
In fact it vanishes even in less general situations which are not enumerated here.)

Remark 45 FElectromagnetic field and plasmon: One can see from the equation
for the electric field (14.6) that in general the electromagnetic field does see the
plasmon (negative dielectric constant for w < w, in Eq.(14.8) means no propaga-
tion below the plasma frequency).

14.2 Longitudinal dielectric constant.

Let the system be subjected to some external charge p.(q,w). The electric field
depends on the total charge, including the induced one

0
iq B =Let00) (14.9)
€0
The longitudinal dielectric constant is defined by
<~
iq-el - E =p,. (14.10)

>
el depends on q and w, it is a retarded response function. With a longitudinal
applied field, the previous two equations lead to

()7 = %g@. (14.11)

The linear response to an external charge can be computed from the response to
the scalar potential it induces

1
¢e(qa w) = ;que(q’w)' (1412)

As above, linear response to

OH(t) = /drp (r) ¢, (r,t) (14.13)
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is given by
4 <p<q7 OJ)> = _Xfp(qaw)¢e(q7w) (1414)

so that simple substitution in the equation for (eL )_1 gives,

EL&L‘U) = % (1 - q2150 XZ(C[,UJ)) . (1415)

Remark 46 Density response and plasmon: The density-density correlation func-
tion appearing there still contains the plasmon pole.

The longitudinal dielectric constant is simply related to the cross section for
inelastic electron scattering encountered at the beginning of this Chapter. Indeed,
the fluctuation-dissipation theorem gives us

2h R 2h o
Syn(e0) = ot I [, 0)] =~ T | s (1420)

The following properties of the dielectric constants are worthy of interest

Remark 47 Kramers-Kronig: €' (q,w) and T}qw) — 1 obey Kramers-Kronig re-
lations since they are causal. Since they are expressed in terms of correlation func-
tions, they also obey sum rules which follow simply from those already derived, in

particular the f—sum rule.
Remark 48 ¢l (q,w) # ¢ (q,w) in general

Looking in what follows at the case w << cq, we assume that VxXE = -2 ~
Then there are simple things to say about the significance of the poles and zeros
of the dielectric constant.

Remark 49 Collective transverse excitations: The poles of €1 are at the collec-
tive transverse excitations. Indeed, let us look since V- D =0 (no free charge) is
garanteed by the fact the excitation is transverse, while V x E =0 implies zero elec-
tric field in a transverse mode. Nevertheless, DT#0 can occur even if the electric
field is zero when €7 = oo. The corresponding poles are those of the transverse

part of xji(q,w).

Remark 50 Collective longitudinal excitations: The zeros of €& locate the lon-

gitudinal collective modes since (eL)_l = Lt o corresponds to internal

€0Pe
charge oscillations. Alternatively, D¥ = 0 as required by the no-free-charge con-

straint V - D =0 but nevertheless EX # 0 is allowed if ¢ = 0. (V x E =0 is
automatic in a longitudinal mode). The corresponding collective modes are also
the poles of Xgp(q,w).
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We now know that correlation functions of charge, spin, current etc... al-
low us to predict the results of various experiments. In quantum mechanics, all
these quantities, such as charge, spin, current, are bilinear in the Schrodinger field
U(r,t), ie p(r,t) = U*(r,t)¥(r,t) for example. What about correlation functions
of the field ¥(r,t) itself? They also are related to experiment, more specifically to
photoemission and tunneling experiments for example. We will come back to this
later. At this point, it suffices to say that if we do experiments where we actually
inject or extract a single electron, then we need to know the correlation function
for a single ¥ field. These correlation functions are called Green’s functions, or
propagators. They are absolutely necessary from a theoretical point of view to get
a full description of the system. They turn out to be easier to compute than corre-
lation functions for transport properties, such as charge-charge or current-current.
So we will finally compute this type of correlation function, Green’s functions,
in this Part. They share a lot of the general properties of correlation functions:
Kramers-Kronig relations, sum rules, high-frequency expansions... But there are
also important differences as will become clearer in later chapters.

One can read on this subject in several books[1][2] [3][4]. Here we introduce
Green’s functions in the simple context of the one-body Schrodinger equation.
This will help us, in particular, to develop an intuition for the meaning of Feynman
diagrams and of the self-energy in a familiar context. Impurity scattering will be
discussed in detail after we discuss definitions and general properties. Finally,
there is an alternate formulation of quantum mechanics, namely Feynman’s path
integral, that arises naturally when we think about the physical meaning of Green’s
functions.

From now on, we work in units where & = 1.
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15. DEFINITION OF THE PROPA-
GATOR, OR GREEN'S FUNCTION

Previously, we needed to know how an operator, such as charge for example, was
correlated with another one at another time. The generalization of this idea for a
one-body wave function is to know how it correlates with itself at different times.
That is also useful because the main idea of perturbation theory is to prepare a
state Uy (r’,t') and to let it evolve adiabatically in the presence of the perturbation
into the new eigenstate ¥(r,t). Let us then show that the evolution of ¥(r,t) is
governed by a propagator, then, later in this chapter, we develop perturbation
theory for the propagator.

Let t = 0 be the time at which the Schrédinger and Heisenberg pictures coin-
cide. Then

U(r,t) = (r|e H | Ty). (15.1)

If instead of knowing the Heisenberg wave function |¥p) we known the initial
value of the Schrodinger wave function

[Wo(t)) = e~ W) (15.2)

we can write the wave function ¥(r,¢) in terms of the initial state in the Schrédinger
picture

U(r,t) = (r| e ) |wy (1)) . (15.3)
To rewrite the same thing in terms of the initial wave function,
Uo(r',t') = (r'| Ug (¢)) (15.4)

it suffices to use a complete set of states
U(r,t)0 (t—t') = /dr’ (e e =) |6y (8] Wy () 0 (¢ — 1) (15.5)

where the 6 (¢ — t') is added to make causality explicit. This last equation may be
rewritten as

W, )0 (t— 1) =i / ' GR (r.t:x' ) o (x', ¥ (15.6)

if we introduce the following definition of the retarded Green’s function in the
position representation

GR (vt t') = —i (x| e HO) ey 0 (¢ — 1) | (15.7)

This may look like a useless exercise in definitions, but in fact there are many
reasons to work with the retarded Green’s function G¥ (r,t;r’,¢'). Suppose we
want to know the expectation value of two one-body operators at different times

e G (r,t;r', ") does not depend on the initial condition Wo(r’,¢').

o GT (rit;r',#') contains for most purposes all the information that we need.
In other words, from it one can extract wave-functions, eigenenergies etc...
Obviously, the way we will want to proceed in general is to express all ob-
servables in terms of the Green’s function so that we do not need to explicitly
return to wave functions. These functions provide an alternate formulation
of quantum mechanics du to Feynman that we discuss in the last chapter of
this part.
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o G (rt;r', ') is the analog of the Green’s function used in the general context
of differential equations (electromagnetism for example).

e Perturbation theory for G (r,t;1’,¢') can be developed in a natural manner.

e G (rt;r', ) is generalizable to the many-body context where it keeps the
same physical interpretation (but not exactly the same mathematical defin-
ition).

Definition 8 G¥ (r,t;r',t') is called a propagator, (or Green’s function), since
it gives the wave function at any time, as long as the initial condition is given.
In other words, it propagates the initial wave function, like Huygens wavelets de-
scribe the propagation of a wave as a sum of individual contributions from point
scatterers.
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16. INFORMATION CONTAINED
IN THE ONE-BODY PROPAGA-
TOR

It is very useful to work with the Fourier transform in time of G (r,t; ', ') because
it contains information about the energy spectrum

GR(r,r';w):—i/ d(t—t) et (| e H (=) ey (=) (16.1)
0

In this expression, we have used the 6 (¢t —¢') and the usual trick of adiabatic
turning on to be able to define the Fourier transform of the 6 function. Insert in
this equation a complete set of energy eigenstates

H|n) = E,|n) (16.2)

(n] e HE) |m) = B ()5, (16.3)

to obtain for the Green’s function

GE (r,v;w) —ZZ (r|n / dte!@Tin=En)t i |r') (16.4)

or using ¥, (r) = (r| n)

GR (I‘, r';w) — Z M = Z L\PEE(:) (16.5)

n w+in—FE, n  w+in

=32, (xl n) (n] o= In) () = (vl =g I0) |

From this form, one can clearly see that

e The poles of G (r,r';w) are at the eigenenergies.
e The residue at the pole is related to the corresponding energy eigenstate.

e This is the analog of a Lehmann representation.

16.1 Operator representation

The last equation may be seen as the position representation of the general oper-
ator

GF(w) = oy (16.6)

which is also called the resolvent operator. In other words,

GE (r,1';w) = (r| GR(w) |r') .
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In real time, the corresponding expression is

~

GR (1) = —ie~ 0 (t) (16.7)

The advanced propagator is

G4 (t) = ie" 1110 (—t) (16.8)

(16.9)

Let us evaluate explicitly the Green’s function for a simple case. Let us take a
free particle. The eigenstates are momentum eigenstates, H |k) = ex |k) .Then,

L KK
w+in—H CwHin —ex

(k| G (w) [K') = (k| (16.10)

16.2 Relation to the density of states

The density of states is an observable which may be found directly from the Green’s
function. The one-particle density of states is defined by

[p(B)=%,0(E—E,)|= Z/dr (n |r) (r| n) 6 (E — E,,) (16.11)

=—1 [drImGE® (r,1; E) (16.12)

which can be rewritten in a manner which does not refer to the explicit represen-
tation (such as |r) above)

p(E) = —1Ty [Im G (E)] . (16.13)

The quantity
1
p(r,E) = ——ImG® (r,r; E) (16.14)
T

is called the local density of states, a quantity relevant in particular when there
is no translational invariance. This is what is measured by scanning tunnelin
microscopes.

16.3 Spectral representation, sum rules and high
frequency expansion

Green’s functions are response functions for the wave function, hence they have
many formal properties that are analogous to those of response functions that we
saw earlier. We discuss some of them here.
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16.3.1 Spectral representation and Kramers-Kronig relations.

Returning to the explicit representation in energy eigenstates, (16.5), it can be
written in a manner which reminds us of the spectral representation

)] - 30 L) _ [ ! T, W )40 2 o )

w4+ —E, 2m w+1in —w’
(16.15)
/Arrw r —2Im G rr,w ;w')
- f dQU:r w+in— w’) - dQLﬂ' w+in—w’ f dw/ f)i;’;} w’ (1616)
which defines the spectral weight
(r,r';w") Z\IJ (r') 276 (W' — E,,) (16.17)

for the one-particle Green’s functions. Note that in momentum space we would
have, for a translationally invariant system,

1 Alk;w’
G () = [ 4 2l (16.18)
with
| Ak w) = —2Im G (kW) (16.19)
Akw') = Z\I! (k) 276 (o' — Ey,) (16.20)
= Z<k| n) (n |k) 276 (W' — Ep). (16.21)
In the case of free particles, there is only a single eigenstate |n) = |k) that

contributes to the sum and we have a single delta function for the spectral weight.
That occurs whenever we are in an eigenbasis.

Remark 51 Assumptions in relating A to ImG® : It is only in the presence of
a time-reversal invariant system that the Schrodinger wave functions ¥, (r) can
always be chosen real. In such a case, it is clear that we are allowed to write
A(r,v;w') = —2Im GE (v,v';w') as we did in Eq.(16.16).

Remark 52 Analogies with ordinary correlation functions. Contrary to the spec-
dw’

tral representation for correlation functions introduced earlier, there is S% in-
stead o dT‘*’/. That is why there is a factor of two in relating the imaginary

part of the Green’s function to the spectral weight. Furthermore, the denomi-
nator involves w+in — w' instead of w' —w —in, which explains the minus sign in
Ak w') = -2ImGE (k;0'), Eq.(16.19). Apart from these differences, it is clear
that A (k;w’) here is analogous to x" (k;w’) for correlation functions.

Analyticity in the upper half-plane implies Kramers-Kronig relations as before.
In fact, the spectral representation itself leads immediately to

' GR
Re [GT (r,1';w)] P/dw m [GR (r, v )] (16.22)
w —w
The other reciprocal Kramers-Kronig relation follows as before.
dw' R GR
Im [GF (r,1;w)] = 777/ o Re | = i: )] (16.23)
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16.3.2 Sum rules

As before, the imaginary part, here equal to the local density of states, obeys sum
rules

/i—i (—2ImG* (r,r;w")) =/d—“/2\yn (r) U (¢') 276 (' — E,)  (16.24)

=3 U, (0) ¥, () =0(r—1) (16.25)

so that )
/d(r - r’)/éi (—2Im G® (r,r';0')) = 1. (16.26)
™

More sum rules are trivially derived. For example,

o T G o] [ asont — [ B
! (16.27)
= [dr(r|H]|r)| (16.28)

In operator form, all of the above results are trivial

o @] [ [ ()] o

= [ dww"Trd (w — H) =Tr(H")

Evaluating the trace in the position representation, we recover previous results.
Special cases include

/dr/i—i (W)" (—2Im G (r, 1)) = /dr (r| H™ |r) (16.30)

dk / dw' | o dk
— [ = (W) (—2Im G (k, k' :/— k| H" |k
o [ o k) = [ 5 017 k)
You may be uneasy with the formal manipulations of operators we did in this
section. If so, you should to back to the derivations at the beginning of this
section which clearly explain what is meant by the formal manipulations.

Remark 53 Recall that in the case of sum rules for X", there was also an implicit
trace since we were computing equilibrium expectation values.

16.3.3 High frequency expansion.

Once we have established sum rules, we can use them for high frequency expan-
sions. Consider the spectral representation in the form

dw' —2Im G® (k, k; ')

R S —
Gk ksw) = o wHhin—u

(16.31)

130 INFORMATION CONTAINED IN THE ONE-BODY PROPAGATOR



Then for w sufficiently large that Im G (k,k;w) = 0 (see remark below), the
Green’s function becomes purely real and one can expand the denominator so
that at asymptotically large frequencies,

=1 duw’
R . ~ Rl N R Lo
G (k,k,w)NnZ_o—wnH/ @) (2m e (k) (16.32)
Integrating on both sides and using sum rules, we obtain,
dk = 1 dk
Gl (k,kw) ~ —/— k| H" |k 16.33
/(%)3 bkl >3 o [ G0 6
or in more general terms,
~ 1
Tr [GR (w)] ~ Y g Tr(H) (16.34)
n=0

which is an obvious consequence of the high-frequency expansion of (16.6)

~R 1

G*(w) = pEpr— (16.35)
Remark 54 Im G (k,k;w) = 0 at high frequency. Indeed consider the relation
of this quantity to the spectral weight Eq.(16.19) and the explicit representation of
the spectral weight Eq.(16.21). Only high energy eigenstates can contribute to the
high-frequency part of Im G (k,k;w) = 0. The contribution of these high-energy
eigenstates is weighted by matriz elements (n |k). It is a general theorem that the
higher the energy, the larger the number of nodes in (n|. Hence, for |k) fized, the
overlap {n |k) must vanish in the limit of infinite energy.

Remark 55 The leading high-frequency behavior is in 1/w, contrary to that of
correlation functions which was in 1/w?.

16.4 Relation to transport and fluctuations

The true many-body case is much more complicated, but for the single-particle
Schrodinger equation, life is easy. We work schematically here to show that, in
this case, transport properties may be related to single-particle propagators in a
simple manner. This example is taken from Ref.[1].

Let S,, (k,w) be the charge structure factor for example.

Spp (k,w) = %/dtem (mt)p_y) = %/dtem <ethpkefthp,k>. (16.36)
The real-time retarded propagator was
G (t) = —ie %9 (1) (16.37)
while the advanced propagator was
G (t) = ie "0 (—t).
The charge structure factor is then expressed in terms of the propagators
Spo o) = o / dtet ((GR (~1) = G4 (=) i (G (1) = G (1) psc) -

(16.38)
Because of the 0 functions, G? (—t) GE (t) = 0.
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Remark 56 Alternate proof: We can also see this in the Fourier transform ver-
sion

du’ R AA (1 AR (1 AA (1
5[ E (67 @) -G @) e (G (@ +) = G ) i)
(16.39)
Integrals such as [ 4% 4’ R (') GB (w' — w) vanish because poles are all in the same
half-plane.

Spp (k,w) =

The only terms left then are

Spp (ko) = $ [ 4L (GR (@) A (& + ) p_ie + G4 () eGR4+ ) p_ic)

(16.40)
In a specific case, to compute matrix elements in the energy representation, one
recalls that

1 1

) =gy ————— 16.41
oy Ll o (16:41)

1

A I /
G ‘B

(n,n, )—<Tl| i |n)

GR(n,n'; E) = (n]

(16.42)

16.5 Green's functions for differential equations

The expression for the propagator (15.6)
U(r, )0 (t—t') = i/dr’GR (r,t;7, ") Wo(r', ) (16.43)

clearly shows that it is the integral version of the differential equation which evolves
the wave function. In other words, it is the inverse of the differential operator for
U(r,t). That may be seen as follows

0
5 r1) (16.44)
=i (t—t")U(r,t)+ H(r)0(t—t')¥(r,t). (16.45)

where we have used the Schrodinger equation in position space (that is why H (r)
appears). Replacing U(r,t)0 (t —t’') in by its expression in terms of propagator,
and using ¢ (t — ') U(r,t) = Yy(r,t’) we obtain

’L% [\Ij(r,t)e (t — t/)] =10 (t — tl) \I/(I', t) +i0 (t N tl)

z’% {z / ' GR (.t 1) Wo (¥, t’)} - (16.46)

AV 1‘131‘—1‘/ .t r) |i I‘/RI"I‘// .t
(601 [ s’ (=) Wole'. ) + 1 1) [i [ G rtse’ ) v ’7(51)6]47)

and since the equation is valid for arbitrary initial condition Wy (r’,¢'), then either
by inspection or by taking ¥o(r',t') = (r' — r’’) we find,

[i% — H ()] G (rix" ¢) =5t —t)0° (r—1") | (16.48)

This is indeed the definition of the Green’s function for the Schrédinger equation
seen as a differential equation.

132 INFORMATION CONTAINED IN THE ONE-BODY PROPAGATOR



Remark 57 Historical remark: Green was born over two centuries ago. At age
35, George Green, the miller of Nottingham, published his first and most important
work: “An Essay on the Applications of Mathematical Analysis to the Theory of
Electricity and Magnetism” dedicated to the Duke of Newcastle. It is in trying
to solve the differential equations of electromagnetism that Green developed the
propagator idea. Ten years after his first paper, he had already moved from the
concept of the static three-dimensional Green’s function in electrostatics to the
dynamical concept. Green had no aristocratic background. His work was way
ahead of his time and it was noticed mainly because of the attention that Kelvin
gave it.

We can do the same manipulations in operator form. Recalling that
GR (1) = —ie "0 (1) (16.49)

with H the Hamiltonian operator for the Hilbert space, then the differential equa-
tion which is obeyed is

[i% - H] GP(t) =6 (t) (16.50)

which takes exactly the form above, (16.48) if we write the equation in the position
representation and use the completeness relation [dr|r)(r| = 1 a few times.
Formally, we can invert the last equation,

GR(t)=[i2 —H]"6(t) (16.51)

which is meaningless unless we specify that the boundary condition is that G (—o00) =
0. This should be compared with Eq.(16.6).

Remark 58 Boundary condition in time vs pole location in frequency space: From
the equation for the propagator (16.48) it appears that one can add to G (rt;r’',t')
any solution of the homogeneous form of the differential equation (right-hand side
equal to zero). The boundary condition that GF (v,t;x', ') vanishes for allt—t' < 0
(the in) and is equal to —i at t = 0 makes the solution unique. For a first-order
differential equation, one boundary condition at t —t' = 0T suffices to know the
function at t —t' > 0. We will not know then the value before t —t' = 0 but
we specify that it is equal to zero as long as t —t' < 0. In frequency space, this
latter assumption moves the poles away from the real axis. To be more explicit,
the general solution of the differential equation is G (t) = —ie~ "0 (t) — iCe H?,
where the constant C' multiplies the solution of the homogeneous equation. Taking
into account the initial condition G (0) = —i, which follows from the definition of
G (0), as well as the vanishing of GR (t) for negative times, implies that C =0 for
the retarded function. Correspondingly, for G (r,t;x’,t') we need to specify the
vanishing of the function at t —t' > 0 and we can find its value at all times prior
tot—t = 0™ by stating that it is equal to +i at that time. Indeed, in that case
C=—-1inG(t) = —ie 70 (t)—iCe 1t s0 that GA (t) = —ie "0 (t)+ie "t =
ie" "0 (—t), as in the earlier definition Eq.(16.8).
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16.6 Exercices

16.6.1 Fonctions de Green retardées, avancées et causales.

Soit la fonction de Green pour des particules libres:

1
{z% + %V2] Gr—rt)=8(r—1)d()

a) Calculez G (k,w) en prenant la transformée de Fourier de cette équation
d’abord dans ’espace, puis dans le temps. Pour la transformée de Foureir spatiale,
on peut supposer que G (r — r’;t) = 0ar — r’ = +00. Dans le cas de la transformée
de Fourier dans le temps, intégrez par parties et montrez que le choix +in est
déterminé par I’endroit ot G s’annulle, soit & t = co ou & t = —o0. Une de ces
fonctions de Green est la fonction dite avancée.

b) Rajoutez a la fonction retardée une solution de la version homogene de
I’équation différentielle pour obtenir une fonction de Green qui ne s’annule ni &
t =oconiat= —o0etquiestle plus symétrique possible sous le changement
(t — —t), plus spécifiquement G% (k,t) = G, (k,—t). C’est la fonction de Green
”Causale” (Time-ordered).

c) Calculez la fonction de Green retardée G (r — r’;t) pour une particule libre
en trois dimensions en prenant la transformée de Fourier de G (k,w).
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17. A FIRST PHENOMENOLOG-
ICAL ENCOUNTER WITH SELF-
ENERGY

In this short Chapter, we want to devlop an intuition for the concept of self-energy.
The concept is simplest to understand if we start from a non-interacting system
and assume to add interactions with a potentail or whatever that change the
situation a little. We will be guided by simple ideas about the harmonic oscillator.

Let us start then from the Green function for a non-interacting particle in
Eq.(16.10)

1 __KK)

(k| G (w) [K') = GF (k,w) = (K| PR — k)

=— . (17.1)
W+ — €k

Since the momentum states are orthogonal, it is convenient to define G (k,w) by

1

G (ko) = =

The corresponding spectral weight is particularly simple,
Ap (kw) = —2Tm G¥ (k,w) = 276 (w — &) . (17.2)

We should think of the frequency as the energy. It is only for a non-interacting
particle that specifying the energy specifies the wave vector, since it is only in that
case that w = ¢y.
In general, if momentum is not conserved, the spectral representation Eq.(16.18)
_[du Ak W)

¢Hlaw) = | S o = (7.3

and the explicit expression for the spectral weight Eq.(16.21)

Ak = Z (k| n) (n |k) 278 (W' — E,) (17.4)

n

tells us that a momentum eigenstate has non-zero projection on several true eigen-
states and hence A (k;w’) is not a delta function.

Intuitively, for weak perturbations, we simply expect that A (k;w’) will broaden
in frequency around w = £ where £y is close to ex.We take this intuition from
the damped harmonic oscillator where the resonance is broadened and shifted by
damping. If we take a Lorentzian as a phenomenological form for the spectral
weight

2r
(w—2)? 4172

then the Green’s function can be computed from the spectral representation Eq.(17.3)
by using Cauch’s residue theorem. The result is

Ak w') = (17.5)

1

Gl = S g T

(17.6)
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We have neglected in in front of iI.It is easy to verify that —2Im G7 (k,w) gives
the spectral weight we started from.

With a jargon that we shall explain momentarily, we define the one-particle
irreducible self-energy by

1 1
Cwtin—ea—YR(kw)  GE(kw) - %R (kw)

GE (k,w) (17.7)

Its physical meaning is clear. The imaginary part Im X (k,w) = I corresponds to
the scattering rate, or inverse lifetime, whereas the real part, Re 2% (k,w) = g —¢x
leads to the shift in the position of the resonance in the spectral weight. In other
words, ¥ (k,w) contains all the information about the interactions.

With the simple approximation that we did for the self-energy,

2 (k,w) =2k — e — T, (17.8)

one notices that the second moment n = 2 in Eq.(16.30) diverges because the sec-
ond moment of a Lorentzian does. Hence, the high-frequency expansion becomes
incorrect already at order 1/w®. We need to improve the approximation to recover
higher frequency moments. Nevertheless, in the form

G (kw) ' =GF (kW) = 2F (kw) (17.9)

equivalent to that given above, there is no loss in generality. The true self-energy
is defined as the difference between the inverse of the non-interacting propagator
and the inverse of the true propagator. Lifetimes and shifts must in general be
momentum and frequency dependent.
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18. PERTURBATION THEORY
FOR ONE-BODY PROPAGATOR

Feynman diagrams in their most elementary form appear naturally in perturbation
theory for a one-body potential. We will also be able to introduce more precisely
the notion of self-energy and point out that the definition given above for the self-
energy, GE (k,w)™" = G& (k,w) " — £ (k,w) is nothing but Dyson’s equation.
As an example, we will treat in more details the propagation of an electron in a
random potential.

18.1 General starting point for perturbation theory.

If we can diagonalize H, then we know the propagator

G (W) = o= (18.1)

from the identities we developed above,

1 1

R / /
E = _— :6,”"/7_

(18.2)

GE (r,r';w) = Z —\I;nil‘i)n\m g;) (18.3)

We want to develop perturbation methods to evaluate the propagator in the
case where one part of the Hamiltonian, say Hy can be diagonalized while the
other part, say V, cannot be diagonalized in the same basis. The easiest manner
to proceed (when V is independent of time) is using the operator methods that
follow. First, write R

(w+in—Hy—V)GF(w) = 1. (18.4)

Putting the perturbation V' on the right-hand side, and using
1

AR
= 18.
Gl = o m (185)
we have .
(égﬁ (w)) GR (W) =1+ VGE (). (18.6)
Multiplying by @5” (w) on both sides, we write the equation in the form
GR(w) = GE (w) + GE (w) VGE (W) | (18.7)

In scattering theory, this is the propagator version of the Lippmann-Schwinger
equation. Perturbation theory is obtained by iterating the above equation.

G (w) = GF (w) + GE (W) VGE (w) + GE (W) VGE (W) VGE (w) +...  (188)
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At first sight we have done much progress. We cannot invert the large matrix H to
compute G (w) but we have expressed it in terms of quantities we know, namely
GE (w) and V.We know GE (w) because by hypothesis Hy can be diagonalized. At
first sight, if we want to know the propagator to a given order, we just stop the
above expansion at some order. Stopping the iteration at an arbitrary point may
however lead to misleading results, as we shall discuss after discussing a simple
representation of the above series in terms of pictures, Feynmann diagrams.

But before this, we point out that perturbation theory here can be seen as
resulting from the following matrix identity,

1 _
X+Y

ivio (18.9)

=

To prove this identity, multiply by X + Y either from the left or from the right.
For example

1
X+Y

1 1 1.1
(X4Y)= X+ 5Y = Vo (X 4Y) =1 (18.10)

18.2 Feynman diagrams for a one-body potential
and their physical interpretation.

The Lippmann Schwinger equation Eq.(18.7) may be represented by diagrams.
The thick line stands for G% (w) while the thin line stands for @(If (w) and the
dotted line with a cross represents the action of V.

Tterating the basic equation (18.7), one obtains the series

G (w) = GF (w) + GE (W) VGE (W) + GE (W) VGE (w) VGE (w) +...  (18.11)

which we represent diagrammatically by Fig.(18-1). Physically, one sees that
the full propagator is obtained by free propagation between scatterings off the
potential.

* = - + - *

Figure 18-1 Diagrammatic representation of the Lippmann-Schwinger equation for
scattering.

18.2.1 Diagrams in position space

To do an actual computation, we have to express the operators in some basis. This
is simply done by inserting complete sets of states. Using the fact that the potential
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is diagonal in the position representation, (ri|V |r2) = d (r1 —r2) (r1] V|r1), we
have that

(x| G (w) [t') = (x] GFF (w) ')+ / dr, / drz (x| GE (@) [r1) (1] V [r2) (ro] GE (@) 1)+
(18.12)
— (x| GF (@) Ir') + / dry (x| GE (@) [ry) (1] V 1) (0] G @) 6) + .. (18.13)

Remark 59 Physical interpretation and path integral: Given that (r| GR(w) [r')
is the amplitude to propagate from (r| to |r'), the last result may be interpreted
as saying that the full propagator is obtained by adding up the amplitudes to go
with free propagation between (r| and |r’), then with two free propagations and one
scattering at all possible intermediate points, then with three free propagations and
two scatterings at all possible intermediate points etc... The Physics is the same
as that seen in Feynman’s path integral formulation of quantum mechanics that we
discuss below.

One can read off the terms of the perturbation series from the diagrams above

by using the following simple diagrammatic rules which go with the following figure
(18-2).

V()
K

Figure 18-2 Iteration of the progagator for scattering off impurities.

e Let each thin line with an arrow stand for (r| é{f (w)|r'). One end of the
arrow represents the original position r while the other represents the final
position r’ so that the line propagates from r to r’. Strictly speaking, from
the way we have defined the retarded propagator in terms of propagation of
wave functions, this should be the other way around. But the convention we
are using now is more common.

e The X at the end of a dotted line stands for a potential (r1|V |rs) =
) (1‘1 - I‘Q) \% (I‘l).
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e Diagrams are built by attaching each potential represented by an X to the
end of a propagator line and the beginning of another propagator line by a
dotted line.

e The intersection of a dotted line with the two propagator lines is called a
vertex.

e There is one dummy integration variable f dry over coordinates for each
vertex inside the diagram.

e The beginning point of each continuous line is (r| and the last point is |r’).
These coordinates are not integrated over.

e The propagator is obtained by summing all diagrams formed with free prop-
agators scattering off one or more potentials. All topologically distinct pos-
sibilities must be considered in the sum. One scattering is distinct from two
etc...

18.2.2 Diagrams in momentum space

Since the propagator for a free particle is diagonal in the momentum space rep-
resentation, this is often a convenient basis to write the perturbation expan-
sion in (18.11). Using complete sets of states again, as well as the definition
(k| GE (w) [K') = GE (k,w) (k| K') = GE (k,w) (27)° 6 (k — k') we have that for a
particle with a quadratic dispersion law, or a Hamiltonian Hy = p?/2m

1
wHin— 27

2m

Gl (k,w) = (18.14)

In this basis, the perturbation series becomes
dky

27r)3
Solving by iteration to second order, we obtain,

(K| G" (w) [K) = G (k,w) (k| k) + G (k,w) (k| V[K) G (K,w)  (18.16)

GE (k,w) (k| V k1) (k| G (w) K.
(18.15)

(K| G (w) [K) = GE (k,w) (K| K') + / :

dk
+/ B ;3 GY (k,w) (k| V |k1) G (k1,w) (k1| V |[K) GF (K, w) + ...  (18.17)
s
The diagrams shown in the following figure Fig.(18-3) are now labeled differently.
The drawing is exactly the same as well as the rule of summing over all topologi-
cally distinct diagrams.
However,

e Fach free propagator has a label k,w. One can think of momentum k flowing
along the arrow.

e Fach dotted line now has two momentum indices associated with it. One
for the incoming propagator, say k, and one for the outgoing one, say k”.
The potential contributes a factor (k| V' |k”). One can think of momentum
k — k” flowing along the dotted line, and being lost into the X.

e One must integrate f % over momenta not determined by momentum

conservation. If there are n potential scatterings, there are n — 1 momenta
to be integrated over.
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Figure 18-3 Feynman diagrams for scattering off impurities in momentum space
(before impurity averaging).

18.3 Dyson's equation, irreducible self-energy

How do we rescue the power series idea. We need to rearrange the power series
so that it becomes a power series not for the Green’s function, but for the self-
energy that we introduced earlier. This idea will come back over and over again.
We discuss it here in the simple context of scattering off impurities. Even in this
simple context we would need in principle to introduce the impurity averaging
technique, but we can avoid this.

The Green’s function describes how a wave propagates through a medium. We
know from experience that even in a random potential, such as that which light
encounters when going through glass, the wave can be scattered forward, i.e. if
it comes in an eigenstate of momentum, a plane wave, it can come out in the
same eigenstate of momentum. So let us compute the amplitude for propagating
from (k| to |k) using perturbation theory. Suppose we truncate the perturbation
expansion to some finite order. For example, consider the truncated series for the
diagonal element (k| GF (w) |k)

(k| G (w) k) = G (k,w) (k| k) + G (k,w) (k| V[k) G (k,w) (k| k) (18.18)

Stopping this series to any finite order does not make much sense for most calcu-
lations of interest. For example, the above series will give for (k| GT (w) k) simple
and double poles at frequencies strictly equal to the unperturbed energies, while we
know from the spectral representation that (k| G (w) |k) should have only simple
poles at the true one-particle eigenenergies. Even more disturbing, we know from
Eqgs.(16.19) and (16.21) that the imaginary part of the retarded Green’s function
should be negative while these double poles lead to positive contributions. These
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positive contributions come from the fact that

Im;” - —ilm.;kz (18.19)
(w+i _2lc_m) ow  wHin— 5=
0 k2
= T (w- L 18.2
ﬂ-@w(s (w 2m> (18.20)

This derivative of a delta function can be positive or negative depending from
which side it is approached, a property that is more easy to see with a Lorentzian or
Gaussian representation of the delta function. Clearly, the perturbation expansion
truncated to any finite order does not seem very physical. It looks as if we are
expanding in powers of

k|V |k
0V ) Gf (i) = — VI (18.21)
W+ — 5~
a quantity which is not smal for w near the unperturbed energies %

If instead we consider a subset of the terms appearing in the infinite series,
namely

(K| G" (w) [k) = G (k,w) (k| k) + G (k,w) (k| V |k) G (k,w) (k| k) (18.22)
+ GF (k,w) (k| V k) GF (k,w) (k| V |k) GF (k,w) (k| k) + ... (18.23)
which may be generated by
(k|G (w) k) = Gl (k,w) (k| k) + G (k,w) (k| V [k) (k| G" (w) [k) ~ (18.24)
then things start to make more sense since the solution

(k| k)

k| GE () k) = T
e (G (k,w))  — (k| V k)

(18.25)

has simple poles corresponding to eigenenergies shifted from % to % + (k| V |k)
as given by ordinary first-order perturbation theory for the energy. To get the
first-order energy shift, we needed an infinite-order expansion for the propagator.
However, the simple procedure above gave (k| GT (w)|k) that even satisfies the

first sum rule [ 227y [—2 Im (@R (w))} = Tr[H°] = 1 as well as the second

de Ty [—QIm (GR)} = T [H].

Even though we summed an infinite set of terms, we definitely did not take into
account all terms of the series. We need to rearrange it in such a way that it can
be resummed as above, with increasingly accurate predictions for the positions of
the shifted poles.

This is done by defining the irreducible self-energy Y (k,w) by the equation

(k| GR (w) k) = GE (k,w) (k| k) + GE (k,w) BF (k,w) (k| G (w) k) | (18.26)

This is the so-called Dyson equation whose diagrammatic representation is given
in Fig.(18-4) and whose solution can be found algebraically

(k| k)

k| GF (w) |k) = - :
Tl (G (k,w)) =2 (k,w)

(18.27)

The definition of the self-energy is found in principle by comparing with the
exact result Eq.(18.15) obtained from the Lippmann-Schwinger equation. The
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* = > + > %

Figure 18-4 Dyson'’s equation and irreducible self-energy.

algebraic derivation is discussed in the following section, but diagrammatically
one can see what to do. The self-energy > (k,w) should contain all possible
diagrams that start with an interaction vertex with entering momentum k, and
end with an interaction vertex with outgoing momentum k and never have in the
intermediate states G& (k’,w) with k’ equal to the value of k we are studying. The
entering vertex and outgoing vertex is the same to first order. One can convince
one-self that this is the correct definition by noting that iteration of the Dyson
equation (18.26) will give back all missing G& (k,w) in intermediate states.

> (k,w) is called irreducible because a diagram in the self-energy cannot be cut
in two separate pieces by cutting one G (k,w) with the same k. In the context of
self-energy, one usually drops the term irreducible since the reducible self-energy
Y (w), defined by G (w) = G (w) + Gt (w) 2 (w) GE (w) , does not have much
interest from the point of view of calculations. The last factor in that last equation
is G& (w) instead of the full G® (w) .Hence ¥ contains diagrams that can be cut
in two pieces by cutting one G& (k,w) .

To first order then, Y (k,w) is given by the diagram in Fig.(18-5) whose alge-
braic expression can be read off

$EO (k,w) = (k| V |K) . (18.28)

V(0)
K

#
|

Figure 18-5 First-order irreducible self-energy.

This is the first-order shift to the energies we had found above. To second
order, the diagram is given in Fig.(18-6) and its algebraic expression is

SRC) (i, w) = /k . (;l:) (K V k) GF (k) (ka| V). (18.29)

The result is now frequency dependent and less trivial than the previous one.
There will be a non-zero imaginary part, corresponding to the finite lifetime we
described previously in our introduction to the self-energy in Chap.17

What have we achieved? We have rearranged the series in such a way that
simple expansion in powers of V is possible, but for the irreducible self-energy.

Remark 60 Locator expansion: The choice of Hy is dictated by the problem. One

could take V as the unperturbed Hamiltonian and the hopping as a perturbation.
One then has the “locator expansion”.
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Figure 18-6  Second order irreducible self-energy (before impurity averaging).

Remark 61 Strictly speaking the irreducible self-energy starting at order three
will contain double poles, but at locations different from ey and in addition these
will have negligible weight in integrals so they will not damage analyticity proper-
ties.

18.4 Exercices

18.4.1 Reégles de somme dans les systémes désordonnés.

La seconde quantification est prérequise a cet exercice. Soit 'Hamiltonien de
liaisons fortes pour une chaine unidimensionnelle:

H= Zeiaj'ai + tz (aj'az-“ + a;:_lai)
i i

ol a; est un opérateur de destruction sur le site i. Les énergies ¢; des sites ont
une valeur ¢y avec une probabilité x et une valeur ¢; avec une probabilité 1 — x.
Il n’y a qu’une particule.

a) Utilisez les régles de somme pour calculer la valeur moyenne sur le désordre
du moment d’ordre 0 et du moment d’ordre 1 de la densité d’états totale p (w),
ie. calculez la valeur moyenne sur le désordre de [ dww"p (w) pour n =0, 1.

b) Calculez aussi p (w) lorsque la chaine est ordonnée, i.e. z = 1.

18.4.2 Développement du locateur dans les systémes désordonnés.

Soit une particule sur un réseau ou I’énergie potentielle sur chaque site i est aléa-
toire (I’espace des positions est maintenant discret et les intégrales peuvent étre
remplacées par des sommes).

a) Décrivez dans l'espace des positions les diagrammes pour la théorie des
perturbations permettant de calculer G;; lorsque le potentiel joue le role de Hy
—diagonal dans l’espace des positions i— et les éléments de matrice H;; de la
perturbation sont non-nuls seulement lorsque deux sites ¢ et j sont premiers voisins.
Il n’est pas nécessaire de faire la moyenne sur le désordre.

b) Comment définirait-on la self-énergie de Dyson pour Gj;, toujours sans faire
la moyenne sur le désordre?
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18.4.3 Une impureté dans un réseau: état lié, résonnance, matrice 7.

Considérons des électrons qui n’interagissent pas I'un avec I’'autre mais qui sautent
d’un site & lautre sur un réseau. Les intégrales sur la position deviennent des
sommes discrétes. On suppose ce réseau invariant sous translation et on note
les éléments de matrice de ’'Hamiltonien (i| H |j) = t;; sauf pour une impureté,
située a Porigine, caractérisée par un potentiel V local. A partir de Péquation de
Lippmann-Schwinger, on voit que I’équation du mouvement pour la fonction de
Green retardée dans ce cas est

Z ((51'7@ (w + Z"/]) — tig) GR (é,j; w) = 51’,]’ + (5i70VGR (O,j;w) (1830)
4

On suppose qu’on connait la solution du probléme lorsque I'impureté est absente,
i.e. qu’on connait

> (G (w+in) — tie) G§ (€, 5;w) = 8 (18.31)
‘
a) Utilisant ce dernier résultat, montrez que
GR (i, j;w) = G& (i, j;w) + G (1,0;w) VGT (0, j; w) (18.32)
b) Résolvez I’équation précédente pour GF (0,5;w) en posant i = 0 puis dé-
montrez que dans le cas général
G (i, j;w) = G (4, jiw) + G’ (i, 0;w) T (0,0;w) G5 (0, j;w) (18.33)
ou la matrice T' est définie par

|4

R(0,0,w) =
(0,0:) 1-VGE(0,0;w)

(18.34)

La matrice T tient compte exactement de la diffusion provoquée par 'impureté.
Dans le cas de I'approximation de Born, il n’y aurait eu que le numérateur pour
la matrice T

Nous allons calculer maintenant la densité d’états locale sur I'impureté.

c¢) Démontrez d’abord que les poles G& (0,0;w) du probléme sans impureté
n’apparaissent plus directement dans ceux du nouveau propagateur G (0, 0; w) et
que les poles de ce dernier sont plutot situés 1a ou

1-VGE(0,0,w)=0 (18.35)
d) Posons (h=1)

N
1
GEF(0,0;w) = = 18.36
0(7 ) NZ::w—i—m—sk ( )

ol les ey sont les énergies propres du systéme sans impureté. En ne dessinant qu’'un
petit nombre des valeurs de i possibles et en notant que celles-ci sont trés prés
l'une de 'autres (distantes de O(1/N)), montrez graphiquement que les nouveaux
poles donnés par la solution de 1 — V Re G& (0,0;w) = 0 ne sont que légérement
déplacés par rapport & la position des anciens poles, sauf pour un nouvel état lié
(ou anti-lié) qui peut se situer loin de 'un ou de 'autre des bords de I’ancienne
bande & condition que V' > V ou V' < V{. Pour ce dernier calcul, on utilise la

limite N = oo,
1 N
> - /N(a) de (18.37)
k=1

EXERCICES 145



et les définitions

1 N (g) de ; i/E N (e) de (18.38)
Vo wp — € VO wB/—g

wp et wps étant respectivement définies comme les fréquences supérieures et in-
férieures des bords de la bande .
e) Montrez que la densité d’états locale sur I'impureté est donnée par

N (w)
[1 VP —N@)df] V2N ()2

(18.39)

w—¢€

Par rapport a la densité d’états N (w) de la bande originale, cette densité d’états
est donc augmentée ou réduite, selon que le dénominateur est plus petit ou plus
grand que 'unité. En particulier, méme lorsqu’il n’y a pas d’état lié ou anti-lié, il
est quand méme possible qu’il y ait une forte augmentation de la densité d’états
pour une énergie située a I'intérieur de la bande. La position de la résonnance w,.

est donnée par
N
1-VP / Niede (18.40)

Wy — €
et sa largeur est approximativement donnée par Vi N (w,.).

f) A partir du résultat précédent, montrez qu’en dehors de 'ancienne bande,
c’est-a~dire 1a o N (w) — 0, une fonction delta apparait dans la densité d’états
lorsqu’il y a un état lié ou anti-lié¢ et calculez le poids de cette fonction delta.
Laissez les résultats sous forme d’intégrale sans les évaluer explicitement.
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19. FORMAL PROPERTIES OF
THE SELF-ENERGY

We will come back in the next chapter on the properties of the self-energy and of
the Green function but we give a preview. Given the place where the self-energy
occurs in the denominator of the full Green function Eq.(18.27), we see that its
imaginary part has to be negative if we want the poles of GF (w) to be in the lower
half-plane. Also, from the Dyson equation (18.26), the self-energy is analytic in
the upper half-plane since (k| G® (w) [k) itself is. Analyticity in the upper half-
plane means that Y% (k,w) obeys Kramers-Kronig equations analogous to those
found before for response functions,
! R rol
Re [ER (r,v';w) — 28 (r,1/; oo)} =P dﬁlm [E (r,r'sw )} . (19.1)

T w—w

dw' Re [SF (r,r;0') — BB (r,1'; 00)]

w—w

Im [2F (r,r);0)] = —77/ (19.2)
One motivation for the definition of the self-energy is that to compute the shift
in the energy associated with k, we have to treat exactly the free propagation with
Gl (k,w).
The self-energy itself has a spectral representation, and obeys sum rules. To
find its formal expression, let us first define projection operators:

dk’
Sl e=1-P= [ WIS 93)

with the usual properties for projection operators
P2P=P ; Q°=0Q ; P+Q=1 (19.4)

The following manipulations will illustrate methods widely used in projection op-
erator techniques.[5]
Since Hj is diagonal in this representation, we have that

PGE (k,w) Q= QGE (k,w)P =0 (19.5)

We will use the above two equations freely in the following calculations.
We want to evaluate the full propagator in the subspace |k). Let us thus
project the Lippmann-Schwinger equation

PGEP = PGEP+PGEVGEP = PGEP+PGEVPGEP+PGEVQGEP. (19.6)

To close the equation, we need Q@RP, which can also be evaluated,

QGHP = QGEVGHEP = QGEVPGEP + QGEV QGHP (19.7)
oGHRP = %Q@?V?’@RP (19.8)
1-9GEVQ

Substituting in the previous result, we find

1

—  OGERV|PGEP 19.9
om0 (19.9)

PGRP = PGEP + PGEV |1+
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PGRP = PGEP + PGEPV |1+ QGEVP| PGRP  (19.10)

1-QGEVQ
This means that the self-energy operator is defined algebraically by

SE=PVP+PVQ QGHovP| (19.11)

1
1-0GTQVQ

This is precisely the algebraic version of the diagrammatic definition which we gave
before. The state k corresponding to the projection P never occurs in intermediate
states, but the initial and final states are in P.

Remark 62 Self-energy as a response function: Spectral representation, sum
rules and high frequency expansions could be worked out from here. In partic-
ular, the first-order expression for the self-energy suffices to have a propagator
which satisfies the first two sum rules. Note that we could continue the process
started here and decide that for the self-energy we will take into account exactly
the propagation in a given state and project out everything else. This eventually
generates a continued fraction expansion.[5]

Remark 63 High-frequency behavior of self-energy and sum rules: Given the 1/w
high-frequency behavior of CAJ(IJ%, one can see that the infinite frequency limit of the
self-energy is a constant given by PVP = |k) (k| V |k) (k| and that the next term
in the high-frequency expansion is PVQ%QVP as follows from the high-frequency
behavior of @(}f’ We will see in the interacting electrons case that the Hartree-Fock
result is the infinite-frequency limit of the self-energy.

Remark 64 Projection vs frequency dependence: By projecting out in the sub-
space |k) (k|, we have obtained instead of the time-independent potential V, a
self-energy X which plays the role of an effective potential which is diagonal in
the appropriate subspace, but at the price of being frequency dependent. This is
a very general phenomenon. In the many-body context, we will want to remove
instantaneous two-body potentials to work only in the one-body subspace. When
this is done, a frequency dependent self-energy appears: it behaves like an effec-
tive frequency dependent one-body potential. This kind of Physics is beyond band
structure calculations which always work with a frequency independent one-body
potential.
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20. ELECTRONS IN A RANDOM
POTENTIAL: IMPURITY AVERAG-
ING TECHNIQUE.

We treat in detail the important special case of an electron being scattered by a
random distribution of impurities. This serves as a model of the residual resistivity
of metals. It is the Green’s function version of the Drude model for elastic impurity
scattering. One must however add the presence of the Fermi sea. When this is
done in the many-body context, very little changes compared with the derivation
that follows. The many-body calculation will also allow us to take into account
inelastic scattering. We start by discussing how to average over impurities, and
then we apply these results to the averaging of the perturbation series for the
Green’s function.

20.1 Impurity averaging

Assume that electrons scatter from the potential produced by uniformly distrib-
uted impurities

Ve (r) = ' v(r—Ry) (20.1)

where each of the N; impurities produces the same potential v but centered at a
different position R;. We have added the index C to emphasize the fact that at this
point the potential depends on the actual configuration of impurities. We want
to work in momentum space since after averaging over impurities translational
invariance will be recovered. This means that the momentum representation will
be the most convenient one for the Green’s functions.

Vo (q) = /clr(fiq"r ZU (r—R;) = Z e AR /dreiiq'(FR”)v (r—R;)
i=1 i=1

. (20.2)
= (q) Z e laR (20.3)

We assume that the impurities are distributed in a uniform and statistically
independent manner (The joint probability distribution is a product of a factor 1/V
for each impurity). Denoting the average over impurity positions by an overbar,
we have for this distribution of impurities,

AL i1 . N,
To@ =@ (%) =vl@Y_ g [ dRie ™ —v(a) 3 2n)" 5 ()
= - (20.4)
= n,v (0) (27)% 6 (q) (20.5)
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where n; is the impurity concentration. We will also need to consider averages of
products of impurity potentials,

N; N;
Vo (@) Ve (@) =v(@)v(q) ) eiaR) " eia Ry, (20.6)
i=1 j=1

To compute the average, we need to know the joint probability distribution for
having an impurity at site ¢ and an impurity at site j. The most simple-minded
model takes no correlations, in other words, the probability is the product of prob-
abilities for a single impurity, which in the present case were uniform probability
distributions. (This is not such a bad approximation in the dilute-impurity case).
So for i # j, we write

N; N; ‘ » Ni N; i — (]\712 _Ni) 3 3
SN eaRiea Ry = 3OV (TR W R =5 208 (@) 216 (d).

i=1 j#i i=1 j#i

(20.7)
When ¢ = j however, we are considering only one impurity so that
N/L i
Z e—iaR;e—id" Ri =n; (21)° 6 (q+ ') . (20.8)
i=1

Gathering the results, and using the result that for a real potential |v(q)]> =

v(q)v (—q) we find

Te@Ve@ - LM (400) m) 5 (@) (0(0) )3 (@) )i (@) (2)" 8 (a +).

VQ
(20.9)

20.2 Averaging of the perturbation expansion for
the propagator

Let us return to the perturbation expansion in momentum space to second order
Eq.(18.17) Using

(k| Ve k) = /dr (k|r) Vo (r) (r|K') = Vo (k — k') (20.10)

and (k| k') = (27)* 8 (k — k'), we rewrite the perturbation expansion and average
it,

(k| GE (w) k') = GF (k,w) (27)° 0 (k — k') + GF (k,w) Ve (k — K)GE (K, w)
(20.11)

«f <Czlk;i“’Ggz (k) Ve (k — ko) GF (k) Vo (ki —K) G (') + .. (2012)

Using what we have learned about impurity averaging, this is rewritten as,

k| G" (W) K) = {Gf (kw) + G (k,w) [niv (0)] GF (k,w)

+G(1):i (kaw> [nﬂj (O)] G(I)% (ka w) [niv (0)} G(})% (k’w)
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21

—GE (k,w) [nl |v (0) v

] G (k,w) GF (k,w)

+GE (k,w) / %G{f (k1,w) [n v (k — kl)lﬂ GE (k,w) +..} (2m)% 5 (k — K')

Recalling the relation between discrete sums and integrals,

dk; 1
/ G =V > (20.14)
ki

we see that the term with a negative sign above removes the k = k; term from
the integral. We are thus left with the series

(20.13)

(k|G (W) [K) = {Gf (k,w) + G (k,w) [niv (0)] GFf (kw)
+GE (k,w) [niv (0)] GF (K, w) [niv (0)] GF (k,w)

dk
+G¥ (k,w) / — G (ki) [n v (k — k1)|2] Gl (k,w) +..} 2m)7 6 (k — K')
ko #k (27)
(20.15)
The diagrams corresponding to this expansion are illustrated in Fig.(20-1)

n;v(0)
K
k k k K : k
—— = -+ > >
niV(O) nlv(o)
| |
| |
k |k |k
+ - - -
n: v(k-ky)|?
S
. k ? ky#K ! k
' > ' +

Figure 20-1 Direct iterated solution to the Lippmann-Schwinger equation after
impurity averaging.

The diagrammatic rules have changed a little bit. Momentum is still conserved
at every vertex, but this time,

e No momentum can flow through an isolated X (in other words, at the vertex
the momentum continues only along the line.)

e A factor [n;v (0)] is associated with every isolated X.
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e Various X can be joined together, accounting for the fact that in different
X the impurity can be the same.

e When various X are joined together, some momentum can flow along the
dotted lines. Each dotted line has a factor v (k — k;) associated with it,
with the momentum determined by the momentum conservation rule (which
comes from the fact that if in [ drf; (r) f2 (r) f3 (r) we replace each function
by its Fourier representation, the integral [ dr will lead to a delta function
of the Fourier variables, i.e. k1 + ko + ks =0.)

e The overall impurity concentration factor associated with a single X linking
many dotted lines, is n;, however many dotted lines are associated with it.

e There is an integral over all momentum variables that are not purely deter-
mined by the momentum conservation.

Once again, one cannot truncate the series to any finite order since this leads
to double poles, triple poles and the other pathologies discussed above. One must
resum infinite subsets of diagrams. Clearly, one possibility is to write a self-energy
so that

(k| k)
(GE (k,w)) ™" = £F (k,w)

If we take the diagrams in Fig.(20-2) for the self-energy, expansion of the last
equation for the Green’s function, or iteration of Dyson’s equation in diagrammatic
Fig.(18-4), regive the terms discussed above in the straightforward expansion since
the algebraic expression for the self-energy we just defined is

(k| G" (W) K) = (20.16)

SR (k,w) = [0 (0)] + fi, e 2L [n v (k — kl)ﬂ GE (ki w)|  (20.17)
nv(0) n; [v(k-ky)[
x A
' VAR
| + / A
k#k

Figure 20-2  Second-order irreducible self-energy in the impurity averaging technique.

Remark 65 Energy shift: This self-enerqgy gives us the displacements of the poles

to linear order in the impurity concentration and to second order in the impurity
potential. The displacement of the poles is found by solving the equation

E=—+Re|X"(k E)|. 20.18

5+ Re 27 (k E)] (20.18)

Remark 66 Lifetime: Taking the Fourier transform to return to real time, it

is easy to see that a constant imaginary self-energy corresponds to a life-time,

in other words to the fact that the amplitude for being in state k “leaks out” as

other states become populated. Indeed, take X (k,w) = a—i/T for example, as an

approximation for the self-energy. The corresponding spectral weight is a Lorenzian

(12
and the corresponding propagator in time is G¥ (k,w) = _je—i(k*/2m—a)t o —t/7
We see that the probability of being in state k decreases exponentially. One can
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also check explicitly that the formula found for the lifetime by taking the imaginary
part of the self-energy corresponds to what would be obtained from Fermi’s Golden
rule. For example, the second order contribution from the self-energy expression
Fq.(20.17) is

2

myf (k,w) = w/k#k oy {ni \v(kfkl)ﬂ 5 (w 2%) (20.19)

_ _W/dgN (e) % [ni o (k = k)| 8w =) (20.20)

where in the last expression, N (g) is the density of states, and § the solid angle.
One recognizes the density of states at the frequency of interest w that will come
in and the square of the matriz element. We have an overall factor of m instead
of 27 because —Im X (k,w) is the scattering rate for the amplitude instead of the
probability. In the continuum, we do not need to worry about ki # k for this
calculation.

Remark 67 Self-energy and sum rules: One can check that this self-enerqgy is
explicitly analytic in the upper half-plane and that the corresponding Green’s func-

tion satisfies the first sum rule [ g—:r’Tr [—QIm (éR (w))} =Tr [H°] =1 as well
as the second [ g—;’wTT [72 Im (éRﬂ = Tr[H]. However, at this level of approz-

imation, none of the other sum rules are satisfied because the second and higher
moments of a Lorentzian are not defined.

Remark 68 Average self-energy and self-averaging: We could have obtained pre-
cisely the same result by directly averaging the self-energies (18.28)(18.29) de-
fined in the previous subsection (18.26). Indeed, since the rule there was that
Gl (k,w) could not occur in the intermediate states, impurity averaging of the
second-order diagram (18.29) would have given only the correlated contribution

fkl#k %g [m v (k — k1)|2} Gl (ki,w). A GEF(k,w) in the intermediate state

would be necessary to obtain a contribution [n;v (0)]2. It is possible to average
directly the self-energy in the Dyson equation Eq.(18.26) only if (K| GR (w) k) s
itself not a random variable. What the present demonstration shows is that indeed,
forward scattering, i.e. (k| G® (w) |k') with k =K', is a self-averaging quantity, in
other words, its fluctuations from one realization of the disorder to another may
be neglected. Forward scattering remains coherent.

Remark 69 Correlations in the impurity distribution: If we had taken into ac-
count impurity-impurity correlations in the joint average (20.7),

Ni Nj
> eriaRigmia Ry, (20.21)

i=1 j#i

then we would have found that instead of two delta functions leading eventu-
ally to forward scattering only, (271')35 (k — k/), off-diagonal matrix elements of
(k| GE (w) [k} would have been generated to order n? by the Fourier transform of
the impurity-impurity correlation function. In other words, correlations in the im-
purity distribution lead to coherent scattering off the forward direction. In optics,
this effect is observed as laser speckle pattern.

Remark 70 Strong impurity potential: It is easy to take into account the scat-
tering by a single impurity more carefully in the self-energy. The set of diagrams
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in Fig.(20-3) are all first-order in impurity concentration. Their summation cor-
responds to summing the full Born series. In other words, the summation would
correspond to replacing the Born cross section entering the expression for the
imaginary part of the Green’s function by the full T-matrixz expression. The cross
section for the impurity is then evaluated beyond the Born approximation. This is
important when the phase shifts associated with scattering from the impurity are
important.

X X A A
I / N\ 7/ N\ /1 AN\
| P2 A L W A AL WL

Figure 20-3 Taking into account multiple scattering from a single impurity.

Remark 71 Irreversibility and infinite volume limit: We have proven that the
poles of the Green’s function are infinitesimally close to the real axis. In particular,
suppose that |n) labels the true eigenstates of our one-body Schrédinger equation
in the presence of the impurity potential. Then, our momentum space Green’s
function will be given by Eq.(16.5)

G (k kw) =) % (20.22)
- %Im (G7 (k)] = S (K| ) (k)6 (w — ). (20.23)

n

In the case we are considering here, K is no longer a good quantum number. Hence,
instead of a single delta function, the spectral weight —% Im [GR (k, k; w)] contains
a sum of delta functions whose weight is determined by the projection of the true
eigenstate on k states. However, if we go to the infinite volume limit, or equiva-
lently assume that the level separation is smaller than n, the discrete sum over n
can be replaced by an integral, and we obtain a continuous function for the spectral
weight. As long as the Green’s function has discrete poles, the Fourier transform
in time of G® is an oscillatory function and we have reversibility (apart from the
damping ). Going to the infinite volume limit, (level spacing goes to zero before
1), we obtained instead a continuous function of frequency instead of a sum over
discrete poles. The Fourier transform of this continuous function will in general
decay in time. In other words, we have obtained irreversibility by taking the infinite
volume limit before the n — 0 limit.

Remark 72 Origin of poles far from the real axis: We come back to the phenom-
enological considerations on the self-energy in Chap.17. In the case of a continuous
spectral weight, when we start to do approximations there may appear poles that
are not infinitesimally close to the real axis. Indeed, return to our calculation of
the imaginary part of the self-energy above. If we write

R
B (LT ) p— Im [¥* (k,w) :
& T (w— £ —Re[SF (k,w)])” + (Im [SF (k,w)])
(20.24)
then there are many cases, such as the one of degenerate electrons scattering off
impurities, where for small w we can approximate Im (ZR (k, w)) by a constant and
Re [2 (k,w)] by a constant plus a linear function of frequency. Then G® (k, k;w)
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has a single pole, far from the real axis. In reality, we see from the spectral repre-
sentation Eq.(106.18) that this single pole is the result of the contribution of a series
of poles near the real axis, each of which gives a different residue contribution to
the spectral weight. (In the impurity problem, k is not a good quantum number
anymore so that several of the true eigenstates E, entering the spectral weight
Eq.(16.21) have a non-zero projection (k| n) on momentum eigenstates (k|.) It is
because the spectral weight here is approrimated by a Lorentzian that the resulting
retarded Green’s function looks as if it has a single pole. It is often the case that
the true Green’s function is approximated by functions with a few poles that are not
close to the real axis. This can be done not only for the Green’s function, but also
for general response functions. Poles far from the real axis will arise in general
when the spectral weight, or equivalently the self-energy, is taken as a continuous
function of frequency, in other words when the infinite size limit is taken before
the limit n — 0.

20.3 Exercices

20.3.1 Diffusion sur des impuretés. Résistance résiduelle des métaux.

Continuons le probléme de la diffusion d’une particule sur des impuretés abordé
précédemment. Supposez qu’on s’intéresse a des quantités de mouvement et des
énergies prés de la surface de Fermi d’un métal. (d = 3) Mesurant 1’énergie par
rapport a la surface de Fermi, on a alors comme propagateur non-perturbé

1
T wtin—£E(k)

ot £ (k) = (e (k) — u) avec € (k) = k?/2m et p le potentiel chimique.

Dans tous les calculs qui suivent vous pouvez faire I'approximation que les
contributions principales viennent des énergies prés du niveau de Fermi. Cela
veut dire que vous pouvez partout faire la substitution

o]

ol N (0) est la densité d’états au niveau de Fermi, que ’on prend constante. Dans
le cas ou l'intégrale sur & ne converge pas, on régularise de la fagon suivante

N (0) /E i

7E0

G (k,w)

ou Ejy est une coupure de 'ordre de I’énergie de Fermi.

a) Calculez explicitement la valeur de la régle de somme T'r [H] pour ce prob-
léme de diffusion sur un potentiel aléatoire.

b) Calculez les parties réelle et imaginaire de ZR (k,w) dans 'approximation
illustrée sur la figure 20-4

en prenant une fonction delta (v(r) =ud (r)) pour le potentiel diffuseur. Ex-
primez le résultat en fonction de la densité d’états.

c¢) En négligeant toute dépendance en k et w de Y (k,w), vérifiez que dans cette
approximation, les deux régles de somme sur G (k,w) correspondant a Tr [H°] =
Tr[1] et & Tr [H] sont satisfaites, mais qu’aucune autre ne 1est.

EXERCICES 155



n;v(0) n; (kK
X X
7\

! 7 ¥

koK

AN

Figure 20-4  Second-order irreducible self-energy in the impurity averaging technique.

d) En approximant encore la self-énergie par une constante indépendante de
k et w, prenez la transformée de Fourier du résultat que vous avez trouvé pour
G (kw) et calculez GT(k,t). (N.B. Il est utile de définir un temps de relaxation
pour votre résultat en vous basant sur des considérations dimensionnelles.) Donnez
une interprétation physique de votre résultat pour Gf(k,t) .

e) Supposons que dans le diagramme de ci-haut qui contient une fonction de
Green, on fait une approximation auto-cohérente, i.e. on utilise la fonction de
Green ”habillée” plutot que la fonction de Green des particules libres. Montrez
que, moyennant des hypothése raisonnables, les résultats précédents ne sont pas
vraiment modifiés.

f) Dessinez quelques-uns des diagrammes de la série de perturbation originale
pour la self-énergie que ’approximation auto-cohérente décrite ci-dessus resomme
automatiquement.
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21. OTHER PERTURBATION RE-
SUMMATION TECHNIQUES: A
PREVIEW

The ground state energy may be obtained by the first sum rule. But in the more
general case, one can develop a perturbation expansion for it. The corresponding
diagrams are a sum of connected diagrams. The so-called “linked cluster theorem”
is a key theorem that will come back over and over again.

Given the expression we found above for the density-density correlation, the
reader will not be surprised to learn that the diagrams to be considered are, before
impurity averaging, of the type illustrated in Fig.(21-1). The density operators
act at the far left and far right of these diagrams.

0 X X
|
|

X X

Figure 21-1 Some diagrams contributing to the density-density correlation function
before impurity averaging.

After impurity averaging, we obtain for example diagrams of the form illus-
trated in Fig.(21-2)

Subset of diagrams corresponding to dressing internal lines with the self-energy
can be easily resummed. The corresponding diagrams are so-called skeleton dia-
grams. The first two diagrams in Fig.(21-2) could be generated simply by using
lines that contain the full self-energy. The diagrams that do not correspond to
self-energy insertions, such as the last on in Fig.(21-2), are so-called vertex cor-
rections.

Subsets of vertex corrections that can be resummed correspond to ladders or
bubbles. Ladder diagrams, illustrated in Fig.(21-3) correspond to the so-called
Bethe-Salpeter equation, or T-matrix equation. They occur in the problem of
superconductivity and of localization.

The bubbles illustrated in Fig.(21-4) are useful especially for long-range forces.
They account for dielectric screening, and either renormalize particle-hole excita-
tions or give new collective modes: excitons, plasmons, spin wave, zero sound and
the like.

Finally, self-consistent Hartree-Fock theory can be formulated using skeleton
diagrams, as illustrated in Fig.(21-5). The self-consistency contained in Hartree-
Fock diagrams is crucial for any mean-field type of approximation, such as the
BCS theory for superconductivity and Stoner theory for magnetism.
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Figure 21-2 Some of the density-density diagrams after impurity averaging.

NN N

AN AN TN
VS
AN A

Figure 21-3 Ladder diagrams for T-matrix or Bethe-Salpeter equation.

Figure 21-4 Bubble diagrams for particle-hole exitations.
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Figure 21-5 Diagrammatic representation of the Hartree-Fock approximation.

Parquet diagrams sum bubble and ladder simultaneously. They are essential if
one wants to formulate a theory at the two-particle level which satisfies fully the
antisymmetry of the many-body wave-function. In diagrammatic language, this

is known as crossing symmetry.
We come back on all these notions as in the context of the “real” many-body

problem that we now begin to discuss.
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22. FEYNMAN PATH INTEGRAL
FOR THE PROPAGATOR, AND
ALTERNATE FORMULATION OF
QUANTUM MECHANICS

We have seen that all the information is in the one-particle propagator. It is thus
possible to postulate how the propagator is calculated in quantum mechanics and
obtain a new formulation that is different from Schrédinger’s, but that can be
proven equivalent. This formulation is Feynman’s path integral, that was stimu-
lated by ideas of Dirac. The final outcome will be that the amplitude to go from
one point to another is equal to the sum over all possible ways of going between the
points, each path being weighted by a term proportional to €*5(#:%) where S is the
action. To understand that all intermediate paths are explored, it suffices to think
of Young’s interference through two slits. If we add more and more slits, we see
that the wave must go everywhere. In quantum mechanics there is no trajectory,
one of the most surprising results of that theory. However, if the action is large, as
in the classical limit, the most likely path will be that which minimizes the action,
just as we know from the least action principle in classical mechanics. Instead
of postulating it, here we derive the path integral formulation from Schrodinger’s
quantum mechanics. In practice, this method is now used mostly for numerical
calculations and for deriving semi-classical approximations.

We take a single particle in one dimension to simplify the discussion. The rele-
vant object is the amplitude for a particle to go from position z; to position ¢ in a
time ¢.Feynman calls that the probability amplitude or the kernel K (zy,¢;2;,0).
We will use the notation G~ (z,t; x;,0) for reasons that will be come clear when
we discuss propagators in second quantized notation. Mathematically then,

G” (xf,t;24,0) = (wg| e HYM |z,) (22.1)

It is the basic object of this section.

22.1 Physical interpretation

There are several ways to physically understand the quantity defined above. From
the basic postulates of quantum mechanics, squaring G~ (zy,t;x;,0) gives the
probability }(zf\ e HHt/n |xz>’2 that we are in eigenstate of position z; at time ¢
if the starting state is a position eigenstate z;. Also, if we know G~ (z¢,t;x;,0)
we know the amplitude to go from any state to any other one. Indeed, inserting
complete sets of position eigenstates we find that

(g e ;) = /dwidfﬂW} (p) 0y (w3) (gl ™" i) (22.2)
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Another way to see how to use G~ (z¢,t;x;,0) is to relate it to the retarded
propagator,

GF (g, t2,0) = —i (xf] et |z;) 0 (t) = —iG~ (xf,t;24,0) 0 (t) (22.3)

where 0 (t) is the heaviside step function. Inserting a complete set of energy
eigenstates, we find

G (s, t;2:,0) = —iz (xg| n) et (n |z;) 0 (t)

= —ZZ’(/J (zp) W% () e Ento (1) (22.4)

As we saw before, the Fourier transform of this quantity with 1 a positive real
number is

/ dte'=HmtGR (xy,t;2;,0 Z 1/’; _fj;n T ) (22.5)

— 00
The poles of this function, as we already know, give the eigenenergies and the
residues are related to the wave functions. In the many-body context, a general-
ization of the propagator occurs very naturally in perturbation theory.

Remark 73 In statistical physics, (x| p|z:) is a quantity of interest. Using the
known form of the density matriz, we have (z¢|p|z;) = (x¢| e PH |2;) /Z. Hence,
computing these matriz elements is like computing the propagator in imaginary
time T with the substitution t — —iT. This analogy holds also in the many-body
context. The density matriz is much better behaved in numerical evaluations of the
path integral than the equivalent in real time because it does not have unpleasant
oscillations as a function of time.

22.2  Computing the propagator with the path inte-
gral

In general, H contains non-commuting pieces. The potential energy V is diagonal
in position space, but the kinetic energy K is diagonal in momentum space. Hence,
computing the action of e~*#* on |z;) is non-trivial since we need to diagonalize
the Hamiltonian to compute the value of the exponential of an operator and that
Hamiltonian contains two non-commuting pieces that are diagonal in different
basis. The key observation is that if the time interval ¢ is very small, say ¢, then
the error that we do in writing the exponential as a product of exponentials is of
order €2 since it depends on the commutator of Ke with Ve

e*iHE ~ e*iKsef’L'Vs _|_ O (52) . (226)

In fact the error of order 2 is in the argument of the exponential, as one can see
from the Baker-Campbell-Hausdorff formula e?e? = ™ with

M=A+B+-= [A Bl +as[A,[A,B]] +... (22.7)

In numerical calculations it is important to keep the exponential form since this
garantees unitarity.
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Other factorizations give errors of even higher order. For example,

e—ile  ,—iVe/2,—iKe ,—iVe/2 (22.8)

gives an error of order €. In practice, for numerical simulations it is quite useful
to use factorizations that lead to higher order errors. To continue analytically
however, the simplest factorization suffices.

In the factorized form, we can take advantage of the fact that we can introduce
complete sets of states where the various pieces of the Hamiltonian are diagonal
to compute the propagator for an infinitesimal time

—iKe —i dp —i —i
(wele™ e Ve o) = /5 (sl e Ip) (pl e |a) (22.9)
i p’ —x;)—eV(x;
/;l—pel[*sﬁ“’(” D=V @)] (22.10)
T
where we used (z| p) = ¢P®. The last formula can be rewritten
/;l—pei@f”—mf (22.11)
0
where A
G = % (22.12)

The argument of the exponential is the Lagrangian times the time interval. It thus
has the units of action and is made dimensionless by dividing by the quantum of
action A that we have set to unity.

For a finite time interval, we simply split the time evolution operator into
evolution pieces that involve over an infinitesimal time interval

N
e Mt =T]e " (22.13)

i=1

where ¢ = ¢/N. There is no approximation here. Inserting N — 1 complete sets of
states, we have

N-1
(wple M ay) = u/‘II daj (xple”e |y 1) (en -1 e ™ Jono) (2o ...
j=1

1) (1] e [a) (22.14)

Each of the N matrix elements can be evaluated now using the previous trick so
that the propagator is given by the formally exact expression

N-1 N 2
i . . Tf—TN-1 p
(xyle 2y = ngnoo/ H d:zcj/Hdpjexp [z (prT—ﬁ—V(le)>a
=1 i=1

2
. IN-1 —ITN-2 PN-1

e (le € 2m v (xN2)> c

+...

. 2
+i<p1x1 . i —&—V(azi)) €:|

2m

To do the calculation, this is what one has to do. Formally however, the final
expression is quite nice. It can be written as a path integral in phase space

/ [ D Dp] exp {z / dt [pi — H(p,m)]} (22.16)
/[DxDp] expiS (z,p) (22.17)

(sl e [a;)
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where the definition of the measure [Dz Dp] is clear by comparison and where S is
the action.

It is more natural to work in configuration space where the Lagrangian is
normally defined. This comes out automatically by doing the integral over all
the intermediate momenta. They can be done exactly since they are all Gaussian
integrals that are easily obtained by completing the square

dp : TN_1—TN_2  PR_1 _ m im (an_1—Tn_2\
—expi | py_1 - e = —exp |— | ————= ] ¢
2 € 2m 2mie 2 €
m m .
= 4/ 5 &P {7@\,_15} . (22.18)

Remark 74 The above is the propagator for a free particle. In that case, the time
interval could be arbitrary and the result could also be obtained using our earlier
decomposition on energy eigenstates since

. d . 2
> b (wp) ¢y (wi) e Bt = /%e’p(”*w”*”ﬂ. (22.19)

Once the integrals over momenta have been done, we are left with

_iHt ) e mN N (m [z —azNn_y 2
(xfle lz;) = ]\}gnoo/dej om ) ePliEl g (T — -V (zy_,)
j=1
2
. m (IN-1 —TN-2
(2 (B )

+...

2
. m (X1 — X
+zs<2< 5 > —V(aci)>
Tf t 1 zf . .
= / Dz exp (z/ dt’ <§m:t2 -V (x))) = / DxetS@2) (22.21)
T; 0 T;

i

where the formal expression makes clear only that it is the integral of the La-
grangian, hence the action, that comes in the argument of the exponential. The
integration measure here is different from the one we had before. This form is
particularly useful for statistical physics where all the integrals are clearly con-
vergent, as opposed to the present case where they oscillate rapidly and do not
always have a clear meaning.

The physical interpretation of this result is quite interesting. It says that the
amplitude for going from one point to another in a given time is given by the sum
amplitydes for all possible ways of going between these two points in the given
time, each path, or trajectory, being weighted by an exponential whose phase is
the classical action measured in units of the action quantum #.

Remark 75 Classical limit: The classical limit is obtained when the action is
large compared with the quantum of action. Indeed, in that case the integral can
be evaluated in the stationary phase approximation. In that approximation, one
expands the action to quadratic order around the trajectory that minimizes the ac-
tion. That trajectory, given by the Fuler-Lagrange equation, is the classical trajec-
tory according to the principle of least action. By including gaussian fluctuations
around the classical trajectory, one includes a first set of quantum corrections.

Remark 76 The exponentials in the path integral are time-ordered, i.e. the ones
corresponding to later times are always to the left of those with earlier times. This
time-ordering feature will be very relevant later for Green functions.
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Part 1V

The one-particle Green’s
function at finite
temperature
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In the many-body context we need to find a generalization of the Green’s
function that will reduce to that found for the one-body Schrédinger equation in
the appropriate limit. This object comes in naturally from two perspectives. From
the experimental point a view, a photoemission experiment probes the Green’s
function in the same way that our scattering experiment at the very beginning
probed the density-density correlation function. Just from an experimental point
of view then, it is important to define that quantity. From the theoretical point of
view, any quantum mechanical calculation of a correlation function involves the
Green’s function as an intermediate step. That is one more reason to want to
know more about it.

We will begin with a brief recall of second quantization and then move on to
show that to predict the results of a photoemission experiment, we need a Green’s
function. We will establish the correspondance with the Green’s function we al-
ready know. When there are interactions, one needs perturbation theory to treat
the problem. Time-ordered products will come in naturally in that context. Such
time-ordered products motivate the definition of the Matsubara Green’s function
at finite temperature. The finite temperature formalism is more general and not
more difficult than the zero-temperature one. We will once more spend some time
on the interpretation of the spectral weight, develop some formulas for working
with the Fourier series representation of the imaginary time functions (Matsubara
frequencies). This should put us in a good position to start doing perturbation
theory, which is all based on Wick’s theorem. Hence, we will spend some time
proving this theorem as well as the very general linked-cluster theorem that is very
useful in practice.
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23. MAIN RESULTS FROM SEC-
OND QUANTIZATION

When there is more than one particle and they are identical, the wave function
say 9 (z1, 22, x3) is not arbitrary. If we want particles to be indistinguishable, all
coordinates should be equivalent. This means in particular that if z; takes any
particular value, say a and xo takes another value, say b, then we expect that
VY (a,b,z3) = ¥ (b,a,x3). But that is not the only possibility since the only thing
we know for sure is that if we exchange twice the coordinates of two particles
then we should return to the same wave function. This means that under one
permutation of two coordinates (exchange), the wave function can not only stay
invariant, or have an eigenvalue of +1 as in the example we just gave, it can also
have an eigenvalue of —1. These two cases are clearly the only possibilities and
they correspond respectively to bosons and fermions. There are more possibilities
in two dimensions, but that is beyond the scope of this chapter.

When dealing with many identical particles, a basis of single-particle states is
most convenient. Given what we just said however, it is clear that a simple direct
product such as |a1) ® |ag) cannot be used without further care because many-
particle states must be symmetrized or antisymmetrized depending on whether we
deal with Bosons or Fermions. For example, for two fermions an acceptable wave
function would have the form \/5_1 (r1| ® (ra| [Joa) ® |aa) — |a2) ® |a1)] . Second
quantization allows us to take into account these symmetry or antisymmetry prop-
erties in a straightforward fashion. To take matrix elements directly between wave
functions would be very cumbersome.

The single-particle basis state is a complete basis that is used most often. Note
however that a simple wave-function such as

¥ (z,y) = (z — y) Ne~l=-vl/e (23.1)

for two electrons in one dimension, with N and a constants, is a perfectly ac-
ceptable antisymmetric wave function. To expand it in a single-particle basis
state however requires a sum over many (in general an infinite number of) anti-
symmetrized one-particle states. There are cases, such as the quantum Hall effect,
where working directly with wave functions is desirable, but for our purposes this
is not so.

23.1 Fock space, creation and annihilation opera-
tors

As is often the case in mathematics, working in a space that is larger than the
one we are interested in may simplify matters. Think of the use of functions of
a complex variable to do integrals on the real axis. Here we are interested most
of the time in Hamiltonians that conserve the number of particles. Nevertheless,
it is easier to work in a space that contains an arbitrary number of particles.
That is Fock space. Annihilation and creation operators allow us to change the
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number of particles while preservin indistinguishability and antisymmetry. In this
representation, a three electron state comes out as three excitations of the same
vacuum state |0) , a rather satisfactory state of affairs.

It will be very helpful if you review creation-annihilation operators, also called
ladder operators, in the context of the harmonic oscillator.

23.1.1 Creation-annihilation operators for fermion wave functions

For the time being our fermions are spinless, it will be easy to add spin later on.
We assume that the one-particle states |a;) form an orthonormal basis for one
particle, namely (a;| ) = d; ;. The state |ayas) has particle 1 in state a; and
particle 2 in state as. If we write |agay) then particle 1 is in state ag and particle
2 in state . Antisymmetry means that |ajas) = — |agay) .

We define a vaccum |0) that contains no particle. Then, we define aLl that
creates a particle from the vacuum to put it in state |ag) and for fermions it
antisymmetrizes that state will all others. In other words, a,, [0) = |a1). Up
to now, there is nothing to antisymmetrize with, but if we add another particle,
al, |a1) = |aoar) = afal, |0), then that state has to be antisymmetric. In other

« (03
words, we need to have. |a21041> = —|ajas) . Clearly this will automatically be the
case if we impose that the creation operators anticommute, i.e. a&ialj = —aLj aLi
or
{agi,a];j} = aLiaLj + aL]_ aLi =0. (23.2)

This property is a property of the operators, independently of the specific state
they act on. The anticommutation property garantees the Pauli principle as we
know it since if ¢ = j then the above leads to
aLiaLi = fazia:;i. (23.3)
The only operator that is equal to minus itself is zero. Hence we cannot create
two particles in the same state.
That same anticommutation property will automatically be satisfied by the
adjoint operators
{aai,aaj} = Qo 0a; + Ga;Ga; = 0. (23.4)

These adjoint operators are defined as follows
(a1] = (0] aq, - (23.5)

The create and antisymmetrize in bras instead of kets. When the destruction
operators act on kets instead of bras, they remove a particle instead of adding it.
In particular,

aq, |0) = 0. (23.6)

This is consistent with (a1] 0) = 0 = (0] aa, |0).
Since we also want states to be normalized, we need

(] aj) = (0] aq,al, [0) = 6; ;. (23.7)

Since we already know that a,, |0) = 0, that will automatically be satisfied if we
write the following anticommutation realtion between creation and annihilation
operators

{aai,a,&j} = aaia&j + alj Uo; =0, (23.8)
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because then (0| aaiaLj [0) = — (0] a‘;jaai 0) + (0] 0;,;|0) = 0+ d; ;. The above
thress sets of anticommutation relations are called canonical.

At this point one may ask why anticommutation instead of commutation. Well,
two reasons. The first one is that given the previous anticommutation rules, this
one seems elegant. The second one is that with this rule, we can define the very
useful operator, the number operator

Na

i

=al aq,. (23.9)

That operator just counts the number of particles in state «;. To see that this is
so and that anticommutation is needed for this to work, we look at a few simple
cases. First note that if n,, acts on a state where «; is not occupied, then

Na, |og) = ﬁaia'ltj 0) = aLiaaia:;j 0) = —al,af, aq, 0) = 0. (23.10)

Qg T

If T build an arbitrary many-particle state |a;, o, ...), if the state o; does not
appear in the list, then when I compute 7., |a;, o, ...), I will be able to anticom-
mute the destruction operator all the way to the vacuum and obtain zero. On the
other hand, if o; appears in the list then

o, (ab,al, . -al, ..l 0)) = af al, ... Aaal, ., 10). (23.11)

I have been able to move the operator all the way to the indicated position with-
out any additional minus sign because both the destruction and the annihilation
operators anticommute with the creation operators that do not have the same
labels. The minus signs from the creation and from the annihilation operators in
al,. a, cancel each other. Now, let us focus on 7ig,al, in the last equation. Using
our anticommutation properties, one can check that

N, al, = aLiaaiaT = a};i (1- a‘;iaai) . (23.12)

(627 (o2

Since there are never two fermions in the same state, now the destruction operator
in the above equation is free to move and annihilate the vacuum state, and

o, (ak,al, - -al, . af, 10)) = (af,al, ...al, .. af, 10)). (23.13)
This means that n,, does simply count the number of particles. It gives one or
zero depending on whether the state is occupied or not.

One last thing with fermions. If we want the whole formalism to make sense,
we want to have a change sign to occur whenever we interchange two fermions,
wherever they are in the list. In other words, we want |a; ¢ ... ... 0 ... Q) =
— ooy ... oq. .o ). To see that our formalism works, you can write the
state to the left in terms of creation operators on the vacuum and convince yourself
by a series of pairwise interchange of operators that you will recover the state to
the right with the proper sign, wherever «aj and «; are in the list of operators.
With fermions we need to determine an initial order of operators. That is totally
arbitrary because of the phase arbitrariness of quantum mechanics. But then,
during the calculations we need to keep track of the minus signs.

23.1.2 Creation-annihilation operators for boson wave functions

In the case of bosons, the state must be symmetric. Following Negele and Orland|[1]
we introduce the symmetrized many-body state

logas...an}. (23.14)
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The state is not normalized at this point, which explains the unusual notation.
The state is symmetric means that oo} = |asan} = af, af,, |0). Hence in this
case, the creation operators and their corresponding annihilation operators must

commute:

[ali, aL]} = aLiaLj - alj ali =0 (23.15)
[@a;, Ga; | = a,00; — Ga;0a; = 0. (23.16)

This time there is no Pauli principle. Several particles can occupy the same
state. So what happens when we exchange creation and annihilation operators.
By analogy with the fermions, it is natural to expect that they must commute,
namely

|:a0¢i? ajxj] = aaiaT L CLLJ Qo; = 05 (23.17)

Q;

The above set of commutation relations is called canonical. The same considera-
tions as before tell us that annihilation operators destroy the vacuum.
And again the number operator is defined by

Ny = aly Qo (23.18)
Why is that true? If the state «; is unoccupied or occupied only once, one can
check the effect of the operator 1, the same way we did it for fermions. And note
that when there are many other particles around, one must take commutation and
not anticommutation between creation and annihilation operators to make sure
that the many-particle state is an eigenstate of n,, with eigenvalue unity when a
single state is occupied.
What happens if the same state is occupied multiple times? Then,
ﬁaia:&i = aliaaiali = ali (1+ a};iaai) (23.19)

= al, +al fa,. (23.20)

The destruction operator in 7n,, will not be able to complete its jurney to the
vacuum to annihilate it. Every time it encounters an operator aLi it leaves it
behind and adds a new term af, i, just like above. Once we have done that
repeatedly, the desturction operator accomplishes its task and we are left with n,,
times the original state, where n,, is the number of times the label «; appeared
in the list. So 7, really has the meaning of a number operator, i.e. an operator
that counts the number of times a given label appears in a many-body state. All
that we are left to do is normalize the symmetrized state.

23.1.3 Number operator and normalization

To fix the normalization in the case of bosons, it suffices to consider a single state
that can be multiply occupied and then to generalize. Let us drop then all indices
and ask how the state (aT)n |0) can be normalized. First, notice that Eq.(23.12)
above can be written as

[A,a'] =al (23.21)

By the way, using the fact that (aT)2 = 0 on the right-hand side of Eq.(23.12) we
see that the latter equation is true for fermions as well. Taking the adjoint of the
above equation we find

[n,a] = —a (23.22)
We can now use a very useful theorem that is trivial to prove. We will call it the
theorem on commutators of ladder operators.
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Theorem 9 Let |n) be an eigenstate of n with eigenvalue n. If [ﬁ, aT] = Bal
with B a real or complex number, then a' |n) is an eigenstate of i with eigenvalue
n+ B.

Proof: [n,a'] |n) =7 (af |n))—a'n|n) = Ba' |n), sothat 1 (a' [n)) = (n + B) (a |n))
Q.E.D.

Using this theorem with our result for the commutator of the number operator
with the creation operator Eq.(23.21) we have that 7 (a'|n)) = (n+ 1) (a'|n))
hence af [n) = C'|n +1). Assuming that |n) and |n 4 1) are normalized we can
find the normalization constant as follows

IC* (n+1|n+1)=|C|?
(n|1+alaln)=m+1)(n|n)=n+1). (23.23)

(n| aal [n)

We are free to choose the phase real so that C = v/n + 1.We thus have recursively
a'0) = 1)
(a)*l0) = v2l2)
V3v2]3) (23.24)

—
S
p
~—
w
=
R
|

and

In) = — (a’)" |0). (23.25)
From this we conclude that for a general many-body state,

1 1
al, al al

NORN |icyj...am} = T e Gan

where the product in the denominator is over the indices that label the occupied
one-particle states and n,, counts the number of times a given one-particle state
appears.

0)  (23.26)

|Oéi04j...04m> =

Remark 77 Since with fermions a state is occupied only once, we did not need
to worry about the ng,!.

Remark 78 By recalling the theorem proven in this section, it is also easy to
remember that [ﬁ, aq =a' and [n,a] = —a,

23.1.4 Wave function

With N-particles, the wave function
(rira..ry| ayas...an) (23.27)

is proportional to a Slater determinant if we have fermions, and to a permanent
if we have bosons.
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23.2 Change of basis

Creation-annihilation operators change basis in a way that is completely deter-
mined by the way one changes basis in single-particle states. Suppose one wants
to change from the « basis to the p basis, namely

) =D L) (@il p1yn) (23.28)

K2

which is found by inserting the completeness relation. Let creation operator a:;i
create single particle state |a;) and antisymmetrize while creation operator ch
creates single particle state |u,,) and antisymmetrize. Then the correspondance
between both sets of operators is clearly

ch = Zali (0] fon) (23.29)
i

with the adjoint
e = D (] ) (23.30)
i
given as usual that (| u,,) = (,,| @)™ . Physically then, creating a particle in a
state |u,,) is like creating it in a linear combination of states |a;) . We can do the
change of basis in the other direction as well.

Since we have defined new creation annihilation operators, it is quite natural
to ask what are their commutation or anticommutation relations. It is easy to
find using the change of basis formula and the completeness relation. Assuming
that the cration-annihilation operators are for fermions, we find

{enndl. ) Z ZJ: {t| @) { e al, } el 1) (23.31)
Z Z (bt | i) i | i) (23.32)

> bt i) il 1) = (] 1) - (23.33)

K3

Hence, if the transformation between basis is unitary, the new operators, obey
canonical anticommutation relations, namely

{cum,CLn} = S, (23.34)

When the change of basis is unitary, we say that we have made a canonical trans-
formation. The same steps show that a unitary basis change also preserves the
canonical commutation relations for bosons.

23.2.1 The position and momentum space basis

We use this strange, but commonly used, basis where we take continuum notation
for space and discrete notation for momentum. Then, we have the conventions

S = 1= [ dri)
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(r k) = 1 giter (23.35)

k [r) = ive—ik'r (23.36)

From these definitions, we have that (r [r’) is normalized in the continuum while
(k |k’) is normalized as a discrete set of states

rlr’) = r Py — l eik~(r—r’) _ dk eik‘(r—r') —5(r—1
SR MUNIEEES)S = §(r )
(23.37)
k |K) = / dr (k |r) (r [K') = % / dre= ™ (K) = 5, (23.38)

Creation operators in eigenstates of position are usually denoted, wT (r), while

creation operators in eigenstates of momentum are denoted c;f(. The basis change

between them leads to

=Y o (kr) = % > ek (23.39)
k k

1 ik-r
P (r) = Z (r|k)ckx = D ;ék Ck- (23.40)

k

Given our above convention, the momentum operators obey the algebra of a dis-
crete set of creation operators. Taking fermions as an example, then we have

{ck,cL,} =0k ; f{ocaw}= {cL,ck,} =0 (23.41)

while the position space creation-annihilation operators obey

om0t @)} = T D (0 0 {a o f 06 1) = S (0 [K) (k) = (1) = 6 (r = ')

(23.42)

@), v @)} = {v' @,v' @)} =0 (23.433)

23.3  One-body operators

The matrix elements of an arbitrary one-body operator U (in the N —particle
Case) may be computed in the many-body basis made of one—body states where
U is diagonal. As an example of one-body operator, the operator U could be an
external potential so that the diagonal basis is position space. In the diagonal
basis, R R

Ulei) = Uq, |ow) = (| U i) |os) (23.44)

where U,, is the eigenvalue. In this basis, one sees that the effect of the one-body
operator is to produce the same eigenvalue, whatever the particular order of the
states on which the first-quantized operator acts. For example, suppose we have
three particles in an external potential, then the potential energy operator is

V(R1) +V (R2) +V (R3) (23.45)
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where R; acts on the i*" position of the many body state. If this state is not
symmetrized or antisymmetrized, then for example

(V(R1) +V (Rz) +V (Ry)) [r)@[r)@[r") = (V (') + V (r) + V (")) ') @[r)@[x") .

(23.46)
If that operator V (R1) +V (R2) + V (R3) had acted on onother ordering such as
Ir) ® |r") @ |r’) , the eigenvalue would have been identical, V (r) +V (r")+ V (r').
This means that if we act on a symmetrized or antisymmetrized version of that
state, then

(V(R1) +V (R2) +V (Ry)) [/, r,x") = (V (') + V (r) + V (")) [',x,7")
(23.47)
In general then when we have N particles in a many-body state, the action of the
one-body operator is

Z ﬁu lo, o, 0 ..) = (U, + Uay + Uay +...) o, 0, 00, ) (23.48)
-1

Knowing the action of the number operator, we can write the same result differ-
ently

1M

ﬁu |, o, a .. .) = Z Ua,. Ta,, i, o, ap .. ) (23.49)
m

in other words, there will be a contribution as long as «; appears in the state.
And if @; occurs more than once, the corresponding eigenvalue U, will appear
more than once.

We hold a very elegant result. The one-body operator ) = U,, N, in second
quantized notation makes no reference to the total number of particles nor to
whether we are dealing with bosons of fermions. Note that in first quantization
the sum extends over all particle coordinates whereas in second quantization the
sum over m extends over all states.

Using the change of basis formula explained above, we have that

Z (| U |evi) a Qo = Z Z Zcum Hom, i) (0| U o) (i [py) €, - (23.50)
i
Since U is diagonal, we can add a sum over «; and use the closure relation to
arrive at the final result

S Vo, = Yo S €l bt U lita) €, (23.51)

Let us give examples in the position and momentum representation. A one-
body scattering potential in the continuum would be represented by

U= [deU (v) ¢ (r) 9 (r) (23.52)

which looks similar to the usual Schrédinger average. Similarly, the kinetic energy
operator in the momentum representation becomes

P30 0 g ) e = 3 e a0 00 (5 ) )

(23.53)

= 5 far faretments ) (23.54)
k
> / dr / dr'yT (r) (—%W) Xy (). (23.55)

<l= <~
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Performing the k summation and using partial integration assuming that every-
thing vanishes at infinity or is periodic, we obtain,

T =(—5%) [dry' (r) (V2 (1) = 5 [drVyl (v) - Vo (r) | (23.56)

Again notice that second-quantized operators look like simple Schrédinger av-
erages over wave functions.

23.4  Two-body operators.

A two-body operator involves the coordinates of two particles. An example is
the Coulomb potential. If we let the indices in Vj 5 refer to the potential energy
between the first and second particles in the direct product, and if we are in the
diagonal basis, we have that

Vizlai) ® |aj) = Vaga, i) © Ja) - (23.57)

In this basis, one sees that again the eigenvalue does not depend on the order in
which the states are when the first-quantized operator acts. This means that

N
p=1

N

N —
N —

‘7 v |Oéi, Qj, Qg .. > = (Vaiaj + Vaiak + Vozjozk + .. ) |Oéi, Qj, O - >
1

VEi
(23.58)

If [a;) # |a), then the number of times that Vi, occurs in the double sum is
equal to ny,na;. However, when |a;) = |a;), then the number of times that Vi,,q,
occurs is equal to ng,(na, — 1) because we are not counting the case j =14 in the
sum. In general then,

1 N
32
p=1

N

~ 1 SN =N

Vv K% |Oéi, g, A -« > = 5 Z ZVOW]. (nainaj — (5i,jnai) |Ozi, Qj, A .« . > .
v=1 i J
vE#p

(23.59)

Again the expression to the right is independent of the state it acts on. It is valid
in general.

We can simplify the expression further. Defining

‘ ¢(=-1 for fermions| (23.60)

|§:1 for bosons| (23.61)

we can rewrite fia, Ma; — 0;,j7q, in terms of creation and annihilation operators in
such a way that the form is valid for both fermions and bosons

Ne;Nay; — 0ijNa; = aliaaiaj;jaaj — 5i,ja2iaai = aLiCaLjaaiaaj = aliajljaajaai.
(23.62)
Second quantized operators are thus written in the simple form

% 2 Zj Vaia; (ﬁaiﬁag‘ - 5i7jﬁai) = % 2 Zj (cvie| V |evirj) alia&j Ao Qo

where
laiay) = |ou) @ |ay) . (23.64)
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Under unitary transformation to an arbitrary basis we have

V= % Yomdon Zp Zq (bt V \,upuq) chanchcup . (23.65)

Definition 10 When a series of creation and annihilation operators are placed
in such an order where all destruction operators are to the right, one calls this
“normal order”.

Remark 79 Note the inversion in the order of p, and p, in the annihilation
operators compared with the order in the matriz elements (This could have been

for the creation operator instead,).

Remark 80 The notation (p,, i,V ’upuq) for the two-body matriz element means,
in the coordinate representation for example,

/ drydrad, (r1) &5 (12) V(11— 12) 6, (11) 6, (x2). (23.66)

Exemple 11 In the case of a potential, such as the Coulomb potential, which acts
on the densities, we have

V=1[dx[dyv(x—y)l (x) 0 (v) ¢ (y) ¢ (%)} (23.67)

23.5 Second quantized operators in the Heisenberg
picture

In the previous section, we showed how to translate one- and two-body operators in
the Schrodinger picture into the language of second quantization. The Heisenberg
picture is defined as usual. In this section, we derive a few useful identities and
study the case of quadratic Hamiltonians as an example.

In the Heisenberg picture

ok (t) = eifltge—it o (t) = eiﬁtcle_iﬁt (23.68)

It is easy to compute the time evolution in the case where the Hamiltonian is
quadratic in creation and annihilation operators. Take for example

H=>eacda (23.69)
k

The time evolution may be found from the Heisenberg equation of motion, which
follows from differentiating the definition of the Heisenberg operators

dex (t)

i :[ck(t),ff]. (23.70)

To evaluate the commutator, we note that since H commutes with itself is is time

independent and
Z ekchk = Z ekc;r( (t) ex (t) .
k k
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To compute the commutator, we only need the equal-time commutator of the

number operator CL (t) cx (t) with ¢ (t), which is given by Eq.(23.22) and leads,

for both fermions and bosons, to

i@cgt(t) = |ac(t), H] = ; aw [ (t) e W (0] =aact)  (2371)

whose solution is

| (1) = e ity | (23.72)

Taking the adjoint,

ol (t) = el eixt | (23.73)

If we had been working in a basis where H was not diagonal, then repeating
the steps above,

iaagt(t) — [aa (t) Jg} = Z (B H ) [aa (t) 70,2 (t) ay (t)} = Z (a i 1) ary (t)

By vy

(23.74)

Commutator identities: The following are very useful identities to get equa-
tions of motions, and in general equal-time commutators.

[A,BC] = ABC — BCA= ABC — BAC + BAC — BCA  (23.75)

|[A,BC] =[A,B]C + B[A,C]| (23.76)

|[4,BC] = {4,B}C — B{A,C}| (23.77)

The first commutator identity is familiar from elementary quantum mechan-
ics. The last one can be memorized by noting that it behaves as if the B had
anticommuted with the A.It is always easier to remember the commutator of
the number operator with creation or annihilation operators, but if you need
to prove it again for yourself, the above identities can be used to evaluate
the needed commutator either for fermions

[ck (1), ch (t) e (t)} - {ck (t),cl (t)} e () +0= e (t)  (23.78)
or for bosons

[ck (t) el (t) e (t)} - [ck (t) L (t)} e () +0 = wen (t)  (23.79)
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24. MOTIVATION FOR THE DEFI-
NITION OF THE SECOND QUAN-
TIZED GREEN'S FUNCTION G

Just as we showed that scattering and transport experiments measure correlation
functions such as the density-density or current-current correlation function, we
begin this chapter by showing that photoemission directly probes a one-particle
correlation function. The last section will introduce and motivate further the
definition of the second quantized Green’s function.

24.1 Measuring a two-point correlation function (ARPES)

In a photoemission experiment, a photon ejects an electron from a solid. This is
nothing but the old familiar photoelectric effect. In the angle resolved version of
this experiment (ARPES), the energy and the direction of the outgoing electron
are measured. This is illustrated in Fig.(24-1). The outgoing electron energy can
be measured. Because it is a free electron, this measurement gives the value of the
wave vector through k2 /2m. Using energy conservation, the energy of the outgoing
electron is equal to the energy of the incident photon E,j,, minus the work function
W plus the energy of the electron in the system, w, measured relative to the Fermi
level.

Figure 24-1 Schematic representation of an angle-resolved photoemission experi-
ment. W is the work function.

The energy of the electron in the system w will be mostly negative. The value
of k| may be extracted by simple geometric considerations from the value of k.
Since in this experiment there is translational invariance only in the direction
parallel to the plane, this means that in fact it is only the value of k| that is
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conserved. Hence, it is only for layered systems that we really have access to both
energy w and total momentum kj of the electron when it was in the system.

We can give a sketchy derivation of the calculation of the cross-section as
follows. The cross-section the we will find below neglects. amongst other things,
processes where energy is transferred from the outgoing electron to phonons or
other excitations before it is detected (multiple scattering of outgoing electron).
Such processes are referred to as “inelastic background”. We start from Fermi’s
Golden rule. The initial state is a direct product |m) ® [0) ® |14),,, of the state
of the system |m), the state |0) with no electron far away from the detector and
of the state of the elctromagnetic field that has one incoming photon [1g),,. . The
final state [n) ® |k) ® |0),,, has the system in state |n) with one less electron,
the detector with one electron in state |k) and the electromagnetic field in state
|0),,,, with no photon. Strictly speaking, the electrons in the system should be
antisymmetrized with the electrons in the detector, but when they are far enough
apart and one electron is detected, we can assume that it is distinguishible from
electrons in the piece of material. The coupling of matter with electromagnetic
field that produces this transition from initial to final state is j- A as we saw
previously. Hence, the transition rate will be proportional to the square of the
following matrix element

—p 2 (0l ® (K ® Ol i - A [m) @10) ® [1g),,, - (24.1)
k/

= *]1, > (n @ (Kl ji [m) @10) - (0], Axe [1q)erm (24.2)
"

The vector potential is the analog of the position operator for harmonic vibration
of the electromagnetic field. Hence, it is proportionnal to af_k, +ax and k' = q
with the destruction operator will lead to a non-zero value of (0|, A_x|1q) . For
the range of energies of interest, the wave vector of the photon k’ = q can be
considered in the center of the Brillouin zone. The current operator is a one-body
operator. In the continuum, it is then given by

. € P
Jw=0=7; Z ECLCp- (24.3)
P

The value p = k|| will lead to a non-zero matrix element. Overall then, the matrix
element is

e k
— (nf g, [m) <<k| CI‘u 0) ﬁ% (0l Akr=g~o0 |1q>em> : (24.4)

The term in large parenthesis is a matrix element that does not depend on the
state of the system. Without going into more details of the assumptions going
into the derivation then, Fermi’s golden rule suggests, (see first section of Chapter
2) that the cross section for ejecting an electron of momentum kj; and energy w
(measured with respect to p) is proportional to

20
c’;zzaw o Y e P (nfeq [m)[* 0w+ i = (Bm — B (245)
o Y e (] e, |m>’2 (W — (Km — Kn)) (24.6)

x /dteiwt <CIT<HCkH (t)> (24.7)

In the above equations, we have measured energies with respect to the chemical
potential, defining K,,, = E,, — Ny, u. Since there is one more particle in state
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|m) than in state |n), that explains the extra chemical potential. For the last
line, we have followed van Hove and used the same steps as in the corresponding
derivation for the cross section for electron scattering.8 In the latter case, there
was a relation between the correlation function and the spectral weight that could
be established with the fluctuation dissipation theorem. We will be able to achieve
the same thing below in Sec. 28.4. More specifically, we will be able to rewrite
this result in terms of the spectral weight A (kH,w) as follows,

0%c
900w

where f (w) is the Fermi function.

f (w) A (k” 5 (JJ) (24.8)

24.2  Definition of the many-body G and link with
the previous one

When the Hamiltonian is quadratic in creation-annihilation operators, in other
words when we have a one-body problem, the retarded single-particle Green’s
function we are about to define does reduce to the Green’s function we studied in
the one-body Schrodinger equation. Its actual definition is however better suited
for many-body problems as we shall see in the present section.

Consider the definition we had before

GE (50, 1) = —i (r| e HE) |6y 0 (1 — 1) (24.9)

Since in second-quantization the operator ¢ (r) creates a particle at point r, the
following definition seems natural

GE (r,t;1,t) = —i (GS] ) (v) e HE )yt (1) |GS) 0 (¢ — ') (24.10)

In this expression, |GSS) is a many-body vacuum (ground-state). Choosing ap-
propriately the zero of energy, H |GS) = 0|GS) = 0 the above result could be
written

GE (v ;' 1) = =i (GS| 4 (r,t) T (v, ') |GS) O (t —t'). (24.11)

This is not quite what we want except in the case where there is a single parti-
cle propagating. Indeed, to keep the physical definition of the propagator, it is
convenient to have at time t = ¢ + 01

G (rt+071',t) = —is (r — 1) (24.12)

reflecting the fact that the wave-function does not have the time to evolve in an
infinitesimal time. However, in the present case, the many-body vacuum |GS) is a
linear combination of Slater determinants. This means that (GS| ¢ (r,t) ' (r/,t) |GS)
is not in general a delta function. This is a manifestation of the fact that we have

a many-body problem and that particles are indistinguishable.

Nevertheless, we can recover the desired simple initial condition Eq.(24.12)
even in the Many-Body case by adopting the following definition, which in a
way takes into account the fact that not only electrons, but also holes can now
propagate:

GR(rt;r' ') = —i (GS| {’(/J (r,t), 9" (r'7t')} |GS)O(t—t') ; for fermions
(24.13)
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G (r i ) = i (GS| [ (), 4 (', #)] [GS) 0 (¢~ ¥') 5 for bosons
(24.14)
This is the zero-temperature definition. At finite temperature, the ground-state
expectation value is replaced by a thermodynamic average. Hence we shall in
general work with

Definition 12

GE (rt;r' 1) = —i <{¢ (r.t), 0" (v, t’)}> O —t) ; for fermions| (24.15)

GR(r,t;r’,t’):7i<{w(r,t),7ﬂ(r’,t’)D@(tft’) : for bosons| (24.16)

These definitions have the desired property that at ¢t = ¢’ + 0", we have that
GEB(rit + 01’ t) = —id (r — r') as follows from commutation or anti-commutation
relations

Remark 81 Analogies: This definition is now analogous to xT* = 2ix"0 (t —t')
which we had in linear response. The imaginary part of the Green’s function will
again be a commutator or an anticommutator and hence will obey sum-rules.

Remark 82 Green’s function as a response function: Physically, this definition
makes obvious that the Green’s function is the response to an external probe which
couples linearly to creation-annihilation operators. In the case of fermions, the
external probe has to be an anticommuting number (a Grassmann variable, as we
shall discuss later).

24.3 Examples with quadratic Hamiltonians:

When the Hamiltonian is quadratic in creation-annihilation operators, the equa-
tion of motion obeyed by this Green’s function is the same as in the one-body
case. An example of quadratic Hamiltonian is that for free particles

(r|Hry) = —2V—m (rr) = —;—md(r —ry). (24.17)

In the general second quantized case, we write

- / dry / dratst (12,) (ra] H [r1) ¥ (r1,0) (24.18)

We give two calculations of the Green’s function, one directly from the definition
and one from the equations of motion (Schrodinger’s equation).

Calculation from the definition. For a quadratic Hamiltonian, one can also
compute directly the Green’s function from its definition since, if |n) is an
eigenbasis, ¢,, (r) = (r |n), (n'| H |n) = Ep0nn

V) =) (rlman ()= e (r|n)a, =) e o, (r)an

" (24.19)
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v, 0t @0} =33 e, (1) {anal} 61, () = Y e e, ()6 ()

(24 20)

GR (e ti',0) = —i {{v (r) 01 (.0} ) o ¢ =—z2e‘”5 ', (r) ¢}, (') 0 (1)
(24 21)

GR (I‘ r"w) — /dtez w—+in)t Zesz t I‘ * Z /)

I w—Hn E
(24.22)

Calculation from the equations of motion In general, the equation of mo-
tion can be obtained as follows

Z'%GR (rt;0, 1) = z% [—z’ <{w (rt), vf (r',t')}> 0t — t’)} (24.23)

= ({rent @ npyee-+i({[Teen] vt nhyoe-1)

(24.24)

Following the steps analogous to those in Eq.(23.78) above, using the an-

ticommutation relations Eqs.(23.42)(23.43a), or more directly recalling the

commutator of the number operator with a creation or an annihilation op-
erator, it is clear that

{ﬁ,w(r,t)} S / dry (x| H [r1) ¢ (r1,t) (24.25)
so that
igGR (r,t;r',t) (24.26)
g \hT '
= Se-x)5(t-t) —i [ dra el # o) ({0 ) 0T @)} )0 e 1)
_ 5(r—r’)6(t—t')+/dr1 (x| H [r1) GF (r1,1:7', ) (24.27)

This last expression may be rewritten as
/dr1 (x| i% —Hr)GR(rtix' t) = S@x—1)5(t—1t)(24.28)
= (r|e)o(t—t) (24.29)

where we recognize the equation (16.48) found in the previous Chapter.
Formally then

(r| <z% - H> GR@t—t) ') = (r |y ot —t) (24.30)

so that the operator form of the Green’s function is the same as that found
before, namely

Gl (t—t) = (i% - ﬁ)_l st—1t) (24.31)

It is convenient to rewrite the result for the equation of motion Eq.(24.28)
in the following form that is more symmetrical in space and time.

/dr1 /dt1 (x| i% L Hrn) 5 (=) GR (et ) = 6 (x — 1) 6 (t — t)
(24.32)
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We may as well let time play a more important role since in the many-body
case it will be essential, as we have already argued in the context of the
frequency dependence of the self-energy. The inverse of the Green’s function
in this notation is just like above,

_ 0 4
Gl (ritiry, t) " = (] i — Hr)o(t—t). (24.33)
Seen from this point of view, the integrals over time and space are the
continuum generalization of matrix multiplication. The delta function is

like the identity matrix.

Definition 13 The following short-hand notation is often used

(GR(1,1) =GR (x50 1) (24.34)
GR(LT) ' GE(T, V) =5(1 -1 (24.35)

where the index with the overbar stands for an integral.
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25. INTERACTION REPRESENTA-
TION, WHEN TIME ORDER MAT-
TERS

Perturbation theory in the many-body case is less trivial than in the one-body
case. Whereas the Lippmann-Schwinger equation was written down for a single
frequency, in the many-body case time and frequency dependence are unavoidable.
To construct perturbation theory we will follow the same steps as those used in
the derivation of linear response theory in Chapter 10. The only difference is that
we will write a formally exact solution for the evolution operator in the interaction
representation instead of using only the first order result. The important concept
of time-ordered product comes out naturally from this exercise.

The plan is to recall the Heisenberg and Schrodinger pictures, and then to
introduce the interaction representation in the case where the Hamiltonian can be
written in the form

H=Hy+V (25.1)

where
[Ho, V] #0 (25.2)

Let us begin. We assume that H is time independent. Typical matrix elements
we want to compute at finite temperature are of the form

(il ey (8) Ul () 10) (25.3)

We do not write explicitly indices other than time to keep the notation simple.
Recall the Heisenberg and Schrédinger picture

Yy (t) = etfltyhgetH! (25.4)
We define the time evolution operator
U (t,0) = e 1 (25.5)
so that

Yy (t) = U(0,8) U (2,0) (25.6)

Because from now on we assume time-reversal symmetry, we will always make the
replacement

UT (t,0) = U (0,1) (25.7)
as we just did. The differential equation for the time-evolution operator is
aU (t,0
z% = HU (t,0) (25.8)

With the initial condition U (0,0) = 1 it has U (¢,0) = e~ ** as its solution. It
obeys the semi-group property

Ut,t)=U(t0)U(0,t) = e H(t=1) (25.9)
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Ut (t,0)=U(0,1) (25.10)
U (to, to) = 1 (25.11)

for arbitrary tg
We are now ready to introduce the interaction representation. In this repre-
sentation, the fields evolve with the unperturbed Hamiltonian

P (t) = ettty ge—itot (25.12)

Note that we now use the caret (hat) to mean “interaction picture”. We hope this
change of notation causes no confusion. To introduce these interaction represen-
tation fields in a general matrix element,

(il e Moy (£) Wl (¢') [i) = (i e PHU (0,8) 5 (£,0)U (0, ) Y5U (¢,0) |3)
(25.13)
it suffices to notice that it is easy to remove the extra e coming from the
replacement of 1 by e~ 0t (¢) e?Hot simply by including them in the definition
of the evolution operator in the interaction representation

iHot

U (t,0) = o' (¢,0) (25.14)
U (0,t) = U (0,t) e~ Hot (25.15)
U (t,0)U (0,t) = U (0,¢) U (t,0) = 1 (25.16)

With these definitions, we have that our general matrix element takes the form

(il e P g ()bl (1) 1) = (6] e 2T (0,009 () T (1,0) T (0,¢) 9 ()T (¢,0) 1)

(25.17)

The purpose of the exercise is evidently to find a perturbation expansion for the

evolution operator in the interaction representation. It will be built starting from
its equation of motion

U0 i

pn (—Ho + H) U (t,0) = "oty (e HHotetHot) U (¢,0)

(25.18)
Since a general operator is a product of v fields, it will also evolve with time in
the same way so it is natural to define the interaction representation for V' as well.
Our final result for the equation of motion for U (¢,0) is then

Multiplying on the right by U (0,%p) we have a more general equation

i2ULI) — 7 (1) U (t, to) (25.19)

Remark 83 Difficulties associated with the fact that we have non-commuting op-
erators: The solution of this equation is not e=*J VI We will see momentarily
how the real solution looks formally like an exponential while at the same time
being very different from it. To wrile the solution as a simple exponential is wrong
because it assumes that we can manipulate U (t,t9) as if it was a number. In re-
ality it is an operator so that %ﬁ (t,t0) " # % InU (t,to) . Indeed, note the
ambiguity in writing the definition of this derivative: Should we write

0, = .o 1[5 =
=0 (t.to) = lim U (t.t0) U(t+At7t0)—U(t7to)] At
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or
Jim [(7 (t+ At tg) — U (4, to)} Ut to) " /AL ? (25.20)

The two limits cannot be identical since in general
Jim [(7 (t+ At to), U (t, to)ﬂ £ 0. (25.21)

—iHot

because U (t,t0) is made up of operators such asV and e that do not commute

with each other.

To solve the equation for the evolution operator Eq.(25.19), it is more con-
venient to write the equivalent integral equation that is then solved by iteration.
Integration on both sides of the equation and use of the initial condition Eq.(25.11)
gives immediately

t of7 (4 t
/ Mdt/:—z‘/ at'v ("YU (', to) (25.22)
t[) at/ to
A~ t A~ A~
O (t,1y) = 1—i/ AV ()0 (¢ ko) (25.23)
to
Solving by iteration, we find
t
U(t,tg) =1 fi/ ar'v (YU (t',tg) = (25.24)
to

= 1—i / tdt'f/ ') + (—i)® / tdt'f/(t') / t at"v (") (25.25)

to to to

t t’ t?
+ (—i)® / at'v (t') / dt"v (") / at"v "y + ... (25.26)
to to to
Suppose t > ty and consider a typical term in this series. By suitably defining a
contour C' and time-ordering operator along this contour 7, it can be rearranged

as follows

t t t”
(—i)? / v (1) / v () / a1 (25.27)

to to to

= (=) %Tc [/Cdtlff(tl)/cdtgff(w)/Cdtsz(tg)} (25.28)
where

e (' is a contour that is here just a real line segment going from #¢ to ¢.

e T, is the “time-ordering operator”. Assuming t > tq, it places the operator
which appear later on the contour C to the left. For the time being, T, orders
operators that are bosonic in nature. A generalization will appear soon with
fermionic Green’s functions.

e The integral on the lef-hand side of the last equation covers all possible times
such that the operators with the time that is largest (latest) are to the left.
The 3; comes from the fact that for a general v (t1) 1% (t2) 1% (t3) there are
3! ways of ordering the operators. All these possible orders appear in the
integrals on the right-hand side of the last equation. The operator T, always
orders them in the order corresponding to the left-hand side, but this means
that the integral on the left-hand side appears 3! times on the right-hand
side, hence the overall factor of %
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e A product of operators on which T, acts is called a time-ordered product.

One also needs U (0,t). In this case, with ¢ > 0, the operators at the earliest
time are on the left. This means that the contour on which the T, is defined is
ordered along the opposite direction.

A general term of the series may thus be written as

R B [e%s) » ki N k
U(t,to)—;( )" T (/Cdtlval)” (25.29)

which we can in turn write in the convenient notation

~

U (t,t) = T. [exp (—z’ o dtyV (tl))} (25.30)

where the contour is as defined above. In other words, operators are ordered right
to left from Zo to ¢ whether ¢, as a real number, is larger or smaller than .

We can check the limiting case [Hp, V] = 0. Then V is independent of time and
we recover the expected exponential expression for the time evolution operator.

The definition of the time-ordering operator is extremely useful in practice not
only as a formal device that allows the time evolution to still look like an expo-
nential operator (which is explicitly unitary) but also because in many instances it
will allow us to treat operators on which it acts as if they were ordinary numbers.

In the zero-temperature formalism, the analog of U (t,tg) is the so-called S
matrix. The time-ordering concept is due to Feynman and Dyson.

Remark 84 Non-quadratic unperturbed Hamiltonians: It is important to notice
that in everything above, Hy does not need to be quadratic in creation-annihilation
operators. With very few exceptions however,[2] it is quadratic since we want the
“unperturbed” Hamiltonian to be easily solvable. Note that the case where Hy is
time dependent can also be treated but in this case we would have an evolution
operator Uy (t,0) instead of e *Hot. The only property of the exponential that we
really use in the above derivation is the composition law obeyed by time-evolution
operators in general, namely Uy (t,t') Up (', ") = Uy (¢,") .

Remark 85 The general case of time-dependent Hamiltonians: The problem we

just solved for the time evolution in the interaction picture Eq.(25.19) is a much
more general problem that poses itself whenever the Hamiltonian is time-dependent.
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26. KADANOFF-BAYM AND KELDYSH-
SCHWINGER CONTOURS

While we have discussed only the time evolution of the operators in the interaction
representation, it is clear that we should also take into account the fact that the
density matrix e # should also be calculated with perturbative methods. The
results of the previous section can trivially be extended to the density matrix by
a simple analytic continuation ¢ — —¢7. In doing so in the present section, we will
discover the many advantages of imaginary time for statistical mechanics.

Let us define evolution operators and the interaction representation for the
density matrix in basically the same way as before

e PH = U (—iB,0) = e BT (—i3,0) = e PHoU (—iB,0) (26.1)
The solution of the imaginary time evolution equation

U (it”,0)

— U ("\NTT (4"
e ) V (@t")U (it",0)

is then

U(—iB,0) =T, |:eXp (z/ d(it”)f/(it”))] (26.2)

c

where

# = TIm (t) (26.3)

V(it") = et Hoy et Ho (26.4)

and the contour C' now proceeds from ¢t = 0 to t"” = —f.

Overall now, the matrix elements that we need to evaluate can be expressed in
such a way that the trace will be performed over the unperturbed density matrix.
Indeed, using our above results, we find

(i e Py (8) gy (¢) i) = (i] e PHoTT (=iB,0) T (0,6) % (£) U (1,00 T (0,8) % (¢) T (¢, 0)|s)

(26.5)
We want to take initial states at a time ¢y so that in practical calculations where
the system is out of equilibrium we can choose tg = —oo where we can assume that

the system is in equilibrium at this initial time. Hence, we are here considering
a more general case than we really need but that is not more difficult so let us
continue. Since we are evaluating a trace, we are free to take

~

i) = U (0,t0) |i (to)) (26.6)
then we have

<Z| efﬁH _ <Z (t0)| ﬁ(to,O) e*ﬁH — <Z (t0)| (efﬁHoeﬁHo) (eiHotOe*tho) efﬁH
(26.7)
= (i (to)| e~ FHoetoltomi) et 0=8) = ( (t9)| =0T (1o — i8,0)  (26.8)

This allows us to write an arbitrary matrix element entering the thermodynamic
trace as the evolution along a contour in complex time

i) = (i (to) | e P00 (tg — iB,0) T (0,4) § (1) U (£,0) T (0,#) 8 (¢)T (¢',0) |3)

(il e Py () v (¢)
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‘ o o .
= (i (to)| e T (to — iB,10) U (to, ) ¥ (1) U (t,8) 4 (¢') U (¢, t0) i (t0)) (26.9)
How would we evaluate the retarded Green’s function in practice using this

approach? Take the case of fermions. It is convenient to define G~ (¢t —¢') and
G<(t—1') by

= (L= t') = =i (b (O} () (26.10)

G (t =) =i (vl () vx (1)) (26.11)

in such a way that

GR(t—t) = =i ({vr @ wh @) oe )= (6t -t) -Gt -1)] 0@ —1)
(26.12)
To evaluate G~ (t —t’) for example, we would expand the evolution operators
such as U (t',t0) as a power series in V each power of 1% being associated with an
integral of a time ordered product that would start from ¢y to go to the creation

operator @T ('), then go to the destruction operator v (t) until it returns to to—ip.
This contour is illustrated in Fig.(26-1). It is this contour that determines the
order of the operators, so that even if ¢’ is a larger number than ¢, as illustrated on
the right panel of this figure, the operator @ (t) always occur after ’(ZT (t') on the
contour, i.e. 7,71 (t) is on the left of @’f (t') in the algebraic expression. The parts

of the contour that follow the real axis are displaced slightly along the imaginary
direction for clarity.

| r:(t) | I’: (t)

/\+ 7
t vi(t) t,

> — » Re(t) = »Re(t)
= \/I}('[) \I/}(t) W(t)

to_iB to—iB

Figure 26-1 Kadanoff-Baym contour to compute G~ (t —t') .

We will see momentarily that it is possible to avoid this complicated con-
tour to make calculations of equilibrium quantities. However, in non-equilibrium
situations, such contours are unavoidable. In practice however, what is used
by most authors is the Keldysh-Schwinger contour that is obtained by inserting
U (t',00) U (00,t') = 1 to the left of JJT (t') in the algebraic expression Eq.(26.9).
In practice this greatly simplifies the calculations since the contour, illustrated in
Fig.(26-2), is such that integrals always go from —oo to oo. To specify if a given
creation or annihilation operator is on the upper or the lower contour, a simple
2 x 2 matrix suffices since there are only four possibilities..

In equilibrium, the analog of the fluctuation dissipation theorem in the form
of Eq.(11.100) for correlation functions, allows us to relate G~ and G<, which
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t,— i B
Figure 26-2 Keldysh-Schwinger contour.

means that we can simplify matters greatly and work with a single Green function.
Fundamentally, this is what allows us to introduce in the next section a simpler
contour that is extremely more convenient for systems in equilibrium, and hence
for linear response.
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27. MATSUBARA GREEN'S FUNC-
TION AND ITS RELATION TO
USUAL GREEN'S FUNCTIONS. (THE
CASE OF FERMIONS)

In thermodynamic equilibrium the time evolution operator as well as the density
matrix are exponentials of H times a complex number. To evaluate these operators
perturbatively, one needs to calculate time-ordered products along a contour in
the complex time domain that is relatively complicated, as we saw in the previous
section. In the present section, we introduce a Green’s function that is itself a time-
ordered product but along the imaginary time axis only, as illustrated in Fig.(27-1)
below. This slight generalization of the Green’s function is a mathematical device
that is simple, elegant and extremely convenient since the integration contour is
now simple. In a sense, we take advantage of the fact that we are free to define
Green functions as we wish, as long as we connect them to observable quantities
in at the end of the calculation. This is similar to what we did for correlation
function. All the information about the system was in x” (k,w), now it is all in
the spectral weight A (k,w) ,so that as long as we can extract the single-particle
spectral weight we do not loose information.

What makes this Green function extremely useful for calculations is the fact
that in evaluating time-ordered products that occur in the perturbation series, a
theorem (Wick’s theorem) tells us that all correlations functions are related to
producs of time-ordered Green’s functions. So we might as well focus on this
quantity from the start. For thermodynamic quantities, since only equal-time
correlation functions are needed, it is clear that evaluation in imaginary time or
in real time should be equivalent since only t = 0 is relevant. More generally,
for time-dependent correlation functions we will see that in frequency space the
analytic continuation to the physically relevant object, namely the retarded func-
tion, is trivial. We have already seen this with the Matsubara representation for
correlation functions.11.9 The same tricks apply not only to Green’s functions but
also to these correlation function.

After introducing the so-called Matsubara Green’s function itself, we will study
its properties. First, using essentially the same trick as for the fluctuation-dissipation
theorem for correlation functions, we prove that these functions are antiperiodic
in imaginary time. This allows us to expand these functions in a Fourier series.
The spectral representation and the so-called Lehman representation then allow
us to make a clear connection between the Matsubara Green’s function and the
retarded function through analytic continuation. As usual, the spectral represen-
tation also allows us to do high-frequency expansions. We give specific examples
of Matsubara Green’s functions for non-interacting particles and show in general
how to treat their Fourier series expansions, i.e. how to do sums over Matsubara
frequencies.
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27.1 Definition

The Matsubara Green’s function is defined by

Gr,xim—1)=— <TT¢ (r,r) 0! (), T')> (27.1)

== (Vv @ )0 )+ (Ve )0 - ) (272)

The definition of Ref.([3]) has an overall minus sign difference with the definition
given here.

Definition 14 The last equation above defines the time ordering operator for
fermions. It is very important to notice the minus sign associated with interchang-
ing two fermion operators. This time-ordering operator is thus a slight generaliza-
tion of the time-ordering operator we encountered before. There was no minus sign
in this case associated with the interchange of operators. The time-ordering oper-
ator for bosonic quantities, such as V that appeared in the perturbation expansion,
will never have a minus sign associated with the exchange of bosonic operators.

We still need to specify a few things. First, the thermodynamic average is in
the grand-canonical ensemble

Tr [e‘B(H_“N)(’)]
<O> = T'r [e*B(HfﬂN)]

(27.3)

with u the chemical potential and N is the total number of particle operator, while
the time evolution of the operators is defined by

P (r,7) = eT(H_“N)wS (r) e~ T(H=-uN) (27.4)

Ul (r,7) = e =Ny (z) e~ H—uM) (27.5)

For convenience, it is useful to define

@9

Several points should attract our attention:

e The correspondence with the real time evolution operators e~** is done by
noting that

7 =—Im(t) (27.7)

or, in general for complex time
T =11

e Strictly speaking, we should use ¥ (r, —i7) if we want the symbol ¢ (r,t) for
t complex to mean the same thing as before. That is why several authors
write 9 (r,7) for the Matsubara field operator. We will stick with ¥ (r,7)
since this lack of rigor does not usually lead to confusion. We have already
given enough different meanings to ™ in previous sections! Furthermore, this
type of change of “confusion” in the notation is very common in Physics.
For example, we should never write f (k) to denote the Fourier transform of

f(x).
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o ¢l (r,7) is not the adjoint of v (r,7). However, its analytic continuation
T — it is the adjoint of ¢ (r,t).

e Using as usual the cyclic property of the trace, it is clear that G depends
only on 7 — 7/ and not on 7 or 7/ separately.

e It suffices to define the Matsubara Green’s function G (r,r’; 7) in the interval
—B < 7 < . We do not need it outside of this interval. The perturbation
expansion of ﬁ(—iﬁ,O) =T, [exp (— fc drV (T))] evidently necessitates
that we study at least the interval 0 < 7 < 8 but the other part of the
interval, namely —0 < 7 < 0 is also necessary if we want the time ordering
operator to lead to both of the possible orders of 1 and wT: namely wT to
the left of ¢ and ’(/JT to the right of 1. Both possibilities appear in GF. If
we had only 7 > 0, only one possibility would appear in the Matsubara
Green’s function. We will see however in the next section that, in practice,
antiperiodicity allows us to trivially take into account what happens in the
interval —f < 7 < 0 if we know what happens in the interval 0 < 7 < .

e The last contour considered in the previous section for U (—if,0) = T, [exp (f Jo drV (T))}
tells us that the time-ordering operator T’- orders along the contour (Im (¢) = —f) >
(Im (¢') = B) which corresponds to (7 = ) > (7" = —). The present con-
tour is illustrated in Fig.(27-1).

SR | E - —— = p

Figure 27-1 Contour for time ordering in imaginary time. Only the time difference
is important. The contour is translated slightly along the real-time axis for clarity.

Remark 86 Role of extra chemical potential in time evolution: The extra chem-
ical potential in the evolution operator e™H—#N) js convenient to make all oper-
ators, including the demsity matriz, evolve in the same way. It corresponds to
measuring energies with respect to the chemical potential as we will see with the
Lehman representation below. The extra e ™V disappears for equal-time quanti-
ties (thermodynamics) and in the calculation of expectation values (O (£)O (')
for operators O which are bilinear in fermions of the form () at equal time.
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Indeed in that case one has OF(t) = etOte it = H-pN)t(+e—i(H-pN)t,
When Wick’s theorem is used to compute expectation values, the creation and an-
nihilation operators evolve then as above. In any case, as we just said, the addition
of the chemical potential in the evolution operator just amounts to measuring the
single-particle energies with respect to the chemical potential.

27.2 Time ordered product in practice

Suppose I want to compute

(T ()0 (ra) ¥ (r2) ¥ (). (27.8)

We drop space indices to unclutter the equations. The time ordered product for
fermions keeps tract of permutations, so if I exchange the first two operators for
example, I find

(T () 91 (r3) ¥ (72) 67 (7)) = = (10! (ra) 0 () ¥ (r2) T (7)) (279)

I need not worry about delta functions at equal time or anything but the number
of fermion exchanges. Indeed, whichever of the above two expressions I start with,
if 71 < 79 < T3 < 74, I will find at the end that

(T (r) 6! (r) ¥ (12)¥' (1)) = = (¥! (r) ¥! (1) ¥ (r2) w (1)) . (27.10)

We cannot, however, have two of the times equal. We have to specify that one
is infinitesimally larger or smaller than the other to know in which order to place
the operators.

27.3 Antiperiodicity and Fourier expansion (Mat-
subara frequencies)

Suppose 7 < 0. Then
G (r,x's7) = (¢* (',0)9 (r,7)) (27.11)

Using the cyclic property of the trace twice, as in the demonstration of the
fluctuation-dissipation theorem it is easy to show that

(Grri1)=—G(r,x;7+8) ; 7<0 (27.12)

This boundary condition is sometimes known as the Kubo-Martin-Schwinger (KMS)
boundary condition.

Proof: Let

e P =Ty [ePK] (27.13)

then
G(r,x';7) =€’ Tr [e_ﬁKw+ (r')y (I‘,T)] (27.14)
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The cyclic property of the trace then tells us that
G(r,x's7) = POTr [ (r,r) eyt ()]
— 669 Tr [(e—ﬁKeﬁK) (eKT,(/J (I‘) e—KT) 6_5K¢+ (I‘I
= (Y (rr+ P9t (r,0))
—G (r,’;7+3)

The last line follows because given that —3 < 7, we necessarily have 7+ > 0
so that the other 6 function must be used in the definition of the Matsubara
Green’s function.

If 7 > 0, the above arguments can be repeated to yield

|g(1'a1'1;7—5)=—g(1‘,r';7) ;0 7>0 (27.19)

However, for 7 > 0 note that
G(r,xs7)#£-G(r,xs7+8) ;3 7>0 (27.20)

While G (r,r’; 7 + 8) for 7 > 0 is well defined, we never need this function. So we
restrict ourselves to the interval —3 < 7 < 3 described in the previous section.

One can take advantage of the antiperiodicity property of the Green’s function
in the interval —3 < 7 < 3 to expand it in a Fourier series that will automatically
guaranty that the crucial antiperiodicity property is satisfied. More specifically,
we write

Gr,r';7) =520 e TG (x5 iky) (27.21)

where the so-called Matsubara frequencies for fermions are odd, namely

by = (@2n+1) 7T = EHUT | n integer (27.22)

The antiperiodicity property will be automatically fulfilled because e~ "8 =
e—i(2’ﬂ+1)7‘( = _1.

The expansion coefficients are obtained as usual for Fourier series of antiperi-
odic functions from

G (r,r'5ik,) = f(;B dre*nG (v, 1'; 7) (27.23)

Note that only the 7 > 0 region of the domain of definition is needed, as promised.

Remark 87 Domain of definition of the Matsubara Green’s function: The value
of G (v,r';T) given by the Fourier series (27.21) for T outside the interval —f <
T < B, is in general different from the actual value of Eq.(27.1) G (r,x';7 —7') =
— (T4 (r,r) ™ (x',7)). Indeed, to define a Fourier series one extends the func-
tion defined in the interval —3 < T < [ so that it is periodic in T outside this inter-
val with a period 2. The true function G (r,v';7 —7') = — <TT¢ (r, 7)™t (v, T’)>
has an envelope that is, instead, exponential outside the original interval. We
will see an explicit example in the case of the free particles. In perturbation ez-
pansions, we never need G (r,r’;T) outside the interval where the series and the
true definition give different answers. To avoid mathematical inconsistencies, it is
nevertheless preferable in calculations to do Matsubara frequency sums before any
other integral! It is possible to invert the order of integration and of summation
but we must beware.
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27.4 Spectral representation, relation between Gt
and G and analytic continuation

By analogy with what we have done previously for response functions y, it is
useful to introduce the spectral representation for the retarded Green’s function.
We obtain explicitly G (r,r’; ik, ) by integration in the complex plane and find that
is trivially related to GF (r,r’;w).

As before, we have

GE (v, t) = —i <{¢ (r,), ot (7, 0)}> o (1) (27.24)

but this time, the evolution operator is defined to take into account the fact that
we will work in the grand-canonical ensemble. By analogy with the definition of
the Matsubara operators, we now have

K =H —uN
Y (r,t) = e™apg (r) e K (27.25)
Yl (r,t) = Byl (r) e K (27.26)

We now proceed by analogy with the response functions. On the left we show
the definitions for response functions, and on the right the analogous definitions
for response functions. Let

GR (r,x/t) = A () 0(0) 5 xF (0) = 20, ()0 (0) (27.27)

where the spectral weight is defined by

Alrxst) = ({0 (t) w7 (01 | 3 X () = 5 ([Ai (rt), 4; (¢, 0)])

(27.28)
Then taking the Fourier transform, one obtains the spectral representation

L[ )
—o T w = (W+Zn)
(27.29)

1
2

G (i) = % W W)
)’ T J—oo 27 wtin—w’ p Xig (W

The spectral weight will obey sum-rules, like x” did. For example

2 A (r,r0) = ({3 (r,0), 0t (1, 0)}) =5 (r — ') (27.30)

From such sum rules, a high-frequency expansion can easily be found as usual.
But that is not our subject for now.

To establish the relation between the Matsubara Green’s function and the
retarded one, and by the same token establish the spectral representation for G,
consider

G(rx'sm) == (Y ()" (1',0))0 (1) + (¥ (',0)¢ (r,7)) 0 (-7)  (27.31)

s
G (r,x';ik,) = / dre*n G (r,x'; 1) (27.32)
0
s
= / dren™ [— (¢ (r,7) 9T (1),0))] (27.33)
0
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Assume that k,, > 0. Then, as illustrated in Fig.(27-2), we can deform the contour
of integration within the domain of analyticity along Re (¢t) = Im (7) > 0. (The
analyticity of (¢ (r,7)%" (/,0)) in that domain comes from e~## in the trace.
You will be able to prove this later by calculating G (r,r’; 7) with the help of the
spectral representation Eq.(27.40) and tricks for evaluating sums on Matsubara
frequencies. For Im (7) = oo there will be no contribution from the small segment
since e”*™ becomes a decaying exponential. The integral becomes

Im(t) = - Re(7)
Re(t)=—P — — — — A _ _ _ _

..... Re(t) = Im(x)

—»
———— -

Re()=p — — — — -

Figure 27-2 Deformed contour used to relate the Matsubara and the retarded
Green's functions.

G (r,r'5ik,) = (27.34)

/ (i) [ (6 () gt (@))] a0

=0
t=0
+ /t (i) [ (0 (= iB) T ()] )

In the last integral, we then use the results

eltkn)il=iB) = e(thn)B = 1 (27.35)

/0 =— /OOO (27.36)
— (W (rt—ip)y™ (r')) (27.37)
[_ <eiK(t—i,B),(/JS (r) e—z’K(t—i,B)w:fg (r’)>} _ [_ <66K€iKth (r) e—mte—m{ws (r’)>]

It then suffices to cancel the left most ¢?X with the density matrix and to use the
cyclic property of the trace to obtain for the integrand of the last integral,

— [7 <1/;T (r’,0)1/1(r,t)>] : (27.38)

Overall then, the integral in Eq.(27.34) is equal to

G (r,x'5iky =—'/Oodt 1), 90 (r/,0) ) eflkn)t 27.39
(eor'sikn) == | -t ({ () 0" (,0)} e (27.39)
G (r,x'siky) = [ %%A(ki_ff) (27.40)
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All that we assumed to deform the contour was that k, > 0. Thus, ik, —
w +in with n > 0 is consistent with the hypothesis and allows us to deform
the contour as advertized. Comparing the formula for G (r,r’;ik,) for k, > 0
with the expression for the retarded Green’s function(27.29), we see that analytic
continuation is possible.

G (r,r';w) = limg, —wtin G (v, 15 iky,) (27.41)

If we had started with k,, < 0, analytic continuation ik,, — w —i7n to the advanced
Green’s function would have been possible.

Remark 88 Connectedness: For a general bosonic correlation function, similar
spectral representations can also be defined for connected functions (see below).
As an example of connected function, (A (1) B) — (A (7)) (B) is connected. The
subtracted term allows the combination of correlation functions to behave as a
response function and appears naturally in the functional derivative approach. If
(A(T)) has a piece that is independent of T, the subtraction allows the integral
on the contour at infinity on the above figure to vanish even at zero Matsubara
frequency. Otherwise, that would not be the case.

27.5 Spectral weight and rules for analytical contin-
uation

In this section, we summarize what we have learned for the analytic properties of
the Matsubara Green’s function and we clarify the rules for analytic continuation. [4]

The key result for understanding the analytical properties of G is the spectral
representation Eq.(27.40)

* dw' A(r,r’;0)

y /
oo 2T iky —w

G (r,1'; k) =/

(27.42)

The spectral weight A (r,r’;w’) was discussed just in the previous subsection (See
also Eq.(28.6) for the Lehman representation).

The Matsubara Green’s function and the retarded functions are special case of
a more general function defined in the complex frequency plane by

Glr,rsz) = [ def Alrr'e) (27.43)

—o0 21 z—w’

This function is analytic everywhere except on the real axis. Physically interesting
special cases are
G (r,r';iky) = G (r,1';iky)

G (r,r';w) = lim G (r,r';w +1n) (27.44)
n—

GA (r,v/;w) = hn%) G (r,r';w—1n) (27.45)
n—

The function G (r,r’; z) has a jump on the real axis given by

| A(r,v';w) = ilim, o [G (r,v/;w +in) — G (r, 7w — in)] | (27.46)

Ar,r'sw) =i [GR (r,r';w) — G4 (r,r’;w)]
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In the special case where A (r,r’;w) is real (which is almost always the case in
. . . 12
practice since we consider r = 1’ or k = k'), we have

A(r,v;w) = —2Im G® (r,r';w) (27.47)

like we have often used in the one-body case.

The previous results are summarized in Fig.(27-3) which displays the analytic
structure of G (r,r’; z) . This function is analytical everywhere except on the real
axis where it has a branch cut leading to a jump Eq.(27.46) in the value of the
function as we approach the real axis from either the upper or lower complex half-
plane. The limit as we come from the upper half-plane is equal to GF (r,r’;w)
whereas from the lower half-plane it is equal to G4 (r,r’;w). The Matsubara
Green’s function is defined only on a discrete but infinite set of points along the
imaginary frequency axis.

G@) = ¥ (i) 'mf)

1 G@) = G (o)

kv]
7%

—» Re(2)

[V RV R VIR ]

LA NEA A TS

G(2) = Gw)

Figure 27-3  Analytical structure of G(z) in the complex frequency plane. G(z)
reduces to either G (w), G4 (w) or G (iw,) depending on the value of the complex
frequency z. There is a branch cut along the real axis.

The problem of finding G (r,r’;w) along the real-time axis from the knowl-
edge of the Matsubara Green’s function is a problem of analytical continuation.
Unfortunately, G (z = ik,,) does not have a unique analytical continuation be-
cause there is an infinite number of analytical functions that have the same value
along this discrete set of points. For example, suppose we know G (z = ik,,), then
G (2) (1+ (¢7* + 1)) has the same value as G (z) for all points z = ik, because
e’*# 4+ 1 = 0. Baym and Mermin[5], using results from the theory of complex
functions, have obtained the following result.

Theorem 15 If

1. G (z) is analytical in the upper half-plane

2. G (z) = G (iky,) for all Matsubara frequencies
3. lim, 00 2G (2) = cst

then the analytical continuation is unique and

GR(r,v;w)= lim G (r,r';ik,) (27.48)

iky —w—+in

The key point is the third one on the asymptotic behavior at high frequency.
That this is the correct asymptotic behavior at high frequency follows trivially from
the spectral representation Eq.(27.43) as long as we remember that the spectral
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weight is bounded in frequency. The non-trivial statement is that this asymptotic
behavior suffices to make the analytical continuation unique. In practice this rarely
poses a problem. The simple replacement ik,, — w + i suffices. Nevertheless, the
asymptotic behavior reflects a very fundamental property of the physical system,
namely the anticommutation relations! It is thus crucial to check that it is satisfied.
More on the meaning of the asymptotic behavior in subsection (29.1).

27.6 Matsubara Green's function in the non-interacting
case

We first present the definition of the Matsubara Green’s function in momentum
space since this is where, in translationally invariant systems, it will be diagonal.
Let us first show explicitly what we mean by Green’s function in momentum space.

We expect G (k;7—7') = — <TTck (1) CL (T')> but let us see this in detail.

With our definition of momentum and real space second quantized operators,
and our normalization for momentum eigenstates Eq.(23.35) we have

G(r,v'im 1) = — (T (e 9! (7)) = <TZ £l e () Sel (7 k'|r>>

(27.49)
<I’ ‘k> <k/ |r/> _ %eikr—ik"r' _ %ei(k—k’)(#)—ki(kzk/)~(r—r’)- (2750)

Assuming space translation invariance, we can integrate over the center of mass
. l r/+r _ .
coordinate 55 [ d (—2 ) = 1. Since

1 41\ (k—k) 1 ,
v/d( ; >e(k k)(2>:§(2w)36(k—k):6k7k/ (27.51)

we are left with

G(r,x's7—17") < Z cx ( ck, ') eik"(r—r’)> (27.52)

< "y Z e ( ck, 7' eik/'(‘”_‘”/) >]

(27.53)
Gk —7') = — <TTck (r) ek (T/)> (27.54)

Gkt —7)= /d(r—r’) ik (r—r!

which could have been guessed from the start! Our definitions of Fourier trans-
forms just make this work.

Remark 89 Momentum indices and translational invariance: Note that the con-
servation of total momentum corresponding to translational invariance corresponds
to the sum of the momentum indices of the creation-annihilation operators being
equal to zero. The sign of momentum is counted as negative when it appears on a
creation operator.
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The above is a general result for a translationally invariant system. Let us
specialize to non-interacting particles, namely to quadratic diagonal Hamiltonian

Ko=) (ac—megac= Y Ceeiox (27.55)
k k

The result for the Green’s function may be obtained either directly by calculating
the spectral weight and integrating, or from the definition or by integrating the
equations of motion. The three ways of obtaining the simple result

gO (k, an) = iknl—ck (2756)

are instructive, so we will do all of them below. Assuming for one moment that
the above result is correct, our rules for analytic continuation then immediately
give us the retarded function

G (kw) = (27.57)

1
W‘H"I_Ck

that has precisely the form we expect from our experience with the one-body case.
The only difference with the one-body case is in the presence of the chemical
potential in (.

27.6.1 Go(k;7) and Gy (k;ik,,) from the definition

To evaluate the Green’s function from its definition, we need ¢y (7) . That quantity
may be obtained by solving the Heisenberg equations of motion,

0
% = [Ko, ax] = —Creex (27.58)

The anticommutator was easy to evaluate using our standard trick Eq.(23.77).
The resulting differential equation is easy to integrate given the initial condition
on Heisenberg operators. We obtain,

ax (1) = eS¢y (27.59)
so that substituting in the definition,
Go(k;7) = —(Trew (1) ) = —eokT [(exef) 0 (1) — (¢fex) 0 (—=7)]  (27.60)

using the standard result from elementary statistical mechanics,

(cha) = f(G) = egTIH (27.61)
and <ckc[:> =1- <0Ick> we obtain
(9 (ks 7) = =57 [(1 = £ (G) 0.7) = £ (i) 6 (=71 (27.62)

Remark 90 Inadequacy of Matsubara representation outside the domain of defi-
nition: We see here clearly that if 7 < 0 the equality

Go (k; 7+ B) = —Go (k; 7) (27.63)
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-0,4+
-0,6+
-0,8 % % % | i

G(v)

Figure 27-4 Gy (p, T) for a value of momentum above the Fermi surface.

is satisfied because e =P (1 — f (¢y)) = f (Cy) - On the other hand,
9o (7 +36) # Go (k; 7 + ) (27.64)

as we might have believed if we had trusted the expansion

Go (k; 7) :% > e Gy (siky)

n—=——oo

outside its domain of validity! The conclusion is that as long as the Matsubara
frequency representation is used to compute functions inside the domain —§ < T <
B, it is correct. The perturbation expansion of the interaction picture does not force
us to use Green’s functions outside this domain, so the Matsubara representation
is safe!

Remark 91 Alternate evaluation of time evolution: We could have obtained the
time evolution also by using the identity

ACA =C+ 14,01+ (A A0 + 5 A A[AC +...  (27.69)

that follows from expanding the exponential operators. This is less direct.

Remark 92 Appearance of Gy (k;7) : It is instructive to plot Gy (k;7) as a func-
tion of imaginary time. In some energy units, let us take 8 = 5, and then consider
three possible values of y.. First (,, = 0.2, i.e. for a value of momentum above the
Fermi surface, then a value right at the Fermi surface, ¢, = 0 and finally o value
Cx = —0.2 corresponding to a momentum right below the Fermi surface. These
cases are illustrated respectively in Figs.(27-/) to (27-6). Note that the jump at
7 = 0 is always unity, reflecting the anticommutation relations. What is meant
by antiperiodicity also becomes clear. The extremal values near +8 and £0 are
simply related to the occupation number, independently of interactions.

Let us continue with the derivation of the Matsubara frequency result Gy (k; iky, ).
B g
Go (k; k) = / dre"Go (ki) = — (1= f(G) / dre'fnTemT(27.66)
0 0
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Figure 27-5 Gy (p, T) for a value of momentum at the Fermi surface.
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G(v)

Figure 27-6 Gy (p, T) for a value of momentum below the Fermi surface.
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eiknBe—CB _ 1

= (- G = (27.67)
—e B 1 1
=TS = = (27.68)
The last equality follows because
G
(-7 (G = : (27.69)

TP+l ewB 1

We thus have our final result Eq.(27.56) for non-interacting particles.

27.6.2 Go(k;7) and Gy (k; ik, ) from the equations of motion

In complete analogy with the derivation in subsection (24.3) we can obtain the
equations of motion in the quadratic case.

a%_go (k;7) = *% <T7—Ck (1) CL> (27.70)

= o) {({e (), }) - <TT <%ck (T)> CL> (27.71)

Using the equal-time anticommutation relations as well as the Heisenberg equa-
tions of motion for free particles Eq.(27.58) the above equation becomes,

%90 (k;7) = =6(7) + (i <TTCk (1) CL> (27.72)

so that the equation of motion for the Matsubara propagator is

(& +G) Go k1) = =3 (1) (27.73)

To obtain the Matsubara-frequency result, we only need to integrate on both sides
using the general expression to obtain Fourier coefficients Eq.(27.23)

/ 3 Kaﬂ; n <k) o (K ﬂ] ehTdr = -1 (27.74)

so that integrating by parts,
e Go (I 7) [0 — iknGo (ks ikn) + CuGo (K;ik,) = —1 (27.75)

Note that we had to specify that the domain of integration includes 0. The inte-
grated term disappears because of the KMS boundary conditions (antiperiodicity)

e*nT G (k; 7')\'6: Eq.(27.12). Indeed, antiperiodicity implies that

T Gy (e =G (ki6) G0 (l607) =0 (2170

Eq.(27.75) for the Matsubara Green’s function then immediately gives us the de-
sired result Eq.(27.56).
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27.7 Sums over Matsubara frequencies

In doing practical calculations, we will have to become familiar with sums over
Matsubara frequencies. When we have products of Green’s functions, we will use
partial fractions in such a way that we will basically always have to evaluate sums

Suc}l as

where T = 7. We have however to be careful since the result of this sum is
ambiguous. Indeed, returning back to the motivation for these sums, recall that

77,kn‘r

kir)=T 27.78
g (ki7) Z e (27.78)
We already know that the Green’s function has a jump at 7 = 0. In other words,

lim G (ki) = —{ckei )| # Emig(k;T):<c¢ck> (27.79)
7—0

T—0t
This inequality in turn means that

0~ 0t

—ikn —ikn
Tzzk — ;ATZZk — #Tzzk y: (27.80)

k

The sum does not converge uniformly in the interval including 7 = 0 because the
1/n decrease for n — oo is too slow. Even if we can obtain a finite limit for the
last sum by combining positive and negative Matsubara frequencies, what makes
physical sense is only one or the other of the two limits 7 — 0%.

Remark 93 Remark 94 The jump, lim,_o- G (k;7)—lim, o+ G (k;7) is always
equal to unity because of the anticommutation relations. The slow convergence in
1/ik,, is thus a reflection of the anticommutation relations and will remain true
even in the interacting case. If the (il<:n)71 has a coefficient different from unity,
the spectral weight is not normalized and the jump is not unity. This will be
discussed shortly.

Let us evaluate the Matsubara frequency sums. Considering again the case of
fermions we will show as special cases that

Ty, zkmj(; = 63<k+1 = [ (Cx) = Go (k;07) (27.81)

T, z;lkf = =g = 1+ f(G) = Go (k;07) (27.82)

Obviously, the non-interacting Green’s function has the correct jump Gy (k;07) —
Go (k;07) = 1.In addition, since Gy (k;07) = <c;r<ck> and Gy (k;07) = — <ckc;r<>
the above results just tell us that <ckck> = f(¢y) that we know from ele-
mentary statistical mechanics. The anticommutation relations immediately give

— <ckc;r(> = —1+ f(¢y) -So these sums over Matsubara frequencies better behave
as advertized.
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Proof: [6]To perform the sum over Matsubara frequencies, the standard trick is

to go to the complex plane. The following function

1

- 27.83
B (27.53)
has poles for z equal to any fermionic Matsubara frequency: z = ik,. Its

residue at these poles is unity since for

z =ik, + 6z (27.84)
we have
1 1 1
_ = _fB— = — 27.85
b1~ Pammm 1 - P 1 (27.:85)
. 1
i 05 || = (27.86)

Similarly the following function has the same poles and residues:

. 1
im0z [ﬁﬁ} =1 (27.:87)

To evaluate the 7 < 0 case by contour integration, we use Cauchy’s theorem on

212

the contour C1, which is a sum of circles going counterclockwise around the
points where z is equal to the Matsubara frequencies. Using Eq.(27.86) this
allows us to establish the equality

1 e~ thnT 1 dz e 3T
il - = - - 27.88
B;ikn—gk 27Ti/01652+1z(k ( )

This contour can be deformed, as illustrated in Fig.(27-7), into Co+C3 (going
through C7) with no contribution from the semi-circles at Re (z) = +o0
because eﬁz—lﬂ insures convergence when Re(z) > 0 despite e *7 in the
numerator, and e *7 insures convergence when Re(z) < 0, 7 < 0. With
the deformed contour Cy + Cj3, only the contribution from the pole in the
clockwise direction is left so that we have

e thnT e k7 —( T
F i = waag = ¢ T (G (27.89)

which agrees with the value of Gy (k;7) in Eq.(27.62) when 7 < 0. In partic-
ular, when 7 = 0~ we have proven the identity (27.82) . To evaluate the
7 > 0 case we use the same contour but with the other form of auxiliary
function Eq.(27.87). We then obtain,

1 e~ thnt 1 dz e T
Sl N . 97.90
3 ; iy — C nm0+ 2mi /C e Pr1z—(p (27.90)

This contour can be deformed into Cy 4+ C3 with no contribution from the
semi-circles at Re(z) = £oo because this time e™*7 insures convergence
when Re(z) > 0, 7 > 0 and e,ﬂ—lz_H ensures convergence when Re (z) < 0
—2T

despite e in the numerator. Again, from Cs + C3, only the contribution
from the pole in the clockwise direction survives so that we have

—ikpT —CpT —CT B _
%Zn zfik:n—Ck = —efﬁ4:+1 = _eeﬁlzkj_lk = —¢€ CxT (1 - f(Ck)) (2791)

which agrees with the value of Gy (k; 7) in Eq.(27.62) when 7 < 0. In partic-
ular, when 7 = 0" we have proven the identity (27.81).
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Figure 27-7 Evaluation of fermionic Matsubara frequency sums in the complex
plane.

27.8 Exercices

27.8.1 Gy (k;ik,) from the spectral weight and analytical continuation

Find Gy (k;ik,,) starting from the spectral weight for non-interacting particles and
analytical continuation.

27.8.2 Représentation de Lehman et prolongement analytique

Soit la définition habituelle & ’aide d’un commutateur pour la susceptibilité de
charge retardée

Xpo (@it —t') =0 (t—t') ([p(a, 1), p(—a,t")]) (27.92)

Soit aussi la susceptibilité de charge correspondante de Matsubara

Xpp (7 —7") = (Trp(q,7)p(—q,0)) (27.93)
= 0(r){p(a,7)p(=q,0)) +0(=7) (p(—q,0) p(q, T(27.94)

Les moyennes sont prises dans 1’ensemble grand-canonique.

a) Trouvez les conditions de périodicité en temps imaginaire pour la fonction
de Matsubara et déduisez-en un développement en fréquences discrétes.

b) Trouvez la représentation de Lehman pour chacune de ces deux fonctions
de réponse et déduisez-en la régle permettant de faire le prolongement analytique
d’une fonction a lautre.

¢) Vérifiez a partir de la représentation de Lehman que le poids spectral satisfait
a la condition wy}, (q,w) > 0.

d) Pourquoi n’a-t-on pas besoin d’un facteur de convergence pour calculer
ZZO:_OO Xpp (q5iwy,)
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27.8.3 Fonction de Green pour les bosons

Soient ayi et a;\rk les opérateurs de destruction et de création pour des phonons
(statistiques de Bose) de polarisation A et de nombre d’onde k. L’amplitude
quantifiée correspondante est

1
= —\a +a+ )
Qxk o ( Akt ay g

(h =1). Definissons le propagateur de phonon de Matsubara par:

Dy (kK7 —7') = =2\fwxpwr < Tr [Qap (T) Qu —ir (T1)] > .

Notez que pour les quantités bosoniques il n’y a pas de changement de signe
lorsqu’on réordonne les opérateurs avec le produit chronologique.

a)

-Prouvez que Dy (k,k';7 — 7’) ne dépend que de 7 — 7.

- Dérivez la condition de périodicité en temps imaginaire.

- Donnez le développement de Dy (k,k'; 7 — 7') en fréquences discrétes.

b) Soit

H= Zw)\k[a;kcu,k + %]
B

- Calculez le Dy (k,iwy) = Dy (k, k; iwy,) correspondant.

- Trouvez le poids spectral.

- Montrez que le poids spectral s’annule a fréquence nulle. (Ceci est le cas
général pour les bosons. Ceci permet de faire le prolongement analytique de la
représentation spectrale sans rencontrer de problémes avec la fréquence de Mat-
subara nulle.)

- Faites le prolongement analytique pour obtenir la fonction de Green retardée
correspondante.

- Utilisez un contour dans le plan complexe et la formule de Cauchy pour
évaluer

oo
. +
> Dax (k, ki) €m0 (27.95)
n=-—oo
Pourquoi le résultat ne dépend-t-il pas du facteur de convergence choisi, eiwn0"
ou en0"?

27.8.4 Oscillateur harmonique en contact avec un réservoir

Un oscillateur harmonique de fréquence 2 interagissant avec un réservoir d’oscillateurs
de fréquences w; est décrit par I’hamiltonien

H=Qa a+ Zwib;rbi + Zgi (a™b; + ab]")
: i

Définissons les propagateurs de Matsubara suivants:

D (1) =— < Tyla(1)a™(0)] >
Fi (1) = — < Ty[b; (1) a™(0)] >
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a) Ecrivez les equations du mouvement pour ces propagateurs.

b) Prenez la transformée de Fourier pour obtenir les équations du mouvement
pour D (iw,) et F; (iwy) et résolvez ces équations.

c) Faites le prolongement analytique pour obtenir les propagateurs retardés.

d) Décrivez la structure analytique de D (w) dans le plan complexe, en mon-
trant ol sont les podles et autres singularités. Vous pouvez aussi supposer que ¢
peut prendre les valeurs de 1 & N et montrer que D (w) s’écrit comme le rap-
port de deux polyndémes, un de degré N au numérateur et un de degré N + 1 au
dénominateur.

e) Tracez un shéma du dénominateur de D (w) pour montrer comment obtenir
graphiquement comment le réservoir donne de nouveaux poles. Pour simplifier la
discussion, supposez qu’il n’y a que deux oscillateurs dans le réservoir et trouvez
ce qui arrive si € est plus petit, plus grand, ou entre les deux fréquences des
oscillateurs du réservoir.

27.8.5 Limite du continuum pour le réservoir, et irréversibilité

Continuons le probléme précédent. Supposons que le nombre d’oscillateurs du
réservoir augmente sans limite de telle sorte que la fonction

I'w) = ngé(w — w;)

devienne continue

a) Montrez que si I' et ses dérivées sont petites, la partie imaginaire du pole
de D (w) est & —in[' (£2). Donnez une expression intégrale pour le déplacement
de la fréquence (encore une fois & 'ordre dominant en T').

b) Montrez que D* (¢) décroit exponentiellement dans le temps. La fréquence
d’oscillation est-elle déplacée? Dans cette limite nous avons un oscillateur quan-
tique amorti! Pourquoi ce résultat est-il si différent de celui du probléme précé-
dent? Que se passe-t-il si le nombre d’oscillateurs est grand mais pas infini?
Discutez la fagon dont l'irréversibilité est apparue dans le probléme, en particulier
notez que la limite du volume infini (nombre d’oscillateurs infini) est prise avant
n—0.

¢) SiT (w) est donné par

B €
T 14 w?r2

trouvez, a 'ordre dominant en ¢, la fréquence renormalisée et ’amortissement.

I (w)
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28. PHYSICAL MEANING OF THE
SPECTRAL WEIGHT: QUASIPAR-
TICLES, EFFECTIVE MASS, WAVE
FUNCTION RENORMALIZATION,
MOMENTUM DISTRIBUTION.

To discuss the Physical meaning of the spectral weight, we first find it in the
non-interacting case, then write a formal general expression, the Lehman repre-
sentation, that allows us to see its more general meaning. After our discussion
of a photoemission experiment, we will be in a good position to understand the
concepts of quasiparticles, wave-function renormalization, effective mass and mo-
mentum distribution. We will even have a first look at Fermi liquid theory, and
see how it helps us to understand photoemission experiments.

28.1 Spectral weight for non-interacting particles

The general result for the spectral weight in terms of the Green’s function Eq.(27.46)
gives us for non-interacting particles

; 1 B 1
wtin—C  w—in—Cx
= 27 (w—(y) (28.2)

A() (k,w) =

(28.1)

In physical terms, this tells us that for non-interacting particles in a translationally
invariant system, a single excited particle or hole of momentum k added to an
eigenstate is an true excited eigenstate located an energy w = ()} above or below
the Fermi level. In the interacting case, the Lehman representation will show us
clearly that what we just said is the correct interpretation

28.2 Lehman representation

For a general correlation function, not necessarily a Green’s function, one estab-
lishes the connection between Matsubara functions and retarded functions by using
the Lehman representation. This representation is also extremely useful to extract
the physical significance of the poles of correlation functions so this is why we in-
troduce it at this point. We have already seen examples of Lehman representation
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in the one-body case when we wrote in Eq.(24.22),

¢7l )
GE (r,v';w) Zw+zn £

and also in Sec. 11.6 on correlation functions.

Let us consider the more general many-body case, starting from the Matsubara
Green’s function. It suffices to insert a complete set of energy eigenstates between
each field operator in the expression for the spectral weight

Al(r,1r'st) ({o (rt), 0" (',0)}) (28.3)
S [ nle=PK K g (x) =R fm) (m 5 (1) )

+ (n] e KL () [m) (m| et g (r) e |n)

We now use e~ Kt |n) = e~nt|n) with K,, = E,, — uN, if there are N,, par-
ticles in the initial state |n). In the first term above, (n| has one less parti-
cle than |m) while the reverse is true in the second term so that K,, — K,, =
(Em — (N + 1) — E,, + pNy,) in the first term and K,,— K, = (F, — uN,, — Epy + p (N, — 1))

in the second. Taking the Fourier transform f dte™'t we have
Ar,r';0) = 7% x (28.4)
S [P (g (x) [m) (ml ] () ) 278 (& — (E — o~ )

+ e (n] s () [m) (ml g (v) [n) 276 (& = (B — p = )

One can interpret physically the spectral weight as follows. It has two pieces,
the first one for excited states with one more particle, and the second one for
excited states with one more hole. Photoemission experiments (See Einstein’s
Nobel prize) access this last piece of the spectral weight, while Bremsstrahlung
inverse spectroscopy (BIS) experiments measure the first piece.! Excited particle
states contribute to positive frequencies w’ if their excitation energy is larger than
the chemical potential, F,, — E,, > p and to negative frequencies otherwise. Zero
frequency means that the excitation energy is equal to the chemical potential.
In other words, every excited single-particle or single-hole state corresponds to a
delta function in the spectral weight whose weight depends on the overlap between
initial states with one more particle at r’ or one more hole at r, and the true excited
states.

Remark 95 At zero temperature, we have

Alrsw) = 37 (01w () ) ] 9 (1) [0) 278 (& + o — (F — Fo))

+ (0[9k (') [m) (m| g (r) 0) 278 (' + p — (Eo — Em))(28.5)

In the first term, E,, is the energy of an eigenstate with one more particle than
the ground state. The minimal energy to add a particle is p, hence, Ep, — Eg > 1
and the delta function contributes to positive frequencies. In the second term
however, E,, is the energy with one less particle so 0 < Ey — E,, < u since we
can remove a particle, or create a hole, below the Fermi surface. Hence the second
term contributes to negative frequencies.

ITo be more specific, these experiments add or remove particles in momentum, not position
eigenstates. The only change that this implies in the discussion above is that 1/1”) (r) should be

replaced by c(f)
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Remark 96 By using K = H — uN instead of H as time evolution operator, we
have adopted a convention where the frequency w represents the energy of single-
particle excitations above or below the chemical potential. If we had used H as
evolution operator, only w instead of the combination w + p would have appeared
in the delta functions above.

The spectral representation Eq.(27.40) immediately tells us that the poles of
the single-particle Green’s functions are at the same position as delta functions
in the spectral weight, in other words they are at the excited single-particle or
single-hole states. Doing changes of dummy summation indices we can arrange so
that it is always (n| that has one less particle. Then,

A, rsw) = P2, (e eI ) (n] g (1) fm) (m] 0 (') [n) 28 (o — (Ko — K))

(28.6)
Substituting in the spectral representation Eq.(27.40) we have,
N T 8K, o —BK,Y (nl¥s@)Im)(mly](r)In)
G (r,r'sik,) = €Y (e PRm 4 e=FKn) iini(EmiEni#) (28.7)

This is the Lehman representation. It tells us how to interpret the poles of the
analytically continued G (r,r’; ik,,) .

Remark 97 Standard way of proving analytical continuation formula: The stan-
dard way of proving that G® (w) = lim, —wtin G (iky) is to first find the Lehman
representation for both quantities.

28.3 Probabilistic interpretation of the spectral weight

For a different representation, for example for momentum, we have [7] in the
translationally invariant case, by analogy with the above result for the spectral
weight Eq.(28.6)

Ak,w') =P (e FRm 4 e=FED) [(n] e Im)|* 216 (W' — (K — Ko)) -

(28.8)
The overlap matrix element |(n| ¢y |m)|® that gives the magnitude of the delta
function contribution to the spectral weight represents the overlap between the
initial state with one more particle or hole in a momentum eigenstate and the
true excited one-particle or one-hole state. The last equation clearly shows that
A (kw') / (2m) is positive and we already know that it is normalized to unity,

/dQ—iA(k,w’) = <{ck,CL}> =1. (28.9)

Hence it can be interpreted as the probability that a state formed from a true eigen-
state |n) either by adding a particle in a single-particle state k, namely c;r( |n) (or
adding a hole ¢ |n) in a single-particle state k) is a true eigenstate whose energy
is w above or below the chemical potential. Clearly, adding a particle or a hole
in a momentum eigenstate will lead to a true many-body eigenstate only if the
momentum of each particle is individually conserved. This occurs only in the non-
interacting case, so this is why the spectral weight is then a single delta function.
In the more general case, many energy eigenstates will have a non-zero overlap
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with the state formed by simply adding a particle or a hole in a momentum eigen-
state. While particle-like excitations will overlap mostly with eigenstates that are
reached by adding positive w, they can also overlap eigenstates that are reached
by adding negative w. In an analogous manner, hole-like eigenstates will be mostly
at negative w. Let us see how this manifests itself in a specific experiment.

Remark 98 Energy vs momentum in an interacting system: It is clear that in an
interacting system one must distinguish the momentum and the energy variables.
The energy variable is w. Knowing the momentum of a single added electron or
hole is not enough to know the added energy. This added energy would be k?/2m
only in the case of non-interacting electrons.

Remark 99 Physical reason for high-frequency fall-off: The explicit expression
for the spectral weight Eq.(28.8) suggests why the spectral weight falls off fast
at large frequencies for a given k,as we have discussed in Subsection (29.1). A
state formed by adding one particle (or one hole) of momentum k should have
exponentially small overlap with the true eigenstates of the system that have one
more particle (or hole) but an arbitrarily large energy difference w with the initial
state.

28.4 Analog of the fluctuation dissipation theorem

We have seen in Eq.(C.10) the fluctuation dissipation theorem for correlation
functions, (with A =1)

Sty (@) = 201+ s (@)X 4, (@) (28.10)

where np (w) is the Bose function. That can also be written in the form

/ dtet (A; () A;) = (1 + np (w)) / dtet ([A; (t), ;). (28.11)

It would be nice to find the analog for the Green’s function because we saw,
when we discussed ARPES in Sec. 24.1, that the cross section for angle-resolved
photoemission measures [ dfe’* <CLHCkH (t)> ,which looks like one piece of the
anticommutator.

The key is the real time version of the antiperiodicity that we discussed for
Matsubara Green’s functions in Sec. 27.4. We will demonstrate that

a%gw o /dtem <CLHCkH (t)> =f(w)A (k||,w) ) (28.12)

Proof: The most direct and simple proof is from the Lehman representation

Eq.(28.8). To get a few more general results about G= (kj,w) =i [ dte’" <CLH K,

and G~ (kj,w) = —i [ dte™? <Ck\| (t) CLH> we present the following alter-
nate proof. The cross section is proportional to the Fourier transform of
G< (kj,w) as defined in Eq.(26.11).

820 iw .
5000 /dte t <CI<\|CkH (t)> = —iG< (k|,w) (28.13)
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One can relate G< and G~ to the spectral weight in a very general way
through the Fermi function. This is done using the usual cyclic property of
the trace (fluctuation-dissipation theorem). From

= Z 'Tr {(e’BKe_BK) c;r( e PE (eiKtckHe_iKt)(}%.lE))

_ <cLHckH (t+ iﬁ)> (28.16)

<ckH (t) CLH> — Z 7y {e—,BK (€t e, K1) CLH} (28.14)

one finds by simple use of definitions and change of integration variables,
Alkpw) = / dte ! {cf, ex, (6) +cx, (0) ) (28.17)
= /dtei“’t <CIT<HCkH (t)> + /dteiw(tﬂﬁ*iﬁ) <CJ{(\|CkH (t+ zﬁ)>

_ (1+e/3w)/dteiwt <CLHCkH (t)> (28.18)
= f(w) ! (~iG< (k),w)) (28.19)

Substituting in Eq.(28.13) proves Eq.(28.12). Note that since from the defi-
nitions in Eqs.(26.10) and (26.11) the spectral weight is obtained from

A(ky,w) = =i [G< (k) w) — G (k)] (28.20)
we also have the result

iG” (ki w) = (1 f () A (K, w) (28.21)

28.5 Some experimental results from ARPES

The state of technology and historical coincidences have conspired so that the
first class of layered (quasi-two-dimensional) compounds that became available
for ARPES study around 1990 were high temperature superconductors. These
materials have properties that make them non-conventional materials that are not
yet understood using standard approaches of solid-state Physics. Hence, people
started to look for two-dimensional materials that would behave as expected from
standard models. Such a material, semimetallic TiTe; was finally found around
1992. For our purposes, quasi-to-dimensional just means here that the Fermi
velocity perpendicular to the planes is much smaller than the Fermi velocity in
the planes. The results of this experiment[11] appear in Fig.(28-1).

We have to remember that the incident photon energy is 21.2eV while the
variation of w is on a scale of 200meV so that, for all practical purposes, the
momentum vector in Fig.(24-1) is a fixed length vector. Hence, the angle with
respect to the incident photon suffices to define the value of k). Each curve in
Fig.(28-1) is for a given kj|, in other words for a given angle measured from the
direction of incidence of the photon. The intensity is plotted as a function of the
energy of the outgoing electron. The zero corresponds to an electron extracted
from the Fermi level. Electrons with a smaller kinetic energy come from states
with larger binding energy. In other words, each of the curves above is basically a
plot of the hole-like part of A (k||,w) Jor if you want f(w) A (k||,w). From band
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Figure 28-1 ARPES spectrum of 1 — T — T'iTey, after R. Claessen, R.O. Anderson,
J.W. Allen, C.G. QOlson, C. Janowitz, W.P. Ellis, S. Harm, M. Kalning, R. Manzke,
and M. Skibowski, Phys. Rev. Lett 69, 808 (1992).
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structure calculations, one knows that the angle # = 14.75° corresponds to the
Fermi level (marked kr on the plot) of a T% — 3d derived band. Tt is for this
scattering angle that the agreement between experiment and Fermi liquid theory
is best (see Sec.(28.7) below). The plots for angles § < 14.75° corresponds to
wave vectors above the Fermi level. There, the intensity is much smaller than
for the other peaks. For § = 13°, the experimental results are scaled up by a
factor 16. The intensity observed for wave-vectors above w = 0 comes from the
Fermi function and also from the non-zero projection of the state with a given k
on several values of w in the spectral weight.

The energy resolution is 35meV. Nevertheless, it is clear that the line shapes
are larger than the energy resolution: Clearly the spectral weight is not a delta
function and the electrons in the system are not free particles. Nevertheless,
there is a definite maximum in the spectra whose position changes with k. It
is tempting to associate the width of the line to a lifetime. In other words, a
natural explanation of these spectra is that the electrons inside the system are
“quasiparticles” whose energy disperses with wave vector and that have a lifetime.
We try to make these concepts more precise below.

28.6 Quasiparticles[9]

The intuitive notions we may have about lifetime and effective mass of an electron
caused by interactions in a solid can all be extracted from the self-energy, as we
will see. For a general interacting system, the one-particle Green’s function takes
the form,

1
GP (kw) = , = (28.22)
w+in— (=27 (kw)
The corresponding spectral weight is,
Akw) = —2ImGE(kw) (28.23)
R
- 2Imp. (w) S (28.24)

(w — (e —ReYF (k,w)>2 + (Im S (k, w))

If the imaginary part of the self-energy, the scattering rate, is not too large and
varies smoothly with frequency, the spectral weight will have a maximum when-
ever, at fixed k,there is a value of w that satisfies

w— (i~ Re X (k,w) = 0| (28.25)

We assume the solution of this equation exists. Let Ex — u be the value of w
for which this equation is satisfied. Ey is the so-called quasiparticle energy. This
energy is clearly in general different from the results of band structure calculations
that are usually obtained by neglecting the frequency dependence of the self-
energy. Expanding w — (. — Re X (k,w) around w = Ey — p where A (kw) is a
maximum, we find

0
w— (. —ReXf (kw) =~ 0+%[W_Ck_RGZR(k,UJ)]w:Ek_M(W_Ek+ﬂ>+~--
R
~ 12 QB kw) (W—Bxtp)+... (2826)
Oow Fr—p
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If we define the “quasiparticle weight” or square of the wave function renormal-
ization by

Zy =

1
1= % ReSR (k)] _, (28.27)

then in the vicinity of the maximum, the spectral weight takes the following simple
form in the vicinity of the Fermi level, where the peak is sharpest

1 ~Z Im Y F (k, w)
27TZk—
Tw= Bt )’ + (ZAdm L k,w))

1 Fk (w)

T (w = B+ )" + Tk (w))

Q

A (kw) 5 +inc (28.28)

= 27TZk

5| +inc (28.29)

The last equation needs some explanation. First, it is clear that we have defined
the scattering rate

Ty (w) = —Z Im F (k, w) (28.30)

Second, the quantity in square brackets looks, as a function of frequency, like a
Lorentzian. At least if we can neglect the frequency dependence of the scattering
rate. The integral over frequency of the square bracket is unity. Since A (kw) /27
is normalized to unity, this means both that

Zi <1 (28.31)

and that there are additional contributions to the spectral weight that we have
denoted inc in accord with the usual terminology of “incoherent background”.
The equality in the last equation holds only if the real part of the self-energy is
frequency independent.

It is also natural to ask how the quasiparticle disperses, in other words, what is
its effective Fermi velocity compared with that of the bare particle. Let us define
the bare velocity by

Vk = Vka (2832)

and the renormalized velocity by
vp = Vi Ex (28.33)

Then the relation between both quantities is easily obtained by taking the gradient
of the quasiparticle equation Eq.(28.25)

Vi [Bix — = (c — ReXF (k, By — ) = 0] (28.34)

OReXE (k,w)

vy — vk — Vi Re P (k, By — p) — 5

v =0 (28.35)
Ex—p
where V in the last equation acts only on the first argument of Re X (k, Ex — p).
The last equation is easily solved if we can write that k dependence of ¥ as
a function of ¢y instead, something that is always possible for spherical Fermi

surfaces. In such a case, we have

1+% Re 28 (k, By —p)

-2 R
1— Z Rex® (k,w)‘w:Ek7M

vp = Uk (28.36)

In cases where the band structure has correctly treated the k dependence of the
self-energy, or when the latter is negligible, then the renormalized Fermi velocity
differs from the bare one only through the famous quasiparticle renormalization
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factor. In other words, vy = Zkxvk. The equation for the renormalized velocity
is also often written in terms of a mass renormalization instead. Indeed, we will
discuss later the fact that the Fermi wave vector kr is unmodified by interactions
for spherical Fermi surfaces (Luttinger’s theorem). Defining then m*vy = kp =
muy, means that our equation for the renormalized velocity gives us

1+% Re 28 (k, By —p)
— Z ReZR(kw

% = limk*)kF 1 (2837)

)‘w:Ek—u

28.7 Fermi liquid interpretation of ARPES

Let us see how to interpret the experiments of the previous subsection in light
of the quasiparticle model just described. First of all, the wave vectors studied
are all close to the Fermi surface as measured on the scale of kr. Hence, every
quantity appearing in the quasiparticle spectral weight Eq.(28.29) is evaluated
for kK = kp so that only the frequency dependence of the remaining quantities is
important. The experiments were carried out at T = 20K where the resistivity has
a T? temperature dependence. This is the regime dominated by electron-electron
interactions, where so-called Fermi liquid theory applies. What is Fermi liquid
theory? It would require more than the few lines that we have to explain it, but
roughly speaking, for our purposes, let us say that it uses the fact that phase space
for electron-electron scattering vanishes at zero temperature and at the Fermi
surface, to argue that the quasiparticle model applies to interacting electrons.
Originally the model was developed by Landau for liquid 2 He which has fermionic
properties, hence the name Fermi Liquid theory. It is a very deep theory that in
a sense justifies all the successes of the almost-free electron picture of electrons in
solids. We cannot do it justice here. A simple way to make its main ingredients
plausible, [10] is to assume that near the Fermi surface, at frequencies much less
than temperature, the self-energy is i) analytic and i:) has an imaginary part that
vanishes at zero frequency. The latter result follows from general considerations
on the Pauli principle and available phase space that we do not discuss here.

Let us define real and imaginary parts of the retarded self-energy by
=% i (28.38)
Our two hypothesis imply that X" has the Taylor expansion
Y (kpjw) = aw — yw? + ... (28.39)
The imaginary part of the retarded self-energy must be negative to insure that the
retarded Green’s function has poles in the lower half-plane, as is clear from the
general relation between Green function and self-energy Eq.(28.22). This means

that we must have @ = 0 and v > 0. Fermi liquid theory keeps only the leading
term

Y= —yw

We will verify for simple models that this quadratic frequency dependence is es-
sentially correct in d > 3. The real part is then obtained from the Kramers-Kronig
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relation Eq.(19.1), (Sec.29.2) or from the spectral representation,

, , do' 2" (kp;w')
’ ) Y . — - - =7
w—lisrglnall [Z (kF’w) = (kF’ OO>] w—lisrrnnallp/ ™ w —w (2840)
2 2 2
do V(W —wtw
- P / & ( , ) (28.41)
T w—w

T w' —

= _,yp/d?ww/_,ywp/d?w—l—()(@g)ﬁl?))

_ P/d_cd’y(w/w)fjw/+w) + qfadp)

We assume cutoffs in the integrals that can be different at low and high frequency.
The first term is the value of the real-part of the self-energy at zero-frequency. This
constant contributes directly to the numerical value of the chemical potential (the
Hartree-Fock shift ¥’ (kr; 00) does not suffice to evaluate the chemical potential).
The second term in the last equation tells us that

0 dw’ dw' X" (kp;w')
—Y (k =— — = _ 28.44
8w ( F;W) e FYP/ T |:P/ T (w/)Q ( )
Since X" = —yw? the integral exists and is negative (if we assume a frequency
cutoff as discussed below), hence
iE’ (k,w) <0 (28.45)
Ow [ ’

This in turn means that the corresponding value of Zj, is less than unity, as we
had concluded in Eqs.(28.27) and (28.31) above. In summary, the analyticity hy-
pothesis along with the vanishing of ¥” (0) implies the existence of quasiparticles.

Remark 100 Warning: there are subtleties. The above results assume that there
is a cutoff to X' (kp;w’). The argument just mentioned in Eq.(28.44) fails when
the integral diverges. Then, the low frequency expansion for the self-energy in
Eq.(28./1) cannot be done. Ezxpanding under the integral sign is no longer valid.
One must do the principal part integral first. In fact, even for a Fermi liquid at
finite temperature, X" (kp;w) ~ w? + (7T)? so that the (xT)° appears to lead
to a divergent integral in Eq.(28.44). Returning to the original Kramers-Kronig
expression fo ' however, the principal part integral shows that the constant term
(7T)? for X" (kp;w) does not contribute at all to X' if the cutoff in X" is symmetric
at positive and megative frequencies. In practice one can encounter situations
where 0¥ /0w > 0. In that case, we do not have a Fermi liquid since Z > 1 is
inconsistent with the normalization of the spectral weight. One can work out an
explicit example in the renormalized classical regime of spin fluctuations in two
dimensions. (Appendiz D of [20]).

The solid lines in Fig.(28-1) are two-parameter fits that also take into account
the wave vector and energy resolution of the experiment [11]. One parameter is
E);, — p while the other one is 7/, a quantity defined by substituting the Fermi
liquid approximation in the equation for damping Eq.(28.30)

Thp (W) = Zppyw? = v'W?. (28.46)

Contrary to Ey, the damping parameter 4 is the same for all curves. The solid-line
fits are obtained with o/ = 40eV ~! (8 on the figure). The fits become increasingly
worse as one moves away from the Fermi surface, as expected. It is important to
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Figure 28-2 Figure 1 from Ref.[19] for the ARPES spectrum of 1T-TiTey measured
near the Fermi surface crossing along the high-symmetry T'M direction (6 = 0 is
normal emission). The lines are results of Fermi liquid fits and the inset shows a
portion of the Brillouin zone with the relevant ellipsoidal electron pocket.

notice, however, that even the small left-over weight for wave-vectors above the
Fermi surface (0 < 14.750) can be fitted with the same value of . This weight is
the tail of a quasiparticle that could be observed at positive frequencies in inverse
photoemission experiments (so-called BIS). The authors compared the results of
their fits to the theoretical estimate,[12] v = 0.067w,/e%. Using w, = 18.2¢V,
er = 0.3eV and the extrapolated value of Zj, obtained by putting” rs = 10 in
electron gas results,[13] they find v/ < 5 (eV)*1 while their experimental results
are consistent with 4 = 40 £ 5 (eV)fl. The theoretical estimate is almost one
order of magnitude smaller than the experimental result. This is not so bad given
the crudeness of the theoretical model (electron gas with no lattice effect). In
particular, this system is a semimetal so that there are other decay channels than
just the one estimated from a single circular Fermi surface. Furthermore, electron
gas calculations are formally correct only for small r; while there we have r; = 10.

More recent experiments have been performed by Grioni’s group [19]. Results
are shown in Fig. (28-2). In this work, authors allow for a constant damping
Ty = 17 meV coming from the temperature and from disorder and then they
fit the rest with a Fermi velocity hvp = 0.73 + 0.1eV A close to band structure
calculations, hwp = 0.68 ¢V A and 4/ that varies between 0.5 eV ~! (16°) and
0.9 eV =t (14.5%). The Fermi liquid fit is just as good, but the interpretation of
the origin of the broadening terms is different. This shows that there is much
uncertainty still in the interpretation of ARPES data, even for Fermi liquids.

Theoretical estimates for high-temperature superconductors are two orders of
magnitude smaller than the observed result [11].

2rs is the average electron spacing expressed in terms of the Bohr radius.
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Remark 101 Asymmetry of the lineshape: The line shapes are asymmetrical,
with a tail at energies far from the Fermi surface (large binding energies). This
is consistent with the fact that the “inverse lifetime” Ty, (W) = Zg,yw? is not a
constant, but is instead larger at larger binding energies.

Remark 102 Failure of Fermi liquid at high-frequency: Clearly the Fermi liquid
expression for the self-energy fails at large frequencies since we know from its
spectral representation that the real-part of the self-emergy goes to a frequency-
independent constant at large frequency, the first correction being proportional to
1/w as discussed below in subsection (29.1). Conversely, there is always a cutoff
in the imaginary part of the self-energy. This is not apparent in the Fermi liquid

form above but we had to assume its existence for convergence.

The cutoff on

the imaginary part is analogous to the cutoff in x". Absorption cannot occur at

arbitrary high frequency.

Remark 103 Destruction of quasiparticles by critical fluctuations in two dimen-
sions: Note that it is only if X" vanishes fast enough with frequency that it is
correct to expand the Kramers-Kronig expression in powers of the frequency to
obtain Eq.(25.//). When X" (w) vanishes slower than w?, then Eq.(28.//) for the
slope of the real part is not valid. The integral does not converge uniformly and it
s not possible to interchange the order of differentiation and integration. In such
a case it is possible to have the opposite inequality for the slope of the real part
6%2/ (k, w)|w:0 > 0. This does not lead to any contradiction, such as Zy, > 1,

because there is no quasiparticle solution at w = 0 in this case.

This situation

occurs for example in two dimensions when classical thermal fluctuations create a
pseudogap in the normal state before a zero-temperature phase transition is reached

[14].

28.8 Momentum distribution in an interacting sys-

tem

In an interacting system, momentum is not a good quantum number so <chk>

is not equal to the Fermi distribution. On the other hand, <c;r(ck> can be computed

from the spectral weight. By taking the Fourier transform of Eq.(28.12) [ dte™* <cL|ckH

f (W) A (kjj,w) one finds

(clew) =tim, o~ G (k) = [, L2 F (@) A (ke) |

Alternate derivation

G Ck

lim [— <TTck (1) CL>]

T—0—

lim G (k,7)

T—0—

(28.47)

(28.48)
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To compute the latter quantity from the spectral weight, it suffices to use
the spectral representation Eq.(27.40)

lim G(k,7) = T lim Z e~ kTG (r, 1 iky,)

T—0~ T—0~

- . > dw A (kW)
= T li ikt — = (284
e n:Z_ooe /OO 2 ik, — W' (28.49)

Using the result Eq.(27.81) found above for the sum over Matsubara fre-
quencies, we are left with the desired result.

Our result means that the momentum distribution is a Fermi-Dirac distribution
only if the spectral weight is a delta function. This occurs for free particles or,
more generally if the real-part of the self-energy is frequency independent since,
in this case, the Kramers-Kronig relations imply that the imaginary part of the
self-energy vanishes so that Eq.(28.24) for the spectral weight gives us a delta
function.

Remark 104 Jump of the momentum distribution at the Fermi level: FEven if

<c;r{ck> is no-longer a Fermi-Dirac distribution in an interacting system, never-

theless at zero-temperature in a system subject only to electron-electron interaction,

there is a jump in <chk> at the Fermi level. The existence of this jump can be

seen as follows. At zero temperature, our last result gives us

0 1
<click> - / L4 (ke (28.50)
oo 2m
Let us take the quasiparticle form Eq.(28.29) of the spectral weight with the Fermi
liquid expression Eq.(28./6) for the scattering rate. The incoherent background
varies smoothly with k and hence cannot lead to any jump in occupation number.
The quasiparticle piece on the other hand behaves when k — kg, or in other words
when By —p — 0, as Zy,0 (w). At least crudely speaking. When Ex—pu — 07, this
delta function is inside the integration domain hence it contributes to the integral,
while when Ey — u — 07 the delta function is outside and does not contribute to
the integral. This means that there is a big difference between these two nearby
wave vectors, namely

lim <chk> — lim <chk> =7 (28.51)
k—k; k—k} F

In the above argument, we have done as if Ty (w) was frequency independent and
infinitesimally small in Eq.(28.29). This is not the case so our argument is rather
crude. Nevertheless, if one uses the actual frequency-dependent forms and does
the frequency integral explicitly, one can check that the above conclusion about the
Jump is true (although less trivial).

Remark 105 Fermi surface and interactions: The conclusion of the previous re-
mark is that even in an interacting system, there is a sharp Fermi surface as in
the free electron model. For simplicity we have discussed the spinless case. A
qualitative sketch of the zero-temperature momentum distribution in an interact-
ing system appears in Fig.(28-3). Since momentum of a single particle is not
a good quantum number anymore, some states above the Fermi momentum are
now occupied while others below are empty. Nevertheless, the Fermi surface is
unaffected.
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Figure 28-3 Qualitative sketch of the zero-temperature momentum distribution in
an interacting system.

Remark 106 Luttinger’s theorem: More generally, in a Ferma liquid the volume
of reciprocal space contained within the Fermi surface defined by the jump, is inde-
pendent of interactions. This is Luttinger’s theorem. In the case where the Fermi
surface is spherical, this means that kp is unaffected.

230 PHYSICAL MEANING OF THE SPECTRAL WEIGHT: QUASIPARTICLES, EFFEC-
TIVE MASS, WAVE FUNCTION RENORMALIZATION, MOMENTUM DISTRIBUTION.



29. A FEW MORE FORMAL MAT-
TERS : ASYMPTOTIC BEHAVIOR
AND CAUSALITY

In designing approximations, we have to try to preserve as many as possible of the
exact properties. Sum rules are such properties. They determine the structure
of the high-frequency expansion and hence one can also check whether a given
approximation preserves the sum rules by looking at its high-frequency expansion.
This is the first topic we will discuss. The second topic concerns restrictions
imposed by causality. This has become a very important topic in the context of
Dynamical Mean-field theory or other approaches that describe the physics that
occurs at strong coupling, such as the Mott transition. We will come back on this
in later chapters.

29.1 Asymptotic behavior of G (k;ik,,) and ¥ (k;ik),)

As usual, the high-frequency asymptotic properties of the Green’s function are
determined by sum rules. From the spectral representation(27.40), we obtain, for
the general interacting case

> dw" A(k;w')

ikggloog(k; ikn) :ik},,lgloo oo 2m ik, — W (29.1)

1  duw! 1 1
= 1l —_— — Ak:w)= 1 —_— 1V — ) — 29.2
wim e [ oAl = Iim o ({acac) = Iim o (20.2)

Defining the self-energy as usual

1

G ithn) = G TS (ki)

(29.3)

the correct asymptotic behavior for the Green’s function implies that the self-
energy at high frequency cannot diverge: It must go to a constant independent of

frequency
lim X (k,ik,) = cst. (29.4)

1k, — 00

We will see later that the value of this constant is in fact given correctly by the
Hartree-Fock approximation.
The converse of the above result [10] for the Green’s function, is that if

lim G (k;ik,) = lim L

iky—00 ik —00 ’Lkn

then that is all that is needed to obtain an approximation for the Green’s function
which obeys the anticommutation relation:

G (k07) — G (ki0") = (cfex) + (ke ) =11 (29.5)
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Proof :It suffices to notice that

G(k07) -G (ko) =

QI)—‘

Z [ —ikn0~ e—ikn0+} G (k;ikn) (29.6)

We can add and subtract the asymptotic behavior to obtain,

l —ikn 0" _ —ik,0T o _ L l —ikn 07 —iky ) _T

3 Xn: {(e e ) G (kyiky,) T +ﬁ Xn: (e e )
(29.7)

In the first sum, G (k;ik,)— decays faster than —— k so that the convergence

factors are not needed for the sum to converge. This means that this first
sum vanishes. The last sum gives unity, as we easily see from the previous
section. This proves our assertion.

Remark 107 High-frequency expansion for the Green’s function and sum-rules:
The coefficients of the high-frequency expansion of G (k;iky,) in powers of 1/ik, are
obtained from sum rules on the spectral weight, in complete analogy with what we
have found in previous chapters. The fact that A (kw) falls fast enough to allow us
to expand under the integral sign follows from the fact that all frequency moments
of A(kw), namely [ dww"A (kw), exist and are given by equal-time commutators.
Ezxplicit expressions for A (kw) in terms of matrix elements, as given in Subsec-
tion(28.3) above, show physically why A (k.w) falls so fast at large frequencies. As
an example, to show that the coefficient of the 1/ik, term in the high frequency
expansion is equal to [~ ‘é—“:rlA(k; w') it is sufficient that [ d;:r |w A (k; )|
exists. [S] This can be seen as follows,

iknG (K; ik, ) —/ ‘;iA(k W) / 4 ) <Zk“‘“—” - 1?29.8)

oo 2m

I Il
—
8
U
&
b
’w\
N\_/
B
NS
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NS
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—
g 3
Y&

o0 dwl
N

1
ikn

IN

If the integral exists then, it is a rigorous result that

o0 /
Nim ik, G (k;ik,) = / &~y (k;w') (29.12)
ik, —00 oo 2w

This is an important result. It suggests that approzimate theories that give 1 as the
coefficient of (ik‘n)_1 in the high frequency expansion have a normalized spectral
weight. However[8] the above proof assumes that there is indeed a spectral repre-
sentation for G (k;ik,). A Green’s function for a theory that is not causal fails to
have a spectral representation. If a spectral representation is possible, the analyti-
cally continued approzimate G (k,w) is necessarily causal. Approzimate theories
may not be causal. This failure of causality may reflect a phase transition, as we
will see later, or may simply be a sign that the approximation is bad. As an exam-
ple, suppose that we obtain G (k;iky,) = (ik, — ia)fl. This has the correct high-
frequency behavior but its analytical continuation does not satisfy causality. It has
no spectral representation. On the other hand, G (k;ikyn) = (ikp + (kn/ |knl) ia) ™"
has a Lorentzian as a spectral weight and is causal. It may also occur that the
apprommate theory may have [ ‘12“7’7 Ak w') =1 but A(k;w’) < 0 for some
range of w'. This unphysical result may again signal that the approzimate theory
fails because of a phase transition or because it is a bad approximation.
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29.2 Implications of causality for G and X

Consider the retarded Green function as a matrix in r,r’. We will show that
the real and imaginary parts of G® and of X are each Hermitian matrices. in
addition, Im G¥ and Im X are both negative definite (except in the special case
of non-interacting particles where Im L% = 0).

In analogy with the Matsubara Green function Eq.(28.7) G has the Lehman
representation

oy ok —rn (Pl¥s (1) [m) (m[ 0 () [n)
Gy = ) (e ) B )~ 1)

In a basis where the matrix Im G® (r,r’;w) is diagonal, say for quantum number
a, then

ImG? (o) = —772 (efﬁK’" + efBK") (n| ca |m) (m|cl, |n) 6 (w = (Ep — Ep — 1)

= —m ) (et e PR (n] o Im)? 6 (w — (B — En — ) (29.14)

which proves that the matrix for the imaginary part is negative definite. The neg-
ative sign comes from the +i7 in the original formula and is clearly a consequence
of causality. In that same diagonal basis,

2
R ) — B9 —BEKn, —BK, |(n] ca |m)| 20,1
ReG" (a;w) = ¢ mgn (e +e )w_(Em_En_NJ). (29.15)

When we change to an arbitrary basis with the unitary transformation U, we
find, using also Im G (a;w) = Im G (a;w)" and Re GF (a;w) = Re G (o w)”
that

G (r,1';w) U(r,a) GR (a;w)UT (a, 1) (29.16)
= U(r,a)ReG? (a;w)U' (a,1') + iU (r, @) Im G¥ (a;w) UT (e, 1)
= X(r,v;w)+iY (r,r;w) (29.17)
GR(r,v;w)" = X(r,v;w)" —iY (r,r;w)" (29.18)

= U*(r,0)ReGT (a;w) U (', a) — iU* (r,a) Im GF (a;w) U (v/, @)
= U, a)ReGE(a;w)UT (a,r) — iU (r', ) Im G (a;w) UT (e, 1)
X (v',r;w) —iY (v, r;w) (29.19)

where there is an implicit sum over a. This means that in arbitrary canonical
basis, we can write G = X —iY and GA = X + iY where both X and Y are
hermitian matrices.

Following Potthoff [18] we show that the retarded self-energy as a matrix has
the same properties as G. First, we need to prove that

1 .

with X and Y both Hermitian and Y positive definite if A and B are both Her-
mitian with B positive definite. This is true because

L 1 ~1/2
A+iB =B B*1/2AB*1/2j:iIB ’ (29.21)
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Since B~1/2AB~/2 is Hermitian as well, we can diagonalize it by a unitary trans-
formation B~Y/2AB~1/2 = UcUT where c is a diagonal matrix. Thus,

1

—1/2 _ p-1/2 C¥ZI tp-1/2 _ .
yr e Ug7UB /=X Fiv (20.22)

with X and Y Hermitians since (UJfol/Q)Jr = B~1/2y. In addition, Y is positive
definite since in the diagonal basis ¥ — (c? + 1)_1. Now, define (GR)_l
(A—iB)™' = X +iY and (GF) ™" = (Ag — iBy) ™" = Xo +iYp so that

(G =X iV = (GB) ' - F = Xy +iYy — ReXF —iTm 2. (29.23)
Then, given that X,Y and Xy, Yy are Hermitians, we have that Re X% and Im X%
are Hermitians. In addition, Im = is negative definite since Y; is infinitesimal
which implies that ¥ — Y can only be positive (or vanish in the non-interacting
case).

234 A FEW MORE FORMAL MATTERS : ASYMPTOTIC BEHAVIOR AND CAUSALITY



30. THREE GENERAL THEOREMS

Risking to wear your patience out, we still have to go through three general the-
orems used repeatedly in Many-Body theory. Wick’s theorem forms the basis ot
the diagram technique in many-body theory. The linked-cluster theorems, or cu-
mulant expansions, are much more general theorems that are also necessary to set
up the machinery of diagrams. Finally, we prove a variational principle for the free
energy that allows us to give a physical meaning to Hartree-Fock theory as the
best one-body Hamiltonian for any given problem. This variational principle is
useful for ordinary system, but also becomes indispensable when there is a broken
symmetry.

30.1 Wick's theorem

Wick’s theorem allows us to compute arbitrary correlation functions of any Hamil-
tonian that is quadratic in Fermion or Boson operators. That is clearly what we
need to do perturbation theory, but let us look in a bit more details at how this
comes about. We will need to compute in the interaction picture

I |:e_6H0TT (6(577)@(7) U (7,09 (0))}
G(r) =~ Tr [6—5H0T7ﬁ(ﬁ,0)] "

Because U (7,0) always contains an even number of fermions, it can be commuted
with creation-annihilation operators without paying the price of minus signs so
that

Gy [e=#H01, (08,0001 (0)] (30.2)

Trle=BHoT,U(8,0)]

More specifically the evolution operator is,

U (8,0) = T [exp (= J arV (r) )] (30.3)

Expanding this evolution operator to first order in the numerator of the Green’s
function one obtains

B
=1 [, (D05 O)] + [ antr[e T (V) d 03 0)]

’ (30.4)
where in the case of a two-body interaction (Coulomb for example), V (71) contains
four field operators.

Wick’s theorem allows us to evaluate expectation values such as those above.
More generally, it allows us to compute expectation values of creation-annihilation
operators such as,

(ai(r)a; (rj)af (ri) af (1)) (30.5)

as long as the density matrix e #0 is that of a quadratic Hamiltonian.
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Note that since quadratic Hamiltonians conserve the number of particles, ex-
pectation values vanish when the number of creation operators does not match
the number of destruction operators.

Lemma 16 If Hy = slaial + 52a§a2 then <a1a§a2a;> = <a1aJ{> <a2a£> .

Proof: To understand what is going on, it is instructive to study first the problem
where a single fermion state can be occupied. Then

Tr [e_ﬁHUalaJ{]

T\
(amaf) = e (30.6)
(0 araf 0} + % (O] ar)anaf (o] 0)
= = 5o, (30.7)
(0110) + =7 ((0] a1) (af |0)) e
For two fermion states 1,2, then the complete set used to evaluate the trace
is
0)[0), a}[0)[0), [0)a}]0). ai]0)ab|0) (30.8)
so that 5
1 14 e P 1
T\ _ _
<a1a1> 14 ePalfeBe  ]4geBea’ (309)

The easiest way to understand the last result is to recall that (1 + aJ{) (1 + ag) |0)

will generate the trace so that we can factor each subspace. The last result
will remain true for an arbitrary number of fermion states, in other words

1 + efﬁem 1
T> - e = 30.10
<a1a1 14+ 67551 Hm7é1 1+ E,gem 1+ e*ﬁef ( . )
Furthermore,
1 1 11 14 e Pem
laal) = mz L2 30.11
<a1a1a2a2> 1+ 67561 1+ e—ﬁez Hm;ﬁl ) 1+ 6756717, ( . )
1 1

= T (30.12)

= <a1aJ{> <a2a£> (30.13)

Theorem 17 Any expectation value such as <ai (ti) aj (15) a;fc (Tk) a; (7‘1)> cal-
culated with a density matriz e P50 that is quadratic in field operators can beocom-
puted as the sum of all possible products of the type <aj (75) aL (Tk)>o <ai (14) a} (7'1)>0
that can be formed by pairing creation an annihilation operators. For a given term

on the right-hand side, there is a minus sign if the order of the operators is an odd
permutation of the order of operators on the left-hand side.

Proof: It is somewhat pretentious to call a proof the plausibility argument that we
give below, but let us go ahead anyway. The trick to prove the theorem([15])
is to transform the operators to the basis where Hy is diagonal, to evaluate
the expectation values, then to transform back to the original basis. Let
Greek letters stand for the basis where Hy is diagonal. Using the formula
for basis changes, we have, (with an implicit sum over Greek indices)

<az‘ (i) aj (7;) af, (1) af (Tz)>0 = (30.14)
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(i a) (4] B) <aa (r:) ag (1)l (11) a] (n)>0 (v] k) (3] 1) (30.15)
We already know from Eq.(27.59) that
ao (1) =€ Tlag ; al (i) = afeteT (30.16)

so that
<ai (1) a; (15)al (11) a] (Tz)>0 (30.17)

= (il a)e~<m (j] B e (aaagalal) €97 (] B) ST (3] D) - (30.19)
0
What we need to evaluate then are expectation values of the type
<aaa5aJr a:f5> . (30.19)
RARVA
Evaluating the trace in the diagonal basis, we see that we will obtain a non-
zero value only if indices of creation and annihilation operators match two

by two or are all equal. Suppose f =, « = ¢ and a # . Then, as in the
lemma

<aaa5a;§al>o = <aaal>0 <a5a;§>0 (30.20)
If instead, § = 0, a = v and «a # f3, then
<aaa5a‘;ag>o =— <aaa5a;ag>0 =— <aaaj;>0 <a5a;>0 . (30.21)

The last case to consider isa =3, 8 =0, a =7

(anaqalal) = 0. (30.22)

aZa/o T
All these results, Eqgs.(30.20)(30.21) and the last equation can be combined
into one formula
<aaa5a3;a}>0 = <aaa};>0 <a5ag>0 (5a75557.y - (50"75575) (30.23)
= <aaa2;>0 <a5aL>O — <aaa2>0 <a,3a:§>0 (30.24)

which is easiest to remember as follows,

! i
<aaaﬁala}> = <alaa[3aiag> + <aiaa/3aiag> (30.25)

T T T

in other words, all possible pairs of creation and annihilation operators must
be paired (“contracted”) in all possible ways. There is a minus sign if an
odd number of operator exchanges (transpositions) is necessary to bring the
contracted operators next to each other on the right-hand side (In practice,
just count one minus sign every time two operators are permuted). Substi-
tuting Eq.(30.24) back into the expression for the original average expressed
in the diagonal basis Eq.(30.18) we have

<az' (i) a; () af (Tx) a] (Tz)>0 (30.26)

= (w(al (m)) (a5 () al ()~ (@i (r)af (o) (o (r)af (),

0

By induction (not done here) one can show that this result generalizes to the
expectation value of an arbitrary number of creation-annihilation operators.
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Definition 18 Contraction: In the context of Wick’s theorem, we call each factor

<ai (13) az (Tk>>0 on the right-hand side, a “contraction”.

Since Wick’s theorem is valid for an arbitrary time ordering, it is also valid for
time-ordered products so that, for example

(Tr |ai (r) a; (ry) af (ri) o] (7)) = (30.27)

(T [as o] (o)) (Tr |a i) al (7)), = (T [ (o) al (r)]) (T [as () af (7)),

(30.28)
The only simplification that occurs with time-ordered products is the following.
Note that, given the definition of time-ordered product, we have

<TT [ai (r:)al (Tk)]> S <TT [a,t (74) as (Ti)} >0 (30.29)

0

Indeed, the left-hand side and right-hand side of the above equation are, respec-
tively

<TT [ai (7:) a} (T’“)} >0 = <ai (r3) a} (Tk)>09(7'i —Tk) (30.30)
- <a;1 (Tk) ai (n)>0 0(ri—7:) (30.31)

B <TT [‘IL (7e) ai (Ti)} >O = - <GZ (7k) a; (n)>O 0(ri—7i) (30.32)
+ (o (r)al (r) 0(ri i) (30.33)

In other words, operators can be permuted at will inside a time-ordered product, in
particular inside a contraction, as long as we take care of the minus-signs associated
with permutations. This is true for time-ordered products of an arbitrary number
of operators and for an arbitrary density matrix.

On the other hand, if we apply Wick’s theorem to a product that is not time
ordered, then we have to remember that

<ai (r;)al (Tk)>0 4 <a; (74) as (n)>0 (30.34)

as we can easily verify by looking at the special case 7, = 7; or by going to a
diagonal basis. We can anticommute operators at will to do the “contractions”
but they cannot be permuted inside a contraction <ai (13) a,t (Tk)> .

0

In practice, we will apply Wick’s theorem to time-ordered products. In nu-
merical calculations it is sometimes necessary to apply it to objects that are not
time-ordered.

Exemple 19 To make the example of Wick’s theorem Eq.(50.28) more plausible,
we give a few examples, Suppose first that the time order to the left of Eq.(50.28)
s such that the destruction operators are inverted. Then,

<TT [ai (ri) a; (75) af (74) of (Tz)} >O =- <aj () @i (7:) af (1) af (Tl)>0
(30.35)
which means that since © and j have exchanged roles, in doing the contractions
as above there is one more permutation to do, which gets rid of the extra minus
sign and reproduces the right-hand side of Eq.(30.28). More explicitly, to do the
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contractions as above, we have to change i for j on both the right- and the left-hand
side of Eq.(30.26). Doing this and substituting above, we obtain

(a;(rp)ai () af (i) af () = (a; (r)af (1)) (as(ri)al, (ra)) =(a; (7)af (70)) (@i (ri)af (71)
(30.36)

which we substitute in the previous equation to obtain exactly what the right-hand

side of Eq.(30.28) would have predicted. To take another example, suppose that

the time orders are such that

(Ty |ai (r) o (7)) af (ri) o] ()] ) = = (ai (r) af (ra) s (my) o (7)) .
(30.37)
Then, to do the contractions we proceed as above, being careful not to permute
creation and annihilation operators within an expectation value

*<ai(7i)a;2(7k)aj (Tj)azT(Tl)>0
= —(a;(m)af (1)) (af (i) a; (1)) — (ai(r:)al (rx)) (a;(r;)a] (B)3S)
0 0 0 0

The right-hand side of Eq.(50.28) gives us

(T [as(r)al (7)) (T [as ()l ()] ), = (T [a (i)l ()] ), (T [as () f G30J39)
- _ <a¢ (i) a) (Tl)>0 <a£ (Tk) a; (Tj)>0 - <Cli (1) al, (Tk)>o <aj (1j)af (n)> (30.40)

0

with the minus sign in the first term because we had to exchange the order in one
of the time-ordered products.

30.2 Linked cluster theorems

Suppose we want to evaluate the Green’s function by expanding the time-ordered
product in the evolution operator Eq.(30.3). The expansion has to be done both
in the numerator and in the denominator of the general expression for the average
Eq.(30.1). This is a very general problem that forces us to introduce the notion
of connected graphs. A generalization of this problem also occurs if we want to
compute the free-energy from

InZ

In (Tr {e’ﬁHOﬁ(ﬂ,O)]) —In (ZO <(7(5,0)>0) (30.41)

In <<TT exp (— /ﬁ dTﬂA/(Tl))} > ) +1n Z, (30.42)

In probability theory this is like computing the cumulant expansion of the char-
acteristic function. Welcome to linked cluster theorems.

These problems are special cases of much more general problems in the theory
of random variables which do not even refer to specific Feynman diagrams or to
quantum mechanics. The theorems, and their corollary that we prove below, are
amongst the most important theorems used in many-body Physics or Statistical
Mechanics in general.
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30.2.1 Linked cluster theorem for normalized averages

Consider the calculation of

<€_f(x)A (X)>
<e*f (X)>
where the expectation () is computed over a multivariate probability distribution

function for the variables collectively represented by x. The function f (x) is
arbitrary, as is the function A (x). Expanding the exponential, we may write

(e7¥AX) Yoo u (= (x)"AX)
(e77) Ynco (£ (x)")

When computing a term of a given order n, such as % (—f (x)" A(x)), we may
always write

(30.43)

(30.44)

10 A0 =3 D Sy (£ () AG0) {(~F (0)™)

! [0
n. =0 m=0 n! llm! c
(30.45)

where the subscript ¢ on the average means that none of the terms in <(— f(x)'4 (x)>
can be factored into lower order correlation functions, such as for example <(— f (X))£> (A (x))

or <(—f (x))z_1> ((—f (x)) A(x)) etc... The combinatorial factor corresponds to

the number of ways the (—f (x))" can be grouped into a group of ¢ terms and a
group of n — ¢ terms, the 6, ;¢ Kronecker delta function ensuring that indeed
m = n — {. Using the last equation in the previous one, the sum over n is now
trivially performed with the help of 0, p+¢ and one is left with

(T AG))  Timo Tmmo i ( (<7 () A(0)) (=1 ()™)
(7)) S0 (=F )

(30.46)

The numerator can now be factored so as to cancel the denominator which proves
the theorem

Theorem 20 Linked cluster theorem for normalized averages:

e*f(X)A(x

ﬁ@T(x»)l:ZZo 7 <(—f(X))ZA(X)> =(e7T™A(x)), (30.47)

(&

This result can be applied to our calculation of the Green’s function since
within the time-ordered product, the exponential may be expanded just as an ordi-

nary exponential, and the quantity which plays the role of (— f (x)), namely (— foﬁ arV (’7’))

can be moved within the T, product without costing any additional minus sign.

30.2.2 Linked cluster theorem for characteristic functions or free energy

We now wish to show the following general theorem for a multivariate probability
distribution.
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Theorem 21 Linked cluster theorem (cumulant expansion).

In (e /C)) =32 L ((—f (x)"), = (e 7)) —1 (30.48)

The proof is inspired by Enz[16]. When f (x) = ik - x, the quantity <e*ik'x>
is called the characteristic function of the probability distribution. It is the gener-
ating function for the moments. The quantities on the right-hand side, which as
above are connected averages, are usually called cumulants in ordinary probability
theory and In (e~} is the generating function for the cumulant averages.

Proof: To prove the theorem, we introduce first an auxiliary variable A

% <67Aﬂx)> = <€7” -1 (X)}> (30.49)

We can apply to the right-hand side the theorem we just proved

(e [ (0))) = (M [-f (x)]) (720 (30.50)

so that
@Tlf(w(% <e—”(">> - <%e—”<">>c. (30.51)
Integrating both sides from 0 to 1, we obtain
In <e—Af<x)> L= <e—f<’<)>c 1 (30.52)
QED

Exemple 22 [t is instructive to check the meaning of the above result explicitly
to second order

i (e wn (1 f )+ 5 O @) ) (= 7 @) + 5 (0 @)% ) -5 0f ()

(30.53)
(M) 1m—Of @)+ 5 (OF @) (30.54)

so that equating powers of A\, we find as expected,
((F ) = ((F6)*) = (F (). (30.55)

The above results will help us in the calculation of the free energy since we
find, as in the first equations of the section on linked cluster theorems,

F=-Th {Zo <TT [e_ I dmﬂ} >O] - _Tri% <TT —/OB drV (7) n>oc_Tln Zo
(30.56)
F=-TlnZ=-T [<TT [e* IS dTWT)] >OC _ 1} —TInZ. (30.57)

the subscript 0 stands for averages with the non-interacting density matrix. The
above proof applies to our case because the time-ordered product of an exponential
behaves exactly like an ordinary exponential when differentiated, as we know from
the differential equation that leads to its definition.
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30.3 Variational principle and application to Hartree-
Fock theory

It is legitimate to ask if there is a one-body Hamiltonian, in other words an
effective Hamiltonian with a time-independent potential, whose solution is as close
as possible to the true solution. To address this question, we also need to define
what we mean by “as close as possible”. The answer to both of these queries
is provided by the variational principle for thermodynamic systems. We discuss
below how Hartree-Fock theory comes out naturally from the variational principle.
Also, it is an unavoidable starting point when there is a broken symmetry, as we
will discuss more fully in a later chapter.

30.3.1 Thermodynamic variational principle for classical systems

One can base the thermodynamic variational principle for classical systems on the

inequality
05

which is valid for all z, whether z > 0, or x < 0. This inequality is a convexity
inequality which appears obvious when the two functions are plotted. We give two
proofs.

Proof 1: e” is a convex function, i.e. dzex/d% > (0 for all valuesof z. At £ =0
the functions e” and 1+ x as well as their first derivatives are equal. Since a
straight line tangent to a convex curve at a point cannot intersect it anywhere
else, the theorem is proven. QED

Algebraically, the proof goes as follows.

Proof 2: The equality occurs when z = 0. For z < —1, e” > 0 while 1 +z < 0,
hence the inequality is satisfied. For the remaining two intervals, notice that
e” > 1+ x is equivalent to
— 1
S Lo (30.59)
= n!
For x > 0, all terms in the sum are positive so the inequality is trivially
satisfied. In the only remaining interval, —1 < x < 0, the odd powers of = in
the infinite-sum version of the inequality are less than zero but the magnitude
of each odd power of x is less than the magnitude of the preceding positive
power of z, so the inequality (30.59) survives. QED

Moving back to our initial purpose, let ﬁo be a trial Hamiltonian. Then take

eiﬂ(ﬁ(’*”N) /Zy as the trial density matrix corresponding to averages ()5. We will
use the above inequality Eq.(30.58) to prove that

Tz <-ThhzZ+ <H - ﬁ0> (30.60)

0

This inequality is a variational principle because Hy is arbitrary, meaning that
we are free to parametrize it and then to minimize with respect to the set of
all parameters to find the best one-particle Hamiltonian in our Physically chosen
space of Hamiltonians.
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Proof Our general result for the free energy in terms of connected terms, Eq.(30.57),
is obviously applicable to classical systems. The simplification that occurs
there is that since all operators commute, we do not need to worry about
the time-ordered product, thus with

V =H — H, (30.61)
we have

0,

F=-ThZ=-T {<eﬁ‘7>~ - 1] ~TnZ. (30.62)
c

Using our basic inequality Eq.(30.58) for eV we immediately obtain the
desired result B
F<-T <—BV>6 + P (30.63)

which is just another way of rewriting Eq.(30.60).

It is useful to note that in the language of density matrices, oy = ¢~ B(Ho—uN) /20
the variational principle Eq.(30.60) reads,

| —T'nZ < Tr[oy (H — uN)] + TTr [ In g, | (30.64)

which looks as if we had the function (E — uN) — T'S to minimize, quite a satis-
factory state of affairs.

30.3.2 Thermodynamic variational principle for quantum systems

The quantum proof is easiest if we start from the following inequality for the
entropy[21]

|S =—Tr[olng] < —Tr[pln ¢'] | (30.65)

Proof Let |m) and |m') be the basis that diagonalize respectively ¢ and ¢’. Then
by inserting the closure relation, and defining p,,, = (m| g |m) with the anal-
ogous definition for p/,, we find

Tr[—olno+ oln Q/} = - me Inpy, + Z Pm (M |m/> 1ng/m’ <m/ Im)
=
= X (mm') (' pm) p o 22 (30.66)

In this sum, (m |m’) (m' |m) p,, is positive or zero. We can now use Iny <
y — 1. (This inequality follows from the fact that the first derivative of
Iny — y vanishes at y = 1 and that the second derivative, —1/y? is negative
everywhere. Hence, Iny — y has a minimum at y = 1 and the value there is
—1.) Using this inequality above, we find

Tr[—olno+ o] < Y (m|m) (m' |m) (p), — pm) = Tr[¢] — Tr[g] = 0.
m,m’
(30.67)
The last equality follows from the fact that the trace of a density matrix
is unity. The equality occurs only if (m |m’) = 0 or if p/ ,/pm = 1 for all
possible choices of |m) and |m/).
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To prove Feynmann’s variational principle Eq.(30.64) it suffices to take o =
e BH=N) /7 and o = g,.Then, the inequality for the entropy, Eq.(30.65) be-
comes —Tr [y In oy] < BTr [0y (H — uN)] + f1n Z which is the variational princi-
ple Eq.(30.64) found above, namely that the true free energy smaller than the free
energy computed with a trial density matrix.

30.3.3 Application of the variational principle to Hartree-Fock theory

Writing down the most general one-body Hamiltonian with orthonormal eigen-
functions left as variational parameters, the above variational principle leads to
the usual Hartree-Fock eigenvalue equation. Such a general one-body Hamiltonian
would look like

Y [ xai ) ( VQ) b0 (%) o (30.68)

2m

with ¢, (x) as variational wave-functions. In the minimization problem, one must
add Lagrange multipliers to enforce the constraint that the wave-functions are not
only orthogonal but also normalized.

In a translationally invariant system, the one-body wave functions will be plane
waves usually, so only the eigenenergies need to be found. This will be done in
the following chapter.

It does happen however that symmetry is spontaneously broken. For example,
in an anti-ferromagnet the periodicity is halved so that the Hartree-Fock equa-
tions will correspond to solving a 2 x 2 matrix, even when Fourier transforms are
used. The matrix becomes larger and larger as we allow more and more general
non-translationally invariant states. In the extreme case, the wave functions are
different on every site! This is certainly the case in ordinary Chemistry with small
molecules or atoms!
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The electron gas with long-range forces and a neutralizing background, also
known as the jellium model, is probably the first challenge that was met by many-
body theory in the context of Solid State physics. It is extremely important con-
ceptually since it is crucial to understand how, in a solid, the long-range Coulomb
force becomes effectively short-range, or screened, at low energy. Other models,
such as the Hubbard model that we will discussed later on, have their foundation
rooted in the physics of screening.

In this part, we assume that the uniform neutralizing background has infinite
inertia. In a subsequent part of this book we will allow it to move, in other words to
support sound waves, or phonons. We will consider electron-phonon interactions
and see how these eventually lead to superconductivity.

The main physical phenomena to account for here in the immobile background,
are screening and plasma oscillations, at least as far as collective modes are con-
cerned. The surprises come in when one tries to understand single-particle prop-
erties. Hartree-Fock theory is a disaster since it predicts that the effective mass of
the electron at the Fermi level vanishes. The way out of this paradox will indicate
to us how important it is to take screening into account.

We will start by describing the source formalism due to the Schwinger-Martin
school[l, 2] and then start to do calculations. The advantage of this approach is
that it allows more easily to devise non-perturbative approximations and to derive
general theorems. It gives a systematic algebraic way to formulate perturbation
theory when necessary, without explicit use of Wick’s theorem. With this formal-
ism, so-called conserving approximations can also be formulated naturally. The
source, or functional derivative formalism, is however less appealing than Feynman
rules for the Feynmann diagram approach to perturbation theory. When these two
competing approaches were invented, it was forbidden to the practitioners of the
source approach to draw Feynamnn diagrams, but nothing really forbids it. The
students, anyway, drew the forbidden pictures hidden in the basement. The two
formalism are strictly equivalent.

After we introduce the formalism, we discuss first the density oscillations,
where we will encounter screening and plasma oscillations. This will allow us
to discuss the famous Random Phase Approximation (RPA). Then we move on
to single particle properties and end with a general discussion of what would be
needed to go beyond RPA. The electron gas is discussed in detail in a very large
number of textbooks. The discussion here is brief and incomplete, its main purpose
being to illustrate the physics involved.
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31. THE FUNCTIONAL DERIVA-
TIVE APPROACH

We basically want to compute correlation functions. In the first section below, we
show, in the very simple context of classical statistical mechanics, how introducing
artificial external fields (source fields) allows one to compute correlation functions
of arbitrary order for the problem without external fields. This is one more exam-
ple where enlarging the space of parameters of interest actually simplifies matters
in the end. In the other section, we show how to obtain Green’s functions with
source fields and then give an impressionist’s view of how we plan to use this idea
for our problem.

31.1 External fields to compute correlation func-
tions

In elementary statistical mechanics, we can obtain the magnetization by differen-
tiating the free energy with respect to the magnetic field. To be more specific,
let

Zy = Tr [e*W(*hM)} (31.1)
then Ol 7
nz, 1 —B(K—hM) 7] _
o =7 {e M} = (M), . (31.2)

The indice h on (M), and Z;, reminds us that the magnetic field is non zero. We
can obtain correlation fucntions of higher order by continuing the process

1 OTr [e=B(K—ha)]
72 B
= (MM), — (M), (M), (31.4)

2
FInzy _ (MM), — Tt {e—ﬂ(thM)M}

o (31.3)

The second term clearly comes from the fact that Zj in the denominator of the
equation for (M), depends on h.One can clearly continue this process to find
higher and higher order correlation functions. At the end, we can set h = 0. Clearly
then, if one can compute (M), or Zj,one can obtain higher order correlation
functions just by differentiating.

Suppose now that we want for example (M (x1) M (x2))— (M (x1)) (M (x2)) .That
can still be achieved if we impose a position dependent-external field:

Z[h] = Tr [e PUE—S @xh()ME) | (31.5)

It is as if at each position x, there is an independent variable h (x). The position
is now just a label. The notation Z [h] means that Z is a functional of h (x).It
takes a function and maps it into a scalar. To obtain the magnetization at a single
point, we intorduce the notion of functional derivative, which is just a simple
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generalization to the continuum of the idea of partial derivative. To be more
specific,

1) 3 _ 3y 0h (x) x
m/dxh(x)M(x) - /d S M (x) (31.6)

/d3x6 (31— %) M (x) = M (x1). (31.7)

In other words, the partial derivative for two independent variables y; and o

o _ s 31.8
2 b2 ( )

where 01 2 is the Kroenecker delta, is replaced by

0h (x)
dh(x1)

=0 (x1 —x). (31.9)

Very simple.
Armed with this notion of functional derivative, one finds that

SmZIH _
e = M G (31.10)

and the quantity we want is obtained from one more funcitonal derivative

AL B
325h (x1) 6 (x2) = (M (x1) M (x2)),, — (M (x1))), (M (x2)),, - (31.11)

31.2 Green's functions and higher order correlations
from functional derivatives

In our case, we are interested in correlation functions that depend not only on
space but also on real or imaginary time. In addition, we know that time-ordered
products are relevant. Hence, you will not be surprized to learn that we use as
our partition function with source fields

Z1¢] =T [P 5T exp (—v! (T) 6 (1,2) v (@) )] (31.12)
where we used the short-hand
(1) = (x1,71;01) (31.13)

with the overbar indicating integrals over space-time coordinates and spin sums.
More specifically,

v Mo 12w ()=
B B
Z /d3X1/O dTl/dBXQA dTQl/J(TH (X1’71)¢a1,a'2 (Xl,Tl,Xg,Tg)’(ﬁUQ (XQ,TQ).

01,02

With the definition,
S[g] = exp (—W Mo (1,2)y (5)) (31.14)
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we can write the Matsubara Green’s function as a functional derivative of the
generating function In Z [¢]

Csmzlg | (TSEemu )
69(2,1) (T-S[9])
< b (1) (2)> G(1,2),. (31.15)

The functional derivative with respect to ¢ does not influence at all the time order
so one can differentiate the exponential inside the time-ordered product. The
thermal average on the first line is with respect to e #% and in <TT¢ (1) (2)>¢
one does not write S [¢] explicitly. Note the reversal in the order of indices in G
and in ¢.We have also used the fact that in a time ordered product we can displace
operators as we wish, as long as we keep track of fermionic minus signs.

Higher order correlation functions can be obtained by taking further functional
derivatives

56 (1,2), 5 (TSlve )
00(3.4)  66(3.4) (T-S[g])

(T7S [¢]

) (1,8 [¢])*

= (T v B)vE) +6(1,2),043),

The first term is called a four-point correlation function. The last term comes
from differentiating (7S [¢]) in the denominator. To figure out the minus signs in
that last term note that there is one from —1/Z2 one from the derivative of the
argument of the exponential and one from ordering the field operators in the order
corresponding to the definition of G,. The latter is absorbed in the definition of
Go-

31.3 Source fields for Green's functions, an impres-
sionist view

How can that formalism possibly be helpful. The reason is that the self-energy
will be expressed in terms of a four point correlation function which in turn can
be found from a functional derivative of G, (,),. It will be possible to find this
functional derivative if we know Go (, ), . We do have an expression for that quan-
tity so that, in a sense, it closes the loop. We will see things are not so simple in
practice, but at least that is a start.

How do we find G, (,),? It suffices to write the equations of motion. What
is different from the non-interacting case is the presence of ¢ and of interactions.
When we compute 8¢T(1) [K,1 (1)], there will be a term coming from the com-
mutator of the interaction term with 1 (1). That will be a term proportional to
VipTprp with V the potential energy. Using this result in the definition of G,
which has an extra )" tagged on the right, the equation of motion for G will read
something like

(G' = 0) G =1-V (Trwlppu'). (31.17)
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Using our notion of irreducible self-energy, we define

£g = -V{Twlppyt)
Y = -V <TT¢W¢M> Gl (31.18)
so that
Gl=G'-¢-2 (31.19)
which is equivalent to Dyson’s equation
G =Gog + Gop2G (31.20)

with Goy = (QO_ - ¢)71 .The four-point correlation function entering the defini-
tion of X is then obtained from a functional derivative of G since
0G
(Teotyppot) = 5599 (31.21)
as we saw in the previous section.

To find that functional derivative we start from the equation of motion Eq.(31.17)
which gave us Dyson’s equation Eq.(31.19) which is easy to differentiate with re-
spect to ¢. Then, we can take advantage of this and G~'G = 1 to find the functional
derivative of G. Indeed,

§(671G) g1 106G
56 T G+6 %—0 (31.22)
or, left multiplying by G
G 0G71
% =—-G 5% G (31.23)
which can be evaluated with the help of Dyson’s equation Eq.(31.19)
66 _ 5005 9%
56 5¢Q+Q5¢g. (31.24)

We will see that we can write 3 as a functional of G, at least in perturbation
theory, and that there is no explicit dependence of 3 on ¢. Hence, using the chain
rule

00X 0G
== 1.2
5 = 56 5 (129
we have an integral equation for %
s
2-g%+9(B%)0 (31.26)
If we can solve this, we can find G Eq.(31.17)
(Go'—0)G=1+%¢ (31.27)

with the self-energy Eq.(31.18) written in terms of the four-point function Eq.(31.21)

S=-V (% - gg) G (31.28)

Since the integral equation for ‘g—g requires that we know both G and % there
will be some iteration process involved. The last three equations can be solved for
¢ = 0, since ¢ has played its role and is no longer necessary at that point.
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One physical point that will become clearer when we put all indices back,
is that the self-energy contains information about the fact that the medium is
polarizable, i.e. it depends on the four-point correlation function 2 56 9 and hence on
the density-density correlation function, or equivalently the longitudinal dielectric
constant, as we shall verify.

We can also write an equation that looks as a closed functional equation for X

by using the expression Eq.(31.24) relating g—g and 2= :
oo > 1
Y = .
<g ¢g + Q 5% g GG |g
_ ¢ _
= (95¢+g 5 g) (31.29)

An alternate useful form that uses the fact that all the functional dependence of
3. on ¢ is implicit through its dependence on G is

L=V (9% -g+03%) (31.30)

Since X is already linear in V, it is tempting to use ¥ = =V (g% — Q) as a
first approximation. This is the Hartree-Fock approximation.

Remark 108 % in the equation for the functional derivative Eq.(51.206) is called
the irreducible vertex in the particle-hole channel. The reason for this will become
clear later. The term that contains this irreducible vertex is called a vertex correc-
twn Note that G ( ) G plays the role of a self-energy for the four-point function
6¢ For the same reason that it was profitable to resum infinite series for G by
usmg the concept of a self-energy, it will be preferable to do the same here and use
g( )g as a self-energy instead of iterating the equation for at some finite
order

Remark 109 If we had written an equation of motion for the four-point function,
we would have seen that it depends on a six point function, and so on, so that is not
the way to go. This would have been the analog of the so-called BBGKY hierarchy
in classical transport theory.
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32. EQUATIONS OF MOTION TO
FIND ¢ IN THE PRESENCE OF
SOURCE FIELDS

Here we try to do everything more rigorously with all the bells and whistles. It
is clear that the first step is to derive the equations of motion for the Green’s
function. That begins with the Hamiltonian and equations for motion for . (1)
which will enter the equation of motion for G.

32.1 Hamiltonian and equations of motion for v (1)

The Hamiltonian we consider is the following. Note that we now introduce spin
indices denoted by Greek indices:

K = H—pN=Hy+V +V,—uN (32.1)
Hy = %; / dx1 VYl (x1) - Vb, (x1) (32.2)
Vo= %UZ; /dxl/dX2U (x1=x2) ¥l (1) UL, (%2) ¥, (%2) U, (1)

Vo = —Z/dxl/dxzv (x1—%2) %], (%2) 1, (x2) 10 (32.3)

The last piece, V,, represents the interaction between a “neutralizing background”
of the same uniform density ng as the electrons. The potential is the Coulomb
potential

e2

v(x1—x%2) = (32.4)

X1 —x3]

To derive the equations of motion for the Green’s function, we first need those
for the field operators.

or

Using [A, BC] = {A, B} C — B{A,C} and Eq.(32.1) for K we have

= [K, ¢, (x,7)] (32.5)

x 2
8wa ( 7T) — QV_me (X, 7—) + /-‘Lwa (X, 7—) (326)

or
=30 [ e (x = x0) 6, (2 ) b, 2T ,7)
g2
The last term does not have the 1/2 factor that appeared in the Hamiltonian
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because

(0L, (), (e2) 0, (362) 6, (x1) 8, (30)]

[0, () 0, (x2) 0y (0] W, (x2) 0, (1)

= _601706 (X - Xl) 1”;2 (XQ) 1%2 (XQ) 1%1 (Xl)
00,00 (X = X2) V] (x1) 1, (X2) ¥, (x1).

Anticommuting the destruction operators in the last term, substituting and chang-
ing dummy indices, the two contributions are identical.
The equation of motion can be rewritten in the more matrix-like form

) e @U@ VE-Ye) (G2

87’1 %

if we define a time and spin dependent potential

2

V (1’ 2) = VU1,0’2 (Xl,Tl;XQ,TQ) 5 (7—1 — TQ) . (328)

— €
— Ix1—x2|

In reality the potential is independent of spin and is instantaneous but introducing
these dependencies simplifies the notation.

Remark 110 We assume that the potential has no ¢ = 0 component because of the
compensating effect of the positive background. The argument for the neutralizing
background is as follows. If we had kept it, the above equation would have had an
extra term

+ g [ / dxav (x — xz)} b, (x,7) (32.9)

The q = 0 contribution of the potential in the above equation of motion gives on
the other hand a contribution

- [/ ey (X_X2)] H/dx? 02@2 (x2,72) ¥y, (szz)] ¥, (x,7) (32.10)

While the quantity in bracket is an operator and not a number, its deviations from
no vanish like V=2 in the thermodynamic limit, even in the grand-canonical
ensemble. Hence, to an excellent degree of approxrimation we may say that the
only effect of the neutralizing background is to remove the ¢ = 0 component of
the Coulomb potential. The result that we are about to derive would be different
in other models, such as the Hubbard model, where the ¢ = 0 component of the
interaction potential is far from negligible.

32.2 Equations of motion for G, and definition of
2

The equation of motion for G (1,2),

(Tslelv (v (2))
TS [4)

is obtained by taking the time derivative. There will be three contributions. One

from 681/;7(11), that we found above, one from the time derivative of the 0 (77 — 73)

g(172)¢. = -
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and 0 (7o — 71) entering the definition of the time-ordered product that gives the
usual delta function, and one from the fact that terms in S [¢] have to be orderd
with respect to 71. The only unfamiliar contribution is the latter one. To under-
stand how to compute it, we write explicitely the time integral associated with
the creation operator in the exponential and order it properly:

(rswvwiie) = (roo(- e moa200)

¥ (1) exp <— Zﬁ driy’t (1) 6 (1,2) ¥ (i)) P! (2)>

Since we moved an even number of fermion operators, we do not need to worry
about sign. We do not need to worry about the destruction operator in the ex-
ponential either since it anticommutes with ¢ (1) : The time-ordered product will
eventually take care of the proper order. So, in the end, we have a contribution
to the time derivative with respect to 71 that reads

<TT exp (— /Tﬁ drif M) ¢ (1,2)v (§)> /d3x1/ {WL (x1/,71) ¢ (x1/,71,2) ¥ (2) , ¥ (x4, 71)}

exp <_ /0 Yt (06 (L) v (5)) ot (2)>
= —6(1L.2) (TSl @) v @)

Collecting the three contributions, we can write

(i - —u) (1,9, = —60-2+(T [ (37) V(1 -Dv @v)e @])
-¢(1,2)6(2,2),. (32.11)

Note that we had to specifyd}T (2_+) in the term with the potential energy. The
superscrpt + specifies that the time in that field operator is later than the time
in ¢ (1'). In other words

2t = (xQ,TQ + 0+;02)
Equal time does not mean anything in a time ordered product. The choice to take
wT (2_+) keeps the field in the order it was in to begin with.

The equations of motion can be written in a compact form if we define

Gt (1) =~ (& —H —n)o(1-2). (32.12)

2m

With this definition, the equation of motion Eq.(32.11) takes the form

(65" (1L2) =0 (1L2) G (22),=60-2-V - (T [¢' (TT) v @v ) (2)]), .

Comparing with Dyson’s equation, we have an explicit form for the self-energy,

(1,2),6(22), = -V (1 -2 (T [¢' (27) v @ v ) v (2)] >¢. (32.13)

The equation of motion can then also be written as

(90—1 (1,2) —¢(1,2) - % (1,§)¢) G (5,2)¢ =45(1-2)
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which also reads

gil (1’2>¢ :g(;l (172)_¢(1a2) _E(1a2)¢' (3214)

Remark 111 The self-energy is related to a four-point function and we note in
passing that the trace of defining equation 32.15 is related to the potential energy.
That can be seen as follows. In the limit 2 — 17 the right-hand side becomes

(e [ot () 0! (TF) v (T = 1) w M) v )]).

Recalling the definition of the average potential energy
2(V) = Z/d3x1 (T [0t () o' (TT) v (T- 1w @)w)])  (3215)
this special case of our general formula gives
Z/d3x1 /1/2(1,1’)g(1’71+) =2(V). (32.16)

We have the freedom to drop the time-ordered product when we recall that the oper-
ators are all at the same time and in the indicated order. Using time-translational
invariance the last result may also be written

SIT)G(T.TF) =2v) s = (1. [ (TF) o (TF) v [T -1)w @) (T)])
(32.17)

Remark 112 The 17 on the left-hand side is absolutely necessary for this expres-
sion to make sense. Indeed, taken from the point of view of Matsubara frequencies,
one knows that the self-energy goes to a constant at infinite frequency while the
Green’s function does not decay fast enough to converge without ambiguity. On
the right-hand side of the above equation, all operators are at the same time, in
the order explicitly given.

32.3 Four-point function from functional derivatives

Since we need a four-point function to compute the self-energy and we know Gy
if we know the self-energy, let us find an equation for the four-point function in
terms of functional derivatives as we saw at length in Eq.(31.16)

D0Ds (el @v Ge@) +00.2,64.3) (32.18)

6¢ (37 4) T d) ) ¢ Py ¢ . .
The equation for the functional derivative is then easy to find using GG~! = 1 and
our matrix notation,

5G9 _
—55 =0 (32.19)
5G ., 86G
550 TS = 0 (32.20)
5G 561
5o = 90 (32.21)
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3 4

Figure 32-1 Diagrammatic representation of the integral equation for the four point
function. The two lines on the right of the equal sign and on top of the last block

are Green's function. The filled box is the functional derivative of the self-energy. It
is called the particle-hole irreducible vertex. It plays, for the four-point function the
role of the self-energy for the Green's function.

With Dyson’s equation Eq. (32.14) for G=! we find the right-hand side of that
equation

0G 69 0
56 gwg—f—g%g- (32.22)

Just to make sure what we mean, let us restore indices. This then takes the form

% (5.5)

06 (1,2), - 00(1,2) _ o
60 - 90D, 55509 B2, +9 (1), 55596,
_. 62(5,6 _
- g(173)¢9<4,2)¢+g(1,5)¢ﬁg(6,2)¢. (32.23)

We will see that ¥ depends on ¢ only through its dependence on G so that this
last equation can also be written in the form

6G(1,2),
I G(1,3),G(4,2),

3G =
% _ggr6 % g, (32.25)
0 50

where the caret - reminds us that the indices adjacent to it are the same as those
of ¢ and where the two terms on top of one another are matrix multiplied top
down as well. Fig. 32-1 illustrates the equation with the indices.
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32.4 Self-energy from functional derivatives

To compute the self-energy, according to Eq.(32.13), what we need is to obtain
the self-energy is

S(1,3), =~V (1-2) (T [v" (27) v @) w (1) 4" (3)] >¢ G;' (4.3). (32.:26)

We write the four-point function with the help of the functional derivative Eq.(?7?)
by replacing in the latter equation 3 — 1'T, 4 —1’, 1 — 1, 2 — 2 so that

_ | 06 (1,9) _ _ -
£(1,3), = -V(1-2) m—g(zw%ga,@qﬁ G (13),
N Y N e _
= V(-3 —g(1,4)¢ﬁ—g(2,2+)¢5(1—3)

where we used Eq.(32.20) %gfl = -G %.This is the general expression that

we need for X. Note that in d¢ (2_+, 5) the spins are identical, in other words, in

spin space that matrix is diagonal. This is not the only possibility but that is the
only one that we need here as we can see from the four point correlation function
that we need. This is the so-called longitudinal particle-hole channel. We will see
why with diagrams later on.

Remark 113 Mnemotechnic: The first index of the V (1 — 5) is the same as the
first index of the upper line and is the same as the first indes on the left-hand side
of the equation. The second index is summed over and is the same as the index on

the second line. The two Green’s function in G (5, 2_+)¢ g (1,Z)¢ can be arranged

on top of one another so that this rule is preserved.

To begin to do approximations, we use the equation relating % Eq.(32.22) to
% to obtain a closed set of equation for X that will lend itself to approximations
in power series of the potential

S0, = V(-3 gu,zu%wo&ugjgf’%
-G (5,27)¢ 5(1— 3)} (32.27)
- —V(1—3)g(1,3)¢+V(lfﬁ)g(§,2_+)¢5(173)
~V(1-2)6(17), @ (32.28)
5¢(2+,2)

The first two terms are the Hartree-Fock contribution, that we will discuss in the
next section and at length later on. The last term is the only one that will give a
frequency dependence, and hence an imaginary part, to the self-energy.

In general, the functional dependence of 32 on ¢ will be through the dependence
on G, at least in weak coupling. Hence, using the chain rule, the above equation

262 EQUATIONS OF MOTION TO FIND G IN THE PRESENCE OF SOURCE FIELDS



Figure 32-2 Diagrams for the self-energy. The dashed line represent the interaction.
The first two terms are, respectively, the Hatree and the Fock contributions. The
textured square appearing in the previous figure for the our-point function has been
squeezed to a triangle to illustrate the fact that two of the indices (coordinates) are
identical.

may be rewritten

£(13), = ~V(1-3)G(1,3),+ V(l—?)g(2,2_+>¢6(1—3)
5

_ _62(4,3), G (5,6
“V=2600, 55 E&%Zad) ((27)5

The equation for the self-energy is represented schematically in Fig. 32-2. Note
that the diagrams are one-particle irreducible, i.e. they cannot be cut in two
seperate pieces by cutting a single propagator.

(32.29)
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33. FIRST STEP WITH FUNC-
TIONAL DERIVATIVES: HARTREE-
FOCK AND RPA

These are the two most famous approximations: Hartree-Fock for the self-energy
and RPA for the density-density correlation function. We will see later on why
these come out naturally from simple considerations, including the variational
principle.

33.1 Equations in real space

Since Y. is already linear in external potential, it is tempting to drop the last term
of the last equation of the previous section since that will be of second order at
least. If we do this, we obtain

£(1,3), =~V (1-3)G(1,3), + V(l—?)g(§,2_+)¢5(1—3). (33.1)

This is the Hartree-Fock approximation, on which we will comment much more
later on. This can be used to compute ‘;—3 that appears both in the in the exact
expression for the self-energy Eq.(32.29) and in the exact expression for the four-
point function Eq.(32.24) that also appears in the self-energy. A look at the last
two figures that we drew is helpful.

Refering to the exact expression for the four-point function Eq.(32.24), what
. 0%(5,6 . . .
we need is % which we evaluate from the the Hartree-Fock approximation

Eq.(33.1),

05 (5.6), o B
5G(7.8), V(5-9)6(9-7)46(0-8)6(—-6)—V(5-6)0(7—5)5(8—06)

V(5-T7)6(T—8)5(5-6)—V(5-6)5(7—508(8—6).

It is easier to imagine the result by looking back at the illustration of the Hartree-
Fock term in Fig. 32-1. The result of the functional derivative is illustrated in
Fig. 33-1. When two coordinates are written on one end of the interaction line,
it is because there is a delta function. For example, there is a 6 (5 — 6) for the
vertical line.

Substituting back in the equation for the exact found-point function% Eq.(32.24),
we find
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Figure 33-1 Expression for the irreducible vertex in the Hartree-Fock approximation.
The labels on either side of the bare interaction represented by a dashed line are at
the same point, in other words there is a delta function.

1 2
1 2
2 —
h 1 2 _ 3
5F--45% _
= - + 7
| ) =
3 4
3 4
3 4

Figure 33-2 Integral equation for 6G/d¢ in the Hartree-Fock approximation.

+6(1,5), (V (5-7) @) G (5,2), (33.2)

_ _ _ 06 (56 _

This expression is easy to deduce from the general diagrammatic representation of
the general integral equation Fig. 32-1 by replacing the irreducible vertex by that
in Fig. 33-1 that follows from the Hartree-Fock approximation. This is illustrated
in Fig. 33-2.

To compute a better approximation for the self-energy we will need d¢ (2%, 2)
instead of d¢ (3,4), as can be seen from our exact result Eq.(32.29). Although
one might guess it from symmetry, we will also see that all that we will need is,
dG (1,17), although it is not obvious at this point. It is quite natural however that
the density-density correlation function plays an important role since it is related
to the dielectric constant. From the previous equation, that special case can be
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written

5G (1,171)
Wmfb = G(1,2),6(21), (33.4)

7 74))9(5,% (33.5)

_ _ . 9G (56 _
-G (1,5), (V (5-6) ﬁ) G(®1),. (336

33.2 Equations in momentum space with ¢ = 0

We are ready to set ¢ = 0. Once this is done, we can use translational invariance
so that ¥(1,3) = (1 —3) and G(1,3) = G (1 — 3). In addition, spin rotational
invariance implies that these objects are diagonal in spin space. We then Fourier
transform to take advantage of the translational invariance. In that case, restoring
spin indices we can define

B
G, (k) = /d(x1 —XQ)/ A (71 — ) e~ Ga—x2) ibu(m=m2)g (1 _9) (33.7)
0

In this expression, k,, is a fermionic Matsubara frequency and the Green’s function
is diagonal in spin indices o1 and oo. For clarity then, we have explicitly written
a single spin label. For the potential we define

B . .
Voo (g) = / d (x1 - x2) / d(ry — 7o) e AR (=T Y (1 g
0

(33.8)
where g, is, this time, a bosonic Matsubara frequency, in other words

qn = 2n7T (33.9)

with n and integer. Again we have explicitly written the spin indices even if
Vs.or (1 —2) is independent of spin. The spin o is the same as the spin of the two
propagators attaching to the vertex 1 while ¢’ is the same as the spin of the two
propagators attaching to the vertex 2.

Remark 114 General spin-dependent interaction: In more general theories, there
are four spin labels attached to interaction vertices. These labels correspond to
those of the four fermion fields. Here the situation is simpler because the interac-
tion not only conserves spin at each vertex but is also spin independent.

To find expressions to evaluate in momentum space, we start from the above
position space expressions, and their diagrammatic equivalent, and now write
G(1—2)and V (1 —2) in terms of their Fourier-Matsubara transforms, namely

Pk o~ :
G, (1-2) = / T Y eRbammleiknmmrag () 33.10
(1-2) P 2 (k) (33.10)
V. (172)—/ ’a EOO el ba=xa) gmian(mi=r2) Y (g) (33.11)
(2m)° |
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Figure 33-3 A typical interaction vertex and momentum conservation at the vertex.

Then we consider an internal vertex, as illustrated in Fig.(33-3), where one has to
do the integral over the space-time position of the vertex, say 1’. Note that because
V(1-2)=V(2-1), we are free to choose the direction of q on the dotted line
at will. Leaving aside the spin coordinates, that behave just as in position space,
the integral to perform is

8
/dx'l/ drh e~ itk —kata) X gilkn —kantan)T) (33.12)

0

= (2m)°d(k

’]'[')3 1= k2 + q) /Ba(kl,n_kln)y(hl (33'13)

The last delta is a Kronecker delta. Indeed, the sum of two fermionic Matsubara
frequencies is a bosonic Matsubara frequency since the sum of two odd numbers is
necessarily even. This means that the integral over 7} is equal to 8 if k1., — ka,n +
¢n = 0 while it is equal to zero otherwise because exp (i (k1,n, — k2.n + gn) 7})is
periodic in the interval 0 to . The conclusion of this is that momentum and
Matsubara frequencies are conserved at each interaction vertex. In other words,
the sum of all wave vectors entering an interaction vertex vanishes. And similarly
for Matsubara frequencies. This means that a lot of the momentum integrals
and Matsubara frequency sums that occur in the replacements Egs.(34.31) and
(34.32) can be done by simply using conservation of momentum and of Matsubara
frequencies at each vertex. One must integrate over the momenta and Matsubara
frequencies that are not determined by conservation. In general, there are as many
integrals to perform as there are closed loops in a diagram.
Writing
k= (k,ik,), (33.14)

the Hartree-Fock approximation for the self-energy Eq.(33.1) is
Y(k)=-V(@)G(k+q)+V(¢=0)G (5,27) (33.15)

The sign of the wave vector ¢, or direction of the arrow in the diagram, must
be decided once for each diagram but this choice is arbitrary since the potential
is invariant under the interchange of coordinates, as mentioned above. This is
illustrated in Fig. 33-4

For the four-point function, there are four outside coordinates so we would
need three independent outside momenta. However, all that we will need, as we
shall see, are the density-density fluctuations. In other words, as we can see from
the general expression for the self-energy in Fig. 32-2, we can identify two of
the space-time points at the bottom of the graph. We have already written the
expression in coordinates in Eq.(33.4). Writing the diagrams for that expression
and using our rules for momentum conservation with a four-momentum ¢ flowing
top down, the four-point function in Fig. 33-2 becomes as illustrated in Fig. 33-5.
You can skp the next chapter is you are satisfied with the functional derivative
(source, or Schwinger) approach.
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Figure 33-4 Diagram for the self-energy in momentum space in the Hartree-Fock
approximation. There is an integral over all momenta and spins not determined by
spin and momentum conservation.

k+q k

/\ k+q ,/ k
= - F-=-- +
‘? k+q : kK

——
o]

v

Figure 33-5 Diagrams for the density-density correlation function. We imagine a
momentum ¢ flowing from the top of the diagram and conserve momentum at every
vertex.
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34. FEYNMAN RULES FOR TWO-
BODY INTERACTIONS

We have already encountered Feynman diagrams in the discussion of the impurity
problem in the one-particle context. As we will see, perturbation theory is obtained
simply by using Wick’s theorem. This generates an infinite set of terms. Diagrams
are a simple way to represent and remember the various terms that are generated.
Furthermore, associating specific algebraic quantities and integration rules with
the various pieces of the diagrams, allows one to write the explicit expression for a
given term without returning to Wick’s theorem. In case of doubt though, Wick’s
theorem is what should be used. The specific rules will depend on the type of
interaction considered. This is described in a number of books [3],[4].

34.1 Hamiltonian and notation

The Hamiltonian we consider is the following. Note that we now introduce spin
indices denoted by Greek indices:

K = H-puN=Ho+V+V,—uN
1
Hy — %; / BVl (x1) - Vi, (x1) (34.1)

Vo= 3 3 [ [ e Gamxa) ul, () v, (xe) b, (x2) v, (1)

01,02

Vo = _Z/dxl/dxﬂ’ (x1-%2) ¥}, (x2) ¥y, (x2) 10 (34.2)

The last piece, V,, represents the interaction between a “neutralizing background”
of the same uniform density ng as the electrons. The potential is the Coulomb

potential
2

v (X1—X2) = (34.3)

X1 —Xa]

Let us say we want to compute the one-body Green’s function in the interaction
representation

Tr :e_BKOTT (ﬁ (8,71) by, (x1,71) ﬁ(ﬁ,w)@zz (x2,72) (7(7270))}
Tr {efﬁKOﬁ(ﬁ,O)}
Tr _e_ﬁKOTT (fj (ﬂv 0) @01 (X17 Tl) @Z’g (X27 7—2)):|

- Tr [e*ﬁKO/U\'(B,O)] (344

galoQ (X1771;X2,T2)

We do not write explicitly the interaction with the neutralizing background since
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it will be obvious later when it comes in. Then, the evolution operator is

exp (- /0 ’ dnf/(ﬁ)ﬂ

Note that by definition of the interaction representation,

U(B,0) =T

V (1) = effom B Z /dx1 /dev (x1-%2) ¥l (x1) 9], (x2) 1y, (X2) ¥y, (X1>1 o Kom1

01,02
(34.5)
Inserting everywhere the identity operator e ~5071ef071 this can be made to have
a more symmetrical form

3 [ i s ]
exp | —= dT1 dX1 dX2 X
(53]

U(B,O) = TT

01,02

v (x1—X2) 1/)11 (x1,71) 1/)12 (x2,71) 17202 (x2,71) 17201 (X1,T1)> 4.6)

This can be made even more symmetrical by defining the potential,

Voi,00 (X1,715%X2,72) = 6—25(7-1 —T2) (34.7)

T xi—xo|

The right-hand side is independent of spin. In addition to being more symmetrical,
this definition has the advantage that we can introduce the short-hand notation

V(1,2) (34.8)

where
(1) = (x1,71;01) (34.9)

The evolution operator now systematically involves integrals over time space and
a sum over spin indices, so it is possible to further simplify the notation by intro-

ducing
B
/:/ drl/dxl Z (34.10)
1 0 (7'1::|:1

o~

V(1) =9y, (x1,71) (34.11)

Note that we have taken this opportunity to remove hats on field operators. It
should be clear that we are talking about the interaction representation all the
time when we derive Feynman’s rules.

and

With all these simplifications in notation, the above expressions for the Green’s
function Eq.(34.4) and the time evolution operator Eq.(34.6) take the simpler
looking form

TrlePRor, (U(B,0)w(1)v!(2))]
T7’[e’[3K0 U(/B7O)]

G(1,2)=— (34.12)

UB0) =T [exp (<3 f, [, V(L2000 @uw@e )] | (3413)
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34.2 In position space

We now proceed to derive Feynman’s rules in position space. Multiplying nu-
merator and denominator of the starting expression for the Green’s function by
1/Tr [e*BKO] we can use the linked cluster theorem in Subsection (30.2.1) to argue
that we can forget about the power series expansion of the evolution operator in
the denominator, as long as in the numerator of the starting expression Eq.(34.12)
only connected terms are kept. The perturbation expansion for the Green’s func-
tion thus takes the form

G(1,2)= (T (UE.0v ' @) (34.14)
The average is over the unperturbed density matrix and only connected terms are
kept. A typical term of the power series expansion thus has the form

n
~a (5[ L redior @eersm) vl @)
Ne]

(34.15)
To evaluate averages of this sort, it suffices to apply Wick’s theorem. Since this
process becomes tedious and repetitive, it is advisable to do it once in such a way
that simple systematic rules can be extracted that will allow us to write from the
outset the simplest expression for a term of any given order. The trick is to write
down diagrams and rules both to build them and to associate with them algebraic
expressions. These are the Feynman rules.

Wick’s theorem tells us that a typical average such as Eq.(34.15) is decom-
posed into a sum of products of single particle Green’s function. Let us represent
a Green’s function by a straight line, as in Fig.(34-1). Following the convention
of Ref. [6] the arrow goes from the left most to the right most label of the corre-
sponding Green’s function. Going from the creation to the annihilation operator
might have been more natural and would have lead us to the opposite direction
of the arrow, as for example in Ref. [7]. Nevertheless it is clear that it suffices to
stick to one convention. In any case, contrary to older diagrammatic perturbation
techniques, with Feynman diagrams the arrow represents the propagation of either
and electron or a hole and the direction is irrelevant. The other building block
for diagrams is the interaction potential which is represented by a dotted line. To
either end of the dotted line, we have a Green’s function that leaves and one that
comes in, corresponding to the fact that there is one 1 and one T attached to
any given end of a dotted line. The arrow heads in Fig.(34-1) just reminds us of
this. They are not really part of the dotted line. Also, it does not matter whether
the arrows come in from the top or from the bottom, or from left or right. It is
only important that each end of the dotted line is attached to one incoming and
one outgoing line.

1 2 4l >

> R —

»
G (1,2) V(1°,27)

Figure 34-1 Basic building blocks of Feynman diagrams for the electron gas.

Let us give an example of how we can associate contractions and diagrams.
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For a term with n = 1, a typical term would be

(1|3 [ [y ot @e@paemy@)) e

0,c

We have marked by a the same number every operator that belongs to the same
contraction. The corresponding algebraic expression is

1
-3 [ [vameamew.zges (34.17)
and we can represent it by a diagram, as in Fig.(34-2) Clearly, exactly the same
1 r 2’ 2

> - >
G(1,1) V(1,2) G(2’,2)

Figure 34-2 A typical contraction for the first-order expansion of the Green's
function. THe Fock term.

contribution is obtained if the roles of the fields at the points 1’ and 2’ above are
interchanged. More specifically, the set of contractions

3

~(r|5 [ [reag o esepornyel) e

)

gives the algebraic expression
_ %/ / V(1,2)6(2,1)6(1,2)G(1,2) (34.19)

which, by a change of dummy integration variable, 1’ « 2’ gives precisely the
same contribution as the previous term.

We need to start to be more systematic and do some serious bookkeeping.
Let us draw a diagram for each and every one of the possible contractions of this
first order term. This is illustrated in Fig.(34-3). A creation operator is attached
to point 2 while a destruction operator is attached to point 1. At either end of
the interaction line, say at point 1’, is attached one creation and one annihilation
operators. We must link every destruction operator with a creation operator in
all possible ways, as illustrated in the figure. The diagrams marked A and B are
disconnected diagrams, so they do not contribute. On the other hand, by changing
dummy integration variables, it is clear that diagrams C and D are equal to each
other, as diagrams F and F' are. The algebraic expressions for diagrams E and
F are those given above, in Eqs.(34.17)(34.19). In other words, if we had given
the rule that only connected and topologically distinct diagrams contribute and
that there is no factor of 1/2, we would have written down only diagram C' and
diagram F and obtained correctly all the first order contributions. Two diagrams
are topologically distinct if they cannot be transformed one into the other by
“elastic” changes that do not cut Green’s functions lines.

For a general diagram of order n in the interaction, there are n interaction
lines and 2n + 1 Green’s functions. To prove the last statement, it suffices to
notice that the four fermion fields attached to each interaction line correspond to
four “half lines” and that the creation and annihilation operators corresponding
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r 2’

* 1
O -- <c
Figure 34-3 All possible contractions for the first-order contribution to the Green's

function. A line must start at point 1 illustrated in the box on the left, and one line
must end at 2. Lines must also come in and go out on either side of the dotted line.

to the “external” points 1 and 2 that are not integrated over yield one additional
line. Consider two connected diagram of order three say, as in Fig.(34-4). The
two diagrams there are clearly topologically equivalent, and they also correspond
precisely to the same algebraic expression as we can see by doing the change of
dummy integration variables 3’ < 5" and 4’ <> 6’. In fact, for any given topology,
we can find 3! x 23 contractions that lead to diagrams with the same topology.
The 3! corresponds to the number of ways of choosing the interaction lines to
which four fermion lines attach, and the 23 corresponds to the fact that for every
line there are two ends that one can interchange. For a diagram of order n, there
are thus 2™n! contractions that all have the same topology and that cancel the
1/(2"n!) coming from the expansion of the exponential and the 1/2 in front of
each interaction V (1/,2) .

ro A, ro A,
3 :
- - 4 S
S__ 1 e - -

5 6

Figure 34-4 Two topologically equaivalent diagrams of order 3.

From what precedes then, it is clear that we can find all contributions for
G (1,2) to order n by the following procedure that gives rules for drawing diagrams
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and for associating an algebraic expression to them.

1.

Draw two “external” points, labeled 1 and 2 and n dotted lines with two
ends (vertices). Join all external points and vertices with lines, so that each
internal vertex has a line that comes in and a line that comes out while
one line comes in external point 2 and one line comes out of point 1. The
resulting diagrams must be i) Connected, i) Topologically distinct (cannot
be deformed one into the other).

Label all the vertices of interaction lines with dummy variables representing
space, imaginary time and spin.

Associate a factor G (1,2) to every line going from a vertex or external point
labeled 1 to a vertex or external point labeled 2.

Associate a factor V (1/,2') to every dotted line between a vertex labeled 1’
and a vertex labeled 2'.

. Integrate on all internal space, imaginary time and spin indices associated

with interaction vertices. Notice that spin is conserved at each interaction
vertex, as we can explicitly see from the original form of the interaction
potential appearing in, say, Eq.(34.6). (And now the last two rules that we
have not proven yet)

Associate a factor (—1)" (—1)" to every diagram. The parameter n is the
order of the diagram while F' is the number of closed fermion loops.

Associate to every fermion line joining two of the vertices of the same inter-
action line (Fig.(34-5)) the factor

g(L2") = }71{{}) Go1,o0 (X1, T15X2, 71 + 1) (34.20)

This last rule must be added because otherwise the rules given before are
ambiguous since the Coulomb potential is instantaneous (at equal time) and
Green’s functions have two possible values at equal time. So it is necessary to
specify which of these values it takes. The chosen order is discussed further
in the following subsection.

O____ A

Figure 34-5 Pieces of diagrams for which lead to equal-time Green's functions and
for which it is necessary to specify how the 7 — 0 limit is taken.

34.2.1 Proof of the overall sign of a Feynman diagram

To prove the rule concerning the overall sign of a Feynman diagram, consider the
expression for a n'th order contribution before the contractions. We leave out the
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factors of V and other factors to concentrate on field operators, their permutations
and the overall sign.

(-1 <TT [ [ L] [ eastesee).. e
ot @n =1t ery v n) e 2n - v ()t (2)]) (34.22)

Ne
This expression can be rearranged as follows without change of sign by permuting
one destruction operator across two fermions in each group of four fermion fields
appearing in interactions

—(-1)" <TT [/ /l.../M_l /Zn (v' () wa)) (v @) e@)...

(v (en=nT)wen—1) (v (en)") ven)v)uf 2)]) (3423)
We have grouped operators with parenthesis to illustrate the appearance of density
operators, and we have added plus signs as superscripts to remind ourselves of the
original order when we have two fields at equal time. By the way, this already
justifies the equal-time rule Eq.(34.20) mentioned above. To clear up the sign
question, let us now do contractions, that we will identify as usual by numbers
under each creation-annihilation operator pair. We just make contractions in series
so that there is a continuous fermion line running from point 1 to point 2 without
fermion loops. More specifically, consider the following contractions

() <TT Ul /2/.../%_1 v e @Y e (3420

2n 2n

2n—29p_2 2n—1 2n—1 2n+1 2n 2n+1

v (@) v en-n v () v eopm v o))

Not taking into account the — (—1)" already in front of the average, the contrac-
tions labeled 1 to 2n — 1 give a contribution

(—1)*"'G(1,2)G(2'3)...G (2n — 1,2n) (34.25)

where the overall sign comes from the fact that the definition of G has the cre-
ation and annihilation operators in the same order as they appear in the above
contractions, but an overall minus sign in the definition. For the contraction la-
beled 2n one must do an even number of permutations to bring the operators in
the order 1 (1) ¢ (1't) so one obtains a factor —G (1,1'") . Similarly, accounting
for the new position of z/JT (1'T), an even number of permutations is necessary to
bring to operators in the order v (2n) ¢ (2) so that an overall factor —G (2n, 2) is
generated. The overall sign is thus

()" ()T (D) = ()" (34.26)

In the contractions we have just done there is no closed fermion loop, as illustrated
in Fig.(34-6) for the special case where 2n = 4.

Now all we need to show is that whenever we interchange two fermion operators
we both introduce a minus sign and either form or destroy a closed fermion loop.
The first part of the statement is easy to see. Consider,

(1 [¢' @) (¥low..0) v @]) (34.27)
Suppose we want to compare two sets of contractions that differ only by the fact
that two creation operators (or two annihilation operators) interchange their re-
spective role. In the time-ordered product above, bringing wT (') to the left of

IN POSITION SPACE 277



Figure 34-6 Example of a contraction without closed fermion loop.

wT (2) produces a sign (—1)” where p is the number of necessary permutations.
Then, when we take ¢ (2) where ¥ (1) was, we create an additional factor of
(—=1)"™ because 1" (2) has to be permuted not only with the operators that were
originally there but also with ' (1’) that has been brought to its left. The overall
sign is thus (—1)2p = —1, which is independent of the number of operators orig-
inally separating the fields. That result was clear from the beginning given that
what determines the sign of a permuation is the parity of the number of trans-
positions (interchange of two objects) necessary to obtain the given permutation.
Hence, interchanging any pair of fermions gives an extra minus sign. Clearly there
would have been something wrong with the formalism if we had not obtained this
result.

Diagrammatically, if we start from the situation in Fig.(34-6) and interchange
the role of two creation operators, as in Fig.(34-7), then we go from a situation
with no fermion loops to one with one fermion loop. Fig.(34-8) illustrates the
case where we interchange another pair of creation operators and clearly there
also a fermion loop is introduced. In other words, by interchanging two creation
operators (or two annihilation operators) we break the single fermion line, and
the only way to do this is by creating a loop since internal lines cannot end at
an interaction vertex. This completes the proof concerning the overall sign of a
diagram.

Figure 34-7 Creation of loops in diagrams by interchange of operators: The role of
the two creation operators indicated by ligth arrows is interchanged, leading from a
diagram with no loop, as on top, to a diagram with one loop. The diagram on the
bottom is the same as the one in the middle. It is simply redrawn for clarity.
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Figure 34-8 Interchange of two fermion operators creating a fermion loop.

Spin sums

A remark is in order concerning spin. In a diagram without loops, as in Fig.(34-
6), there is a single spin label running from one end of the diagram to the other.
Every time we introduce a loop, there is now a sum over the spin of the fermion
in the loop. In the special case where V (1,2) is independent of the spins at the
vertices 1 and 2, as is the case for Coulomb interactions, then it is possible to
simply disregard spin and add the rule that there is a factor of 2 associated with
every fermion loop.

34.3 In momentum space

Starting from our results for Feynman’s rule in position space, we can derive
the rules in momentum space.[10] First introduce, for a translationally and spin
rotationally invariant system, the definition

B
G, (k) = /d(xl - X2)/ d (11 — 1) e amx2) ikn(m1=T2)G (1 _9) (34.28)
0

In this expression, k,, is a fermionic Matsubara frequency and the Green’s function
is diagonal in spin indices o1 and os. For clarity then, we have explicitly written
a single spin label. For the potential we define

B . .
Voo (q) = /d(x1 — Xg)/ d (11 — T) et (x17X2) gin (T1—72) Voor (1 —2)
0
(34.29)
where ¢, is, this time, a bosonic Matsubara frequency, in other words

qn = 2n7T (34.30)

with n and integer. Again we have explicitly written the spin indices even if
Vs.or (1 —2) is independent of spin. The spin o is the same as the spin of the two
propagators attaching to the vertex 1 while ¢’ is the same as the spin of the two
propagators attaching to the vertex 2.

Remark 115 General spin-dependent interaction: In more general theories, there
are four spin labels attached to interaction vertices. These labels correspond to
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those of the four fermion fields. Here the situation is simpler because the interac-
tion not only conserves spin at each vertex but is also spin independent.

To find the Feynman rules in momentum space, we start from the above po-
sition space diagrams and we now write G (1 —2) and V (1 — 2) in terms of their
Fourier-Matsubara transforms, namely

3 o0
gau—Q*Z/fZ?ﬂj§:6*“1“%i““1”@aw> (34.31)
T n=-—o00
Ba o= ;
Va,o’ (1 _ 2) — /WT Z ezq-(x1fx2)efzq7l(‘r1f‘r2) Va,a/ (q) (3432)
Q n=—oo

Figure 34-9 A typical interaction vertex and momentum conservation at the vertex.

do the integral over the space-time position of the vertex, 1’. Note that because
V(1-2)=V(2—-1), we are free to choose the direction of q on the dotted line
at will. Leaving aside the spin coordinates, that behave just as in position space,
the integral to perform is

B8
/dx'l/ dﬂ"le_i(kl_k’“'m‘)"‘/lei(’“m_]“2”1"”1“)7/1 (34.33)
0

= 21)°0 (ki — ko + Q) BO(ky ko) (34.34)

The last delta is a Kronecker delta. Indeed, the sum of two fermionic Matsubara
frequencies is a bosonic Matsubara frequency since the sum of two odd numbers is
necessarily even. This means that the integral over 7} is equal to 8 if k1, — ko, +
¢n = 0 while it is equal to zero otherwise because exp (i (k1,n — k2. + gn) 71)is
periodic in the interval 0 to 8. The conclusion of this is that momentum and
Matsubara frequencies are conserved at each interaction vertex. In other words,
the sum of all wave vectors entering an interaction vertex vanishes. And similarly
for Matsubara frequencies. This means that a lot of the momentum integrals
and Matsubara frequency sums that occur in the replacements Eqs.(34.31) and
(34.32) can be done by simply using conservation of momentum and of Matsubara
frequencies at each vertex.

The Feynman rules for the perturbation expansion of the Green’s function in
momentum space thus read as follows.

1. For a term of order n, draw all connected, topologically distinct diagrams
with n interaction lines and 2n + 1 oriented propagator lines, taking into
account that at every interaction vertex one line comes in and one line comes
out.

2. Assign a direction to the interaction lines. Assign also a wave number and
a discrete frequency to each propagator and interaction line, conserving mo-
mentum and Matsubara frequency at each vertex.
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3. To each propagator line, assign

Go (k) = =ty (34.35)

€k*#)

(We have to remember that the propagator is independent of spin but still
carries a spin label that is summed over.)

4. To each interaction line, associate a factor V, . (q), with ig, a bosonic
Matsubara frequency. Note that each of the spin labels is associated with
one of the vertices and that it is the same as the spin of the fermion lines
attached to it.

5. Perform an integral over wave vector and a sum over Matsubara frequency,

3
namely [ (‘21”1)‘3 Ty > . for each momentum and frequency that is not fixed
by conservation at the vertex.

6. Sum over all spin indices that are not fixed by conservation of spin.

7. Associate a factor (—1)" (—=1)" where F is the number of closed Fermion
loops to every diagram of order n.

8. For Green’s functions whose two ends are on the same interaction line, as
in Fig.(34-5), associate a convergence factor e?*»" before doing the sum over
Matsubara frequency k. (This corresponds to the choice G (1,27) in the
position-space rules above).

The remark done at the end of the previous section concerning spin sums also
applies here.

34.4 Feynman rules for the irreducible self-energy

As in the one-body case that we studied in a preceding chapter, straight pertur-
bation theory for the Green’s function is meaningless because

e It involves powers of G (k) and hence the analytically continued function
has high order poles at the same location as the unperturbed system whereas
the Lehman representation tells us that the interacting Green’s function has
simple poles.

e High order poles can lead to negative spectral weight.[9] For example, the
first order contribution to the spectral weight A (k) = —2Im G*® would be
given by a term proportional to

1 9 1
e ((erin—(sk—ﬂ))Q) - M (w+in(€ku))

_ —2%%5 (w—(ex—p) (34.36)

The derivative of the delta function can be infinitely positive or negative.

As before, the way out of this difficulty is to resum infinite subsets of diagrams
and to rewrite the power series as

(G0 (k) = G2 (k) + G2 (k) % (k) Go (K) | (34.37)
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or
1

(G2 (k)" = %o (k)

This is the so-called Dyson equation. The iterative solution of this equation

G, (k) = (34.38)

Go (k) = Gg (k) + G5 (k) X0 (k) Gg (k) + G5 (k) Bo (k) Gy (k) S (k) Gy () + ..

clearly shows that all diagrams that can be cut in two pieces by cutting one fermion
line GY (k) will automatically be generated by Dyson’s equation. In other words,
we define the one-particle irreducible self-energy by the set of diagrams that are
generated by Feynman’s rules for the propagator but that, after truncating the
two external fermion lines, cannot be cut in two disjoint pieces by cutting a G9 (k)
line. As an example, the diagram on the left of Fig.(34-10) is one-particle reducible
and hence does not belong to the one-particle irreducible self-energy, but the two
diagrams on the right of this figure do.

k-g-q’
Q O o’ o’ Gmﬁ
[
[

Figure 34-10 Diagram on the left is one-particle reducible, and hence is not an
acceptable contribution to the self-energy. The two diagrams on the right however are
acceptable contributions to the one-particle irreducible self-energy. In these diagrams,
k is the external momentum and Matsubara frequency label while ¢ is the external
spin label. There is a sum over the variables k', ¢ and ¢’ and over the spin ¢’.

Remark 116 Terminology: To be shorter, one sometimes refers to the one-particle
irreducible self-energy using the term “proper self-energy”. In almost everything
that follows, we will be even more concise and refer simply to the self-energy. We
will mean one-particle irreducible self-energy. The other definitions that one can
give for the self-energy do not have much interest in practice.

34.5 Feynman diagrams and the Pauli principle

Since operators can be anticommuted at will in a time-ordered product at the
price of a simple sign change, it is clear that whenever there are two destruction
operators or two creation operators for the same state, the contraction should
vanish. This is just the Pauli principle. On the other hand, if we look at a self-
energy diagram like the middle one in Fig.(34-10) there are contributions that
violate the Pauli principle. Indeed, suppose we return to imaginary time but stay
in momentum space. When we perform the sum over wave vectors and over spins
in the closed loop, the right-going line with label k’ + q in the loop will eventually
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have a value of k’ and of spin such that it represents the same state as the bottom
fermion line. Indeed, when k’+q = k — q and spins are also identical, we have two
fermion lines in the same state attached to the same interaction line (and hence
hitting it at the same time) with two identical creation operators. Similarly we
have two identical destruction operators at the same time attached to the other
interaction line. This means that this contribution should be absent if the Pauli
principle is satisfied. What happens in diagrams is that this contribution is exactly
canceled by the diagram where we have exchanged the two right-going lines, in
other words the last diagram on this figure. Indeed, this diagram has opposite sign,
since it has one less fermion loop, and the special case q = q' precisely cancels the
unwanted contribution from the middle graph in Fig.(34-10). That this should
happen like this is no surprise if we return to our derivation of Wick’s theorem.
We considered separately the case where two fermions were in the same state and
we noticed that if we applied Wick’s theorem blindly, the Pauli violating terms
would indeed add up to zero when we add up all terms.

The important lesson of this is that unless we include all the exchange graphs,
there is no guarantee in diagrammatic techniques that the Pauli principle will be
satisfied. We are tempted to say that this does not matter so much because it is
a set of measure zero but in fact we will see practical cases in short-range models
where certain approximate methods do unacceptable harm to the Pauli principle.

34.6 Exercices

34.6.1 Théorie des perturbations au deuxiéme ordre pour la self-énergie

a) En utilisant les régles de Feynman dans 1’espace des quantités de mouvement,
écrivez les expressions correspondant aux deux diagrammes apparaissant & droite
de la figure 34-10 des notes de cours. Ces diagrammes représentent la self-énergie
irréductible au deuxiéme ordre en théorie des perturbations. Effectuez la somme
sur les fréquences de Matsubara mais ne faites pas les intégrales.

b) Montrez, avant méme de faire la somme sur les fréquences de Matsubara,
que lorsque Vg est indépendant de q, le diagramme du milieu est égal & moins deux
fois le dernier (troisiéme sur la figure). Le résultat net est qu’on pourrait considérer
seulement le diagramme du milieu en supposant qu'un électron n’interagit qu’avec
les autres électrons de spin opposé. Montrez, en remontant a I’Hamiltonien, que
ce dernier résultat est général dans le cas ou Vg est indépendant de q,(modele de
Hubbard).

c) Ecrivez une expression pour la partie imaginaire de la self-énergie obtenue
en (a), encore une fois sans faire les intégrales.

34.6.2 Théorie des perturbations au deuxiéme ordre pour la self-énergie a la Schwinger

a) Utilisez la méthode des dérivées fonctionnelles pour trouver tous les diagrammes
au deuxiéme ordre en interaction Vg pour la self-énergie irréductible. N’oubliez
pas que les fonctions de Green dans la méthode décrite en classe sont des fonctions
de Green habillées, ¢’est-a-dire qu’elles contiennent la self-énergie et doivent donc
aussi étre développées en puissances de 'interaction.
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b) Montrez, avant méme de faire la somme sur les fréquences de Matsubara,
que lorsque V4 est indépendant de q, le diagramme du milieu de la figure 34-10 est
égal a moins deux fois le dernier (troisiéme sur la figure). Le résultat net est qu’on
pourrait considérer seulement le diagramme du milieu en supposant qu’'un électron
n’interagit qu’avec les autres électrons de spin opposé. Montrez, en remontant &
I’'Hamiltonien, que ce dernier résultat est général dans le cas ot Vg est indépendant
de g,(modele de Hubbard).

34.6.3 Cas particulier du théoréme de Wick avec la méthode de Schwinger

Pour le cas sans interaction, calculez

0G (1,2)

36 (3,4) 3¢ (5,6) (3459
et montrez que la fonction de corrélation a six points
(T @@ v @ v e ) (34.40)

s’écrit comme une somme de six termes, chacun étant un produit de trois fonc-
tions de Green. Montrez ensuite que le signe de chaque terme peut se déduire
des permutations. Ceci est un cas particulier du théoréme de Wick qui dit que
dans le cas sans interaction les fonction de corrélation d’ordre plus élevé peuvent
s’obtenir de toutes les “contractions” posssibles, une contraction correspondant a
un appariement d’un 7,[1* avec un ¢ pour en faire une fonction de Green.
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35. COLLECTIVE MODES IN NON-
INTERACTING LIMIT

We will come back later to the calculation of the self-energy for the electron gas.
It is preferable to look first at collective modes. Since single-particle excitations
scatter off these collective modes, it is important to know those first. It is true that
collective modes are also influenced by the actual properties of single-particles, but
conservation laws, long-range forces and/or the presence of broken symmetries
strongly influence the behavior of collective modes, while the details of single-
particle excitations that lead to them are less relevant.

The main physical quantity we want to compute and understand for collec-
tive modes of the electron gas is the longitudinal dielectric constant. Indeed, we
have seen in the chapter on correlation functions that inelastic electron scattering
Eq.(14.16) measures

2 q2

2 1
Sﬂﬂ(qa W) = m Im [Xfp(%wﬂ = _WEIHI [m:l . (351)

The longitudinal dielectric constant itself is given by Eq.(14.15)

)

Tam = 1~ 2@ Xep(@w)| (35.2)

The physical phenomenon of screening will manifest itself in the zero-frequency
limit of the longitudinal dielectric constant, ¥ (q,0) . Interactions between elec-
trons will be screened, hence it is important to know the dielectric constant.
Plasma oscillations should come out from the finite frequency zeros of this same
function e¥ (q,w) = 0, as we expect from our general discussion of collective modes.
We will start this section by a discussion of the Lindhard function, namely
XE (q,w) = Xfp(q, w)/e? for the free electron gas. We will interpret the poles of
this function. Then we introduce interactions with a simple physical discussion
of screening and plasma oscillations. A diagrammatic calculation in the so-called
Random phase approximation (RPA) will then allow us to recover in the appro-
priate limiting cases the phenomena of screening and of plasma oscillations.

35.1 Definitions and analytic continuation

We want the Fourier transform of the density-density response function. First
note that

/ dPre= Ty (r) = 3 / Pre- Tyl () (1) (35.3)

o==+1

1 ) L .
_ . Z / dBre—iar Z Z ezk »re—zk»rc;rggck/’g (35.4)
(\/]_}) - k K

= Z Z Ci,ack-ﬂw (35.5)
o k

Nq
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As before, V is the quantization volume of the system. We can obtain the retarded
density-density response function from

X’r]fn (a,w) = limig, —w+in Xnn (4, 19n) (35.6)

with ig, a bosonic Matsubara frequency, as required by the periodic boundary
condition obeyed by the Matsubara density response in imaginary time. The
above two functions are defined by

B8
iqn) = 3pe—id (r—r') el (T, [én (r,7) on (v, )
Cnlaia) = [ d | dreinm (@ on e n 0.0 (35.7)
g
_ % GO (T, [6ng () 6n_q (O)))  dr (35.8)
0
duaw) =5 [ e i )00 a (@59)

Analytic continuation for density response To prove the analytic continu-
ation formula for the density response Eq.(35.6), one can simply use the
Lehman representation or deform the integration contour in the Matsubara
representation, as we did for propagators in Sec.(27.4). (See Eqgs.(27.39) and
(27.35) in particular). The fact that we have bosonic Matsubara frequencies
means that we will have a commutator in real frequency instead of and anti-
commutator because this time ¢4? = 1 instead of —1. Furthermore, notice
that whether the retarded density response is defined with n (q,t) or with

3
on(q,t) = n(qt) — (n(q;t)) = n(q:t) —no (2m)" 4 (q)
is irrelevant since a constant commutes with any operator.

Remark 117 The density response function is also called charge susceptibility.

35.2 Density response in the non-interacting limit
in terms of G°

The density response can be expressed in terms of Green’s function starting either
from the Feynman or from the functional derivative approach. In this section we
arrive at the same result both ways.

35.2.1 The Feynman way

If you have followed the route of Fenynann, to do the calculation in the non-
interacting case, it suffices to use Wick’s theorem.

B .
on(a,ig,) = %/0 dre' ™™y N Y
o k

o’ k'
<TT
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Only the contractions indicated survive. The other possible set of contractions is
canceled by the disconnected piece <CL Uck,g> <CL U,ck/_g/> . Using momentum
: 0 ' /o

conservation, all that is left is
I
(i) == [Lare SR G Gcran@eon @y

Going to the Matsubara frequency representation for the Green’s functions, and
using again the Kronecker delta that will arise from the 7 integration, we are
left with something that looks like what could be obtained from the theorem for
Fourier transform of convolutions

) 1 . . )
O (a,ign) = -5 DTN G (k+ ik + ign) GO (Kyikn) (35.12)
o k ik
where as usual we will do the replacement in the infinite volume limit
1 d*k
— N 35.13
v Gy 1

Remark 118 Although we have not derived Feynman rules for x,, it is clear
that the last expression could have been written down directly from the diagram in
Fig.(35-1) if we had followed trivial generalizations of our old rules. There is even
an overall minus sign for the closed loop and a sum over wave vectors, Matsubara
frequency and spin inside the loop since these are mot determined by momentum
conservation. However, we needed to perform the contractions explicitly to see this.
In particular, it was impossible to guess the overall sign and numerical factors since
Feynman’s rules that we have developed were for the Green’s function, not for the
susceptibility. Now that we have obtained the zeroth order term it is clear how
to apply Feynman rules for the terms of the perturbation series. But this is the
subject of another subsection below.

k+q

Figure 35-1 Diagram for non-interacting charge susceptibility. Note that the dotted
lines just indicate the flow of momentum. No algebraic expression is associated with
them.

35.2.2 The Schwinger way (source fields)

Start from the expression for the four-point function Eq.(32.18) for ¢ = 0 and
point 2 = 1% and 3 = 2T, and 4 = 2.Then we find

8G (1,11)

o2t (Tt () p (ot (2) v (2) +G(1,17) G (2,2%) . (35.19)
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If we sum over the spins associated with point 1 and the spins associated with
point 2 and recall that once we sum over spins, we have G (1,17) =G (2,2%) =n
where n is the average density, then

Z gi ;+1; = > <TT¢T (1) (1) <2+)w<2>> — n? (35.15)
(T’rn ()n(2)) —n’ (35.16)

= (I (n(1) =n) (n(2) —n))
= Xan(1-2). (35.17)

The last expression is from the definition of the density-density correlation function
in Eq.(35.7). The non-interacting contribution is given by the first term in Fig.
33-5. Alternatively, one can start from the first term in Eq.(33.4) for the functional
derivative and take the Fourier transform. One obtains,

1
X (@ in) = =3 ; Mr ;‘ G2 (k + Qyiky +igs) G (yiky) . (35.18)

One of the sums over spins has disappeared because we should think of G0 as a
matrix that is diagonal in spin indices. This is the so-called Lindhard function.

35.3 Density response in the non-interacting limit:
Lindhard function

To compute
Xon (s 1) = ZZTZQO K + quiky + ign) GO (k,iky) (35.19)

the sums over Matsubara frequency should be performed first and they are easy
to do. The technique is standard. First introduce the notation

Ck=¢€k—H (35.20)
then use partial fractions
1 1
T G (k+qiky +ign) G) (Kjiky) =T Y  ——— . 35.21
% ( q q ) ( ) sz +Z(In7<k+q an7Ck ( )
d*k 1 1 1
0 .
Xnn (4 1¢ :72/ T { - - . ] .
nn (% i) (2m)? ; ikn — Qi tkn +iGn = Cryql Wn — Criq T Ck

n

(35.22)
The factor of two comes from the sum over spins. Before the partial fractions,
the terms in the ik, series decreased like (ik,) > so no convergence factor is
needed. After the decomposition in partial fractions, it seems that now we need
a convergence factor to do each sum individually. Using the general results of the
preceding chapter for Matsubara sums, Eqs.(27.81) and (27.82), it is clear that as
long as we take the same convergence factor for both terms, the result is

) / Pk f(C) = f (Crrq)
(271')3 ZQn + Ck - CkJrq

Xnn (@ i0n) = — (35.23)
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independently of the choice of convergence factor.
The retarded function is easy to obtain by analytic continuation. It is the
so-called Lindhard function

- d3k F(C)— (<k+ )
ok (quw) = -2 [ & Gony it (35.24)

This form is very close to the Lehman representation for this response function.
Clearly at zero temperature poles will be located at w = (x4 — (x as long as the
states k and k 4+ q are not on the same side of the Fermi surface. These poles are
particle-hole excitations instead of single-particle excitations as in the case of the
Green’s function. The sign difference between (., and () comes from the fact
that one of them plays the role of a particle while the other plays the role of a
hole.

Remark 119 Diagrammatic form of particle-hole excitations: If we return to the
diagram in Fig.(35-1), we should notice the following general feature. If we cut
the diagram in two by a vertical line, we see that it is crossed by lines that go in
opposite directions. Hence, we have a particle-hole excitation. In particle-particle
or hole-hole excitations, the lines go in the same direction and the two single-
particle energies (x4 and Cy add up instead of subtract.

Remark 120 Absorptive vs reactive part of the response, real vs virtual excita-
tions: There is a contribution to the imaginary part, in other words absorption,
if for a given k and q energy is conserved in the intermediate state, i.e. if the
condition w = (i q — Cx 18 realized. If this condition is not realized, the corre-
sponding contribution is reactive, not dissipative, and it goes to the real part of
the response only. The intermediate state then is only virtual. To understand the
type of excitations involved in the imaginary part, rewrite f((y) — f (Ck+q) =
(1= f (Crrq)) f(C) = (L= f () f (Curq)- We see that either ¢y can corre-
spond to a hole and (x4 to a particle or the other way around. In other words a
single Green function line contains both the hole and the particle propagation.

35.3.1 Zero-temperature value of the Lindhard function: the particle-hole continuum

To evaluate the integral appearing in the Lindhard function, which is what Lind-
hard did, it is easier to evaluate the imaginary part first and then to obtain the
real part using Kramers-Kronig. Let us begin

3
Imxnn(q, w) = 27r/(dk

P [f(C) = F (Curq)] 6 (w4 G — Cryq)  (35.25)

d*k
[ e (60 5 o G o) = (o oq =)

Doing the replacement f () = 0 (kr — k), going to polar coordinates with q
along the polar axis and doing the replacement ey = k?/2m, we have

1 kr 1 m . wte
I — kK2dk | d 0 5 9 _cosf) —6 94 _ cosf
X (0 0) = 277/0 /_1 (cos )kq{ (kQ/m o ) (kQ/m o ﬂ
(35.26)

It is clear that this strategy in fact allows one to do the integrals in any spatial
dimension. One finds, for an arbitrary ellipsoidal dispersion [12]

x = Z o (35.27)
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Tm y°F(q, w) = H?:l (V2mi)
A E GOV

d—1
; (N (weqf) [ﬂ <weq>2] T, <H <w+sq>2> [ﬂ (@ +£q)”
deqg deqg deq deq
The real part is also calculable [12] but we do not quote it here.

The functional form of this function in low dimension is quite interesting.
Figures (35-2)(35-3) and (35-4) show the imaginary part of the Lindhard function
in, respectively, d = 1,2, 3. The small plots on the right show a cut in wave vector
at fixed frequency while the plots on the left show Im x%%(q,w) on the vertical
axis, frequency going from left to right and wave vector going from back to front.
In all cases, at finite frequency it takes a finite wave vector q to have absorption.
If the wave vector is too large however the delta function cannot be satisfied and
there is no absorption either. The one dimensional case is quite special since at
low frequency there is absorption only in a narrow wave vector band. This has a
profound influence on the interacting case since it will allow room for collective
modes to propagate without absorption. In fact, in the interacting one-dimensional
case the collective modes become eigenstates. This will lead to the famous spin-
charge separation as we will see in later chapters. In two dimensions, there is a
peak at ¢ = 2kp that becomes sharper and sharper as the frequency decreases
as we can more clearly see from the small plot on the right.[12] By contrast, the
three-dimensional function is much smoother, despite a discontinuity in slope at
q = 2kp. The region in q and w space where there is absorption is referred to as
the particle-hole continuum.

- 0.595

0.4 T T

’k.,0.8)
FT 02

F—————f———=—

M

Figure 35-2 Imaginary part of the Lindhard function in d = 1 on the vertical axis.
Frequency increases from left to right and wave vector from back to front.

To understand the existence of the particle-hole continuum and its shape, it is
preferable to return to the original expression Eq.(35.25). In Fig.(35-5) we draw
the geometry for the three-dimensional case.[13] The two “spheres” represent the
domain where each of the Fermi functions is non-vanishing. We have to integrate
over the wave vector k while q is fixed. The energy conservation tells us that all
wave vectors k located in the plane

wo I M cp (35.28)
m
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Figure 35-3 Imaginary part of the Lindhard function in d = 2. Axes like in the d =1

case.
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M
Figure 35-4 Imaginary part of the Lindhard function in d = 3. Axes like in the d =1
case.
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are allowed. This plane must be inside the left most sphere and outside the right
most one or vice versa (not shown). It cannot however be inside both or outside
both. That is why when the plane intersects the region where both spheres overlap,
the domain of integration is an annulus instead of a filled circle. When this occurs,
there is a discontinuous change in slope of Im x%%(q,w). This occurs when the
vectors k + q and k are antiparallel to each other and when k is on the Fermi

surface. The corresponding energy is

K (kr—q)”

m 5~ = UFd~€q (35.29)

Wchange =

This line, Wehange (¢), is shown in Fig.(35-6). Clearly the cases ¢ < 2kp and
q > 2kp are also different. The figure (35-5) illustrates the case ¢ < 2kp. In the
latter case, the maximum value of w is found by letting k 4+ q and k be parallel
to each other while k sits right on the Fermi surface. This gives
(kr +q)* K%
Wmax — T % (3530)
= eqt+vrq ; q<2kp (35.31)

The minimum allowed value of w vanishes since both arrows can be right at the
Fermi surface in the annulus region.

wmin =0 ; ¢<2kp (35.32)

For the other case, namely ¢ > 2kp the two spheres do not overlap anymore.
The maximum allowed value of w is exactly the same as above, but since the two
spheres do not overlap there is now a minimum value, given by the case where
k + q and k are antiparallel and k is on the Fermi surface

(kr —q)° kR
2m 2m

Wmin =

=¢eq —VFq; q>2kp (35.33)

The region in w and q space where Im %2 (q,w) is non-vanishing, the particle-

hole continuum, is illustrated schematically in Fig.(35-6) for positive frequency.

Since Im xY%(q,w) is odd in frequency, there is a symmetrical region at w < 0.

35.4 Exercices

35.4.1 Fonction de Lindhard et susceptibilité magnétique:

On applique un champ magnétique extérieur h (x,t) produisant sur un systéme de
fermions de spin 1/2 la perturbation

Het = g / d*x 3 ovl (%) ¥, (x) h(x,1) (35.34)

o==+1

ol p est le moment magnétique.
a) Utilisez la théorie de la réponse linéaire pour exprimer le coefficient de
proportionalité entre le moment magnétique induit

M (k) = pg < [ [t S oul iy, (x, t)>
o==%1 hors  équilibre
(35.35)
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Figure 35-5 Geometry for the integral giving the imaginary part of the d = 3

Lindhard function. The wave vectors in the plane satisfy energy conservation as well
as the restrictions imposed by the Pauli principle. The plane located symmetrically
with respect to the miror plane of the spheres corresponds to energies of opposite

sign.

Figure 35-6 Schematic representation of the domain of frequency and wave vector

where there is a particle-hole continuum.
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et le champ magnétique extérieur comme une fonction de réponse. Ce coefficient
de proportionalité est la susceptibilité magnétique

X (k,w) = M (kw) /h (kw) (35.36)

b) Supposez qu’il n’y a pas d’interactions dans le systéme et montrez, en util-
isant le théoréme de Wick dans le formalisme de Matsubara, que la susceptibilité
magnétique est alors proportionnelle & la fonction de Lindhard.

c¢) Montrez que

Bugn - p tibilité de Pauli
lim y (k,w=0)={ 2&r 0 (Suscep 1. ilité e. auli) (35.37)
k—0 L2 T — oo (Loi de Curie)
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36. INTERACTIONS AND COL-
LECTIVE MODES IN A SIMPLE
WAY

Before we start the whole machinery to take into account interactions, it is helpful
to recall some of the simple Physics that we should obtain. We begin by identifying
the expansion parameter.

36.1 Expansion parameter in the presence of inter-
actions: r,

In the presence of interactions, it is convenient to define a dimensionless constant
that measures the strength of interactions relative to the kinetic energy. If the
kinetic energy is very large compared with the interaction strength, perturbative
methods may have a chance. Let us begin by recalling some well known results. In
the hydrogen atom, potential and kinetic energy are comparable. That defines a
natural distance for interacting electrons, namely the Bohr radius. Let us remind
ourselves of what this number is. Using the uncertainty principle, we have Ak ~
agy ! so that the kinetic energy can be estimated as 1/ (mai) and the value of ag
itself is obtained by equating this to the potential energy

1 e?
—_ = 36.1
ma2  4mwegag ( )
giving us for the Bohr radius, in standard units,
dregh? 0
ap = —2L — 0,529 x 107 %m ~ 0.54 (36.2)
me

It is standard practice to define the dimensionless parameter r, by setting the
density of electrons ng equal to 1/(volume of the sphere of radius rsag occupied
by a single electron). In other words, we have

no = T (36.3)
3 570
where 1
_ FF
ng = F (364)

is the density of electrons. Another way to write ry is then

re=(2)° 2 (36.5)

k‘pao

In a way, r, is the average distance between electrons measured in units of the Bohr
radius. Large rs means that the electrons are far apart, hence that the kinetic
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energy is small. Using the same uncertainty relation as in the hydrogen atom, this
means that interactions are more important than kinetic energy. Conversely, at
small 75 kinetic energy is large compared with interactions and the interactions
are much less important than the kinetic energy. It is natural then to expect that
rs is a measure of the relative strength of the interactions or, if you want, an
expansion parameter. A way to confirm this role of r4 is to show that

2 2
Potential — frgkr My 1 < 1 >1/3 r (36.6)

Kinetic k%./2m ~ Tk krag noay
These estimates are obtained as follows. The average momentum exchanged in
interactions is of order kr so that % ~ %kp should be a sensible value for
the average potential energy while the kinetic energy as usual is estimated from
Er.

It may be counterintuitive at first to think that interactions are less important
at large densities but that is a consequence of the uncertainty principle, not a
concept of classical mechanics.

36.2 Thomas-Fermi screening

The elementary theory of screening is the Thomas-Fermi theory.[11] In this ap-
proach, Poisson’s equation is solved simultaneously with the electrochemical equi-
librium equation to obtain an expression for the potential. The screening will not
occur over arbitrarily short distance because localizing the electron’s wave func-
tions costs kinetic energy. In fact, at very short distance the potential will be
basically unscreened..

Consider Poisson’s equation for our electron gas in the presence of an impurity
charge p;

= o, () + 3 (r)] (36.7)
0

— V% (r)

The quantity dp (r) is the change in charge density of the background produced
by the charged impurity

5p(x) = p(x) = py = —en () — no] (36.8)

We need to find n (r). Since density and Fermi wave vector are related, kinetic
energy will come in. Assuming that the Fermi energy and the potential both vary
slowly in space, the relation

3
n(r) _ ke (0) (36.9)
no kF
and electrochemical equilibrium
ki (r) k.
_ = Fp = 1
0 4 (—eo (1) = Br = 5= (36.10)

where E'r is the value of the Fermi energy infinitely far from the impurity potential,
lead immediately to the relation between density and electrostatic potential

w0 _ [0 /2mr/2 =1t (r))]3/2

no ki k%./2m - Ep

(36.11)
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Substituting this back into Poisson’s equation, we have a closed equation for po-
tential

—V?¢ (r) = dmp; (r) — Enge [(1 - FE;@)W - 1} (36.12)

In general it is important to solve this full non-linear equation because otherwise
at short distances the impurity potential is unscreened ¢ (r) ~ 1/r which leads
to unphysical negative values of the density in the linearized expression for the

density,
n(r 3(—eo(r
) o [1- 32l (36.13)
no 2 EF
Nevertheless, if we are interested only in long-distance properties, the linear
approximation turns out to be excellent. In this approximation, Poisson’s equation
Eq.(36.12) becomes

1 1 3nge

- Vv? = —p; — (- 14
V6 (x) = =p; (1) + —5 5 (—eo () (36.14)
We could have arrived directly at this equation by posing
1 on
= V2 (r) = — |p; (r) —e5 - (+ed (r)) (36.15)
€0 8,[1,

We now proceed to solve this equation, but first let us define

_ 3 nge” _ e“0n
q%F T 2¢EF e 0p (3616)
Then we can write 1
(~V? +¢tp) ¢ (r) = =P (r) (36.17)
whose solution, by Fourier transforms, is
¢(q) = &9 (36.18)

The Thomas-Fermi dielectric constant follows immediately since the definition,

1 pi(a)
== 36.19
¢(@) = @0 & (36.19)
immediately yields, the value of the zero-frequency dielectric constant
e (a,0) = s LtgEE = ¢ (1 + quF) : (36.20)

Let us pause to give a physical interpretation of this result. At small distances
(large g) the charge is unscreened since e, — 1. On the contrary, at large distance
(small ¢) the sreening is very effective. In real space, one finds an exponential
decrease of the potential over a length scale q;};, the Thomas-Fermi screening
length. Let us write this length in terms of r, using the definition Eq.(36.3) or

LY== : __ 4me n?
(36.5) with ag = <=2~

_ 250EF 2€ok‘2 /2m k‘2 ao
2 Z = = £ = 36.21
4rr 3nge? 3nge? 12mng ( )

k2ad (4x 1 /97 2/3
)G )
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Roughly speaking then, for r; <« 1 we have that the screening length

A~ (ao\/g - ﬂ\/u_-) (36.23)

is larger than the interelectronic distance agrs. In this limit our long wavelength
Thomas-Fermi reasoning makes sense. On the other hand, for 75 > 1 the screening
length is much smaller than the interelectronic distance. It makes less sense to
think that the free electron Hamiltonian is a good perturbative starting point.
Electrons start to localize. For sodium, ry ~ 4 while for aluminum, ry ~ 2 but
still, these should be considered good metals.

Remark 121 Two dimensional case: As an exercise, note that if the material is
two dimensional, then the density is confined to a surface so that ng — ngd (z)
and p — pg0 (z) where ng and p, are surface density and charge surface density.
Then, Eq.(36.15) in Fourier space becomes

1 on
2 2 _ = _ 5 = .24
(¢ +at)o(a) = [ps<q”> e (redlay, 2 o>)} (36.24)
Dividing by q* + qﬁ we obtain
dg. _
[o@3E = staz=0)
- = e ,2=0 —— —36.25
= |:ps<q||) o (ed(ay, 2 ))]/qurqﬁ 5, 36.25)
The last integral is equal to (2q))~" so that
e 8%} ps(ay)
1 2 =0) = =2l 36.26
1 e ety 2= 0) = 5 (36.26)
" (@) _ 1 play)
Ps\q]| Ps\q]|
P(q),z=0) = = > (36.27
x =R TP q) + 35 !
2
sla) & In (36.28)

+ .
&) 2€0qH a,u
This result was obtained by Stern in Phys. Rev. Lett. 1967.

36.3 Plasma oscillations

Plasma oscillations are the density oscillations of a free electron gas. The physics
of this is that because the system wants to stay neutral everywhere, electrostatic
forces will want to bring back spontaneous electronic density fluctuations towards
the uniform state but, because of the electron inertia, there is overshooting. Hence
oscillations arise at a particular natural frequency, the so-called plasma frequency.
In other words, it suffices to add inertia to our previous considerations to see the
result come out.

We give a very simple minded macroscopic description valid only in the limit
of very long wave length oscillations. Suppose there is a drift current

j=—engv (36.29)
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Taking the time derivative and using Newton’s equations,

% — ey — 0 (g (36.30)

o m
Note that in Newton’s equation we should use the total time derivative instead of
the partial, but since we assume a uniform density (q = 0) the total and partial
derivative are identical. We are in a position where one more time derivative
0%  noe? OE
2 _ T 72 (36.31)
ot m Ot

and an appeal to the longitudinal part of Maxwell’s fourth equation

. OE
0= uoﬁ—uosoﬁ (36.32)

should give us the desired result, namely

0%j B nope2 .

ﬁ o EomJ

(36.33)

This equation has an oscillatory solution at a frequency w,

2

noc” (36.34)

Eom

2
Wp

the so-called plasma frequency. Since we know that the longitudinal dielectric
constant vanishes at a collective mode, this gives us another expected limit of this
function

Llq=0w)=a(w—w,) (36.35)

limy, ., €

where a is an unknown, for the time being, positive constant. The sign is deter-
mined from the fact that the dielectric constant must return to a positive value
equal to unity at very large frequency.

An alternate derivation that is more easily extended to films or wires takes the
divergence of Eq.(36.30) and then uses current conservation with Maxwell’s first
equation to obtain

ov-j eng
02%p e?ng

which immediately leads to the desired expression for the plasma frequency. Note
that writing V-E =—V?¢ = p/eo is equivalent to using the unscreened potential.
This is correct at large frequency where screening cannot occur. This will come
out automatically from the q and w dependence of dielectric constant.

Remark 122 Two dimensional case: Screening being different in for two dimen-
sional films, as we have just seen, plasma oscillations will be different. In fact,
the plasma frequency vanishes at zero wave vector. Indeed, current conservation
for the surface quantities reads,

Ips
ot

Taking the two-dimensional divergence of Newton's equation Eq.(56.30) on both
sides, we obtain

+V,-js = 0. (36.38)

8vs 'js o 62713
ot 0(2) = m

§(2)V,-E (36.39)
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so that Fourier transforming and using charge conservation, we obtain

62ps(q ) 62715 .
- 1A —iq - B(qy, 2 = 0). (36.40)

We can express the electric field in terms of the surface density to close the system
of equations,

— — 3 — _ s ps
E(q),z = 0) = —iq)¢(q), 2 = 0) = —iq, 2ot (36.41)

where we used the unscreened Poisson equation for a film (two-dimensional mateiral).
This leads to

py(qy) e*n,
92 - q1Ps (36.42)

which means that the plasma frequency is

eng

2
- 36.43
“p = 5ol (36.43)

that vanishes as q)| does. It is important to note again that in the derivation we
used the unscreened potential. The order of limits is important. We have assumed
that the frequency is too large for the other electrons to screen the charge displace-
ment. In the end that frequency, w,, vanishes so we have to be careful. A full
treatment of the momentum and frequency dependence of the dielectric function,
as we will do in the next section, is necessary. In closing, note that the appeal to
the longitudinal part of Maxwell’s fourth equation, done in the very first derivation,
is not so trivial in less than three dimension.
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37. DENSITY RESPONSE IN THE
PRESENCE OF INTERACTIONS

Since we begin real perturbation theory soon, it is helpful to identify first what
is the expansion parameter. Then, we compute the density response and corre-
sponding dielectric function using the RPA.

37.1 Density-density correlations, RPA

As before we derive the relevant equation the Feynman way and the Schwinger
way.

37.1.1 The Feynman way

We are now ready to start our diagrammatic analysis. Fig.(37-1) shows all charge
susceptibility diagrams to first order in the interaction. The four diagrams on the
second line take into account self-energy effects on the single-particle properties.
We will worry about this later. Of the two diagrams on the first line, the first
one clearly dominates. Indeed, the dotted line leads to a factor e/ (soqQ) that
diverges at small wave vectors. On the other hand, the contribution from the
other diagram is proportional to

J/EETZJdWszWMqM4ﬁ)¢&%)X
(27T)3 . (27T)3 < o yLRn qn)Ye \K1Rp

e2

—————— G0 (K'+q,ik), + ign) G (K ik},) (37.1)
g0 |k — K|

which is a convergent integral with no singularity at ¢ = 0.

Remark 123 For a very short range potential, namely a wave-vector independent
potential, the situation would have been completely different since the contribution
of the last diagram would have been simply minus half of the contribution of the
first one, the only differences being the additional fermion loop in the first one that
leads to a sign difference and a factor of two for spin. We will come back on this
in our study of the Hubbard model.

Let us thus concentrate on the most important contribution at long wave
lengths namely the first diagram. In addition to being divergent as ¢ — 0, it
has additional pathologies. Indeed, it has double poles at the particle-hole exci-
tations of the non-interacting problem while the Lehman representation shows us
that it should not. This problem sounds familiar. We have encountered it with
the single-particle Green’s function. The problem is thus solved in an analogous
manner, by summing an infinite subset of diagrams. This subset of diagrams is
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Figure 37-1 Charge susceptibility diagrams to first order in the interaction

illustrated in Fig.(37-2). It is the famous random phase approximation (RPA).
One also meets the terminology ring diagrams (in the context of free energy cal-
culations) or, more often, one also meets the name bubble diagrams. The full
susceptibility is represented by adding a triangle to one of the external vertices.
That triangle represents the so-called dressed three point vertex. The reason for
this name will come out more clearly later. The full series, represented schemat-
ically on the first two lines of the figure, may be summed to infinity by writing
down the equation on the last line. This equation looks like a particle-hole ver-
sion of the Dyson equation. The undressed bubble plays the role of an irreducible
susceptibility. It is irreducible with respect to cutting one interaction line.

k k K <
> = > + - » - > 4
q q q q
| k+q k+q k+g k+q
k Kk k
. > - - > - » +
q q q q
k+q k+q k+q
K K
K k
- . > 4+ » - g
» = q q
q q k+q
k+q k+q K+

Figure 37-2 Bubble diagrams. Random phase approximation.

From our calculation of the susceptibility for non-interacting electrons we know
that Feynman’s rules apply for the diagrams on Fig.(37-2). Each bubble is asso-
ciated with a factor x2,,(q,i¢,), a quantity defined in such a way that it contains
the minus sign associated with the fermion loop. The dashed interaction lines each
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lead to a factor —Vg4 = —e?/ (50q2) , the minus sign being associated with the fact
that one more Vg means one higher order in perturbation theory (remember the
(—=1)" rule). The sum over bubbles, represented by the last line on Fig.(37-2) is
easy to do since it is just a geometric series. The result is.

e2

N Xon (idn) ) _
Xonn (A 1Gn) = TFVax0, (aign) | Va= ol (37.2)

The corresponding result for the dielectric constant Eq.(35.2) is

1 1 €2 1
— = (1-—xB(quw)) = 37.3
Taw) = ( g @ )> STV Fgay o)
or,
el (q,w) =g (14 Vgxi(q,w)) . (37.4)

Remark 124 Irreducible polarization: It is customary to call —x°E(q,w) the first
order irreducible polarization H(I)R(q, w) (Irreducible here means that the dia-
grams can be connected at each end to an interaction but cannot be cut in two by
cutting an interaction line).

37.1.2 The Schwinger way

We keep following our first step approach that gave us the Hartree-Fock approx-
imation and corresponding susceptibility. Returning to our expression for the
susceptibility in terms a functional derivative Eq.(35.15), namely

m = Xnn (1 - 2) (37-5)

and Fourier transforming, we obtain in the case where the irreducible vertex is
obtained from functional derivatives of the Hartree-Fock self-energy the set of
diagrams in Fig. 33-5. In the middle diagram on the right-hand side of the equality,
there is a sum over wave vectors k' because three of the original coordinates of the
functional derivative at the bottom of the diagram were different. This means there
are two independent momenta, contrary to the last diagram in the figure. One
of the independent momenta can be taken as ¢ by momentum conservation while
the other one, k’, must be integrated over. The contribution from that middle
diagram is not singular at small wave vector because the Coulomb potential is
integrated over. By contrast, the last diagram has a 1/¢? from the interaction
potential, which is divergent. We thus keep only that last term. The integral
equation, illustrated in Fig., then takes an algebraic form

Xnn(q) = X%n (Q) - X(V)Ln(q)Vann(q) (376)

which is easily solved

o (q) = Xon(@) 1
" T+ Vax% (@) X0 ()~ + Vq

This is the so-called Random Phase Approximation, or RPA. The last form of the
equality highlights the fact that the irreducible vertex, here Vq, plays the role of
an irreducible self-energy in the particle-hole channel. The analytical continuation
will be trivial.

(37.7)
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Figure 37-3 Fourier transform of 53T 2) with a momentum ¢ flowing top to
bottom that is used to compute the density-density correlation function in the RPA
approximation.

Note that we have written X", (g) for the bubble diagram, i.e. the first term
on the right-hand side of the equation in Fig. 33-5 even though everything we
have up to now in the Schwinger formalism are dressed Green’s functions. The
reason is that neglecting the middle diagram on the right-hand side of the equality
is like neglecting the contribution from the Fock, or exchange self-energy in Fig.
33-4. The only term left then is is the Hartree term that we argued should vanish
because of the neutralizing background. Hence, the Green’s functions are bare
ones and the corresponding susceptibility is the Linhard function.

Remark 125 Fquivalence to an infinite set of bubble diagrams: The integral equa-
tion for the susceptibility has turned into an algebraic equation in 37.6. By recur-
sively replacing X, (q) on the right-hand side of that equation by higher and higher
order approzimations in powers of Vq we obtain

XOH@) = X0 (@) = X2 (@) Vaxon (@)
X2@ = 0@ = X0 (@) VaXon (@) + X2 (@) VaX2 (@) Vaxh, (q) (37.8)

etc. By solving the algebraic equation then, it is as if we had summed an infinite
series which diagrammatically would look, if we turn it sideways, like Fig. 37-2. The
analogy with the self-energy in the case of the Green’s function is again clear.

37.2 Explicit form for the dielectric constant and
special cases

Using our previous results for the susceptibility of non-interacting particles, the
explicit expression for the real and imaginary parts of the dielectric function in
three dimensions at zero temperature is, for positive frequencies

Re [EL(SO’ ”)} = elL(;’ w) (37.9)
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P I R i P Lok Rl (37.10)
> w—vpq+e,
Im [¢"(q,w)] = €5 (q,w) (37.11)
2
%ﬁq;’j{ ; L wSurd—g
_ ) meur (1 - o ) ; vpq—eg<w<egt+upq ( 4<2Zkr
0 ; , . w > g4 +URQ
%ﬂ%ﬂ(l—(“q—;;g;)—); Eq—qu§w§5q+qu} q>2kp

We now analyze these results to extract five important physical ingredients:
a) There is a particle-hole continuum but the poles are simply shifted from their
old positions instead of becoming poles of high-order. b) There is screening at
low frequency. c¢) There are Friedel oscillations in space. d) There are plasma
oscillations in time. e) At long wave lengths the plasma oscillations exhaust the
f—sum rule.

37.2.1 Particle-hole continuum

Let us first think of a finite system with M discrete poles to see that these have
been shifted. The spectral representation tells us, using the fact that, x//. (q,w’)
is odd

OR _ [ o (aw) [ dw’ Wxg (aw)
Xnn(q7w) - T T 2
m i —w—in ) E @F (ot
Ai/f A, BH (M/2)-1 ((w+in)2—vi2>
- - (37.12)
St P (a2 - i)

where A; > 0 and w; are respectively the residue and the location of each pole.
We have combined the sum of fractions on a common denominator so that the
numerator of the last expression has one less power of (w + in)2 . We do not need
to specify the values of B and v;. Using this expression for the non-interacting
susceptibility in the result Eq.(37.2) for the RPA susceptibility we find,

X (q7 ) M/2
nn w /

(37.13)
| (u - (w+zn) ) + V. BH(M/2 ((w+i77)2 —vf)
The denominator can be rewritten as a polynomial of the same order as the non-
interacting susceptibility, namely of order M/2 in (w + in)2 , but the zeros of this
polynomial, corresponding to the poles of the retarded susceptibility, have shifted.
To find out the location of the poles of the charge excitations, at least qualita-
tively, it suffices to look for the domain where the imaginary part is non vanishing.
Using our RPA result Eq.(37.2) and simple algebra

Im( ki B >_ v (37.14)
L+z+iy (1+az)" +y?

EXPLICIT FORM FOR THE DIELECTRIC CONSTANT AND SPECIAL CASES 305



we find the following result for the imaginary part

Im )% (q,w
Im x;, (q,w) = 2( ) > (37.15)
(1+VqRexVE(q,w))” + (VqImx5%(q,w))

In a discrete system Im x?%(q, w) would be proportional to a delta function when-

ever there is a pole in the non-interacting susceptibility. The square of this delta
function that appears in the denominator cancels the corresponding delta function
in the numerator, which is another (less clear) way of saying what we have just
shown in full generality above, namely that in the interacting system the poles are
different from those of the non-interacting system. The new poles are a solution
of

1 1 A;
— 4+ Re ¢ =—+> 5——5=0 37.16
Vq + eXnn (q7 LLJ) Vq + Pt U? _ wQ ( )

The solution of this equation may in principle be found graphically as illustrated
in Fig.(37-4). We have taken the simple case M = 6 for clarity. In reality, M — oo
and the separation between each discrete pole is inversely proportional to a power
of the size of the system 1/V. The poles of the non-interacting susceptibility are
right on the vertical asymptotes while those of the interacting system are at the
intersection of the horizontal line 1/V4 and of the lines that behave as 1/ (u; — w)
near every vertical asymptote. Clearly, except for the last two symmetrically
located solutions at large frequency, all the new solutions are very close to those
of the non-interacting system. In other words, the particle-hole continuum is
basically at the same place as it was in the non-interacting system, even though
the residues may have changed. The two solutions at large frequency correspond
to plasma oscillations, as we will see later. They are well separated from the
particle-hole continuum for small ¢ where 1/Vy is very small. However, at large
wave vector it is quite possible to find that the high frequency poles become very
close again to the particle-hole continuum.

Remark 126 Note that the number of poles in the interacting system is the same
as the number of poles in the non-interacting one. In the situation illustrated in
Fig(57-4), there are six non-interacting poles and six interacting ones.

Since Im (e*(q, w)/so)71 =1+ VgqImxZ (q,w) the zeros of the dielectric con-
stant are at the same location as the poles of xZ (q,w) and, from what we just
said, these poles are located basically in the same (w,q) domain as the particle-
hole continuum of the non-interacting system, except for possibly a pair of poles.
This situation is illustrated schematically in Fig.(37-5), that generalizes Fig.(35-6)

37.2.2 Screening

At zero frequency, namely for a static charge perturbation, the imaginary part
of the dielectric constant vanishes, as shown by Eq.(37.11), while the real part

Eq.(37.9) becomes
1k 2 2k
Lobe (i 4 Ny ’H_F
2 2 (2kp) q—2kp

In the long wave length limit, we recover our Thomas Fermi result Eq.(36.20).
This limit can also be obtained directly by approximating the integral defining

€0 q?

] (37.17)
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Figure 37-4 Graphical solution for the poles of the charge susceptibility in the
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Figure 37-5 Schematic representation of the domain of frequency and wave vector
where there are poles in the charge susceptibility, or zeros in the longitudinal dielectric
function. In addition to the particle-hole continuum, there is a plasma pole.
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Lindhard function Eq.(46.29) that enters the RPA dielectric function Eqs.(37.4)

L - B d*k [ (C) = f (Citq)
(}111%61 (q,0) = Cllll% 1 2Vq/ R a (37.18)
_ @’k Of (i)
P / e ] (37.19)
0 d*k
AL / Wf(gk)] (37.20)
e? on
= 1+ 57, (37.21)
2
- 1+q§; (37.22)

The definition of grp is in Eq.(36.16). The corresponding potential

Bo 2 1 4 2
Vesyp (r) = / q3 c s—e' T o £ _erarr (37.23)
(27T) €o q2 +arr Eor

is the screened Coulomb interaction.

Remark 127 The expression et (q,0) = (1 + Vx>, (9,0)) would be replaced by
L

%‘;"0) = (1 - anf,ﬁl) (a, 0)) in the gemeral case, with B pA S (q,0) the irre-
ducible polarization. That quantity is the sum of all the diagrams that cannot
be cut in two by eliminating one interaction line. In general then, On/Ou in
Eq.(37.21) would be different from the non-interacting result. This is relevant in

effective models such as the Hubbard model.

37.2.3 Friedel oscillations

If instead of using the limiting Thomas-Fermi form for small wave vectors one does
a more careful evaluation[14] of the Fourier transform of 1 (q,0) Eq.(37.17), one
finds

cos (2kpr)

5 (37.24)

Jim Vepg () oc
These oscillations are the real-space manifestation of the discontinuity in slope of
the dielectric function that appears in the logarithm at ¢ = 2kpr. These are so-
called Friedel oscillations. They manifest themselves in several ways. For example
they broaden NMR lines and they give rise to an effective interaction JS;-So
between magnetic impurities whose amplitude J oscillates in sign. This is the so-
called RKKY interaction. The change in sign of J with distance is a manifestation
of Friedel’s oscillations. The Friedel oscillations originate in the sharpness of the
Fermi surface. At finite temperature, where the Fermi surface broadens, they are
damped as e #F7(A/ErF) where A is of order T. Another way to write this last
result is e~"/€n where the thermal de Broglie wavelength is of order vp/T in
our units. Restoring physical units, that length is defined by setting the thermal
energy uncertainty kg1 equal to vphAk and identifying the spread in wave vector
around kr as Ak ~ §t_h1.
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37.2.4 Plasmons

We have already suggested in Fig.(37-4) that at small wave numbers, a large
frequency pole far from the particle-hole continuum appears. Let us look at this
parameter range. Taking vpq/w as a small parameter, the imaginary part of the
dielectric constant Eq.(37.11) is infinitesimal at the plasmon pole but vanishes
everywhere else in its vicinity. On the other hand the limiting form of the real
part of the dielectric constant may be obtained directly by expanding Eqs.(37.4)
and (46.29). Indeed, when the frequency is large and outside the particle-hole
continuum, we can write

lim lim LL (9,w) = lim 1-— 2Vq/ d3k3 At (CkJrq)]
q—0w—Vvpg—egg €0 WSVFq—eq (2r)” w+ Ck — Ck+q
(37.25)
. Bk f(G) = f (¢
= éli% 1+2Vq/ 2n)° x w2( k+q) (Ck_<k+q)] (37.26)
Bk f(C) = f (Ckiq
= 1+2V / e k WQ( icta) (Ce — Cusq) (37.27)
W, [ &Pk
= 1+ 2 Wf (C) (G = Cierq) (37.28)

To obtain the last expression we did the change of variables k — —k — q and used
Ckt+q = C_k—q- The term linear in q vanishes when the angular integral is done
and we are left with

L 2 2
m  Gm (@@ 2Vano @ (37.29)
a—0w>>vpg—e,  €p w? 2m
2
w
- 1-2 (37.30)
w

with the value of w? = %5%2 defined in Eq.(36.34). One can continue the above
approach to higher order or proceed directly with a tedious Taylor series expansion
of the real part Eq.(37.9) in powers of vpq/w to obtain

ef (q—0,w) wp 3w (vrg)®
€0 w?  Hw? w?

T (37.31)

Several physical remarks follow directly from this result

e Even at long wave lengths (¢ — 0), the interaction becomes unscreened at
sufficiently high frequency. More specifically,

et (q— 0,w > wp)
€0

1 (37.32)

e The collective plasma oscillation that we expected does show up. Indeed,
1 (q — 0,w) = 0 when

0 = -~ Ew_g (vpq)® + ... (37.33)
3
W o Wit = (vrq)* + ... (37.34)

EXPLICIT FORM FOR THE DIELECTRIC CONSTANT AND SPECIAL CASES 309



Letting this solution be called w, we have in the vicinity of this solution
W R Wy
ef(q—=0w) - wy 2

o (W —wy) (37.35)

H
|
|
2

€0 w

which is precisely the form we had obtained from macroscopic considerations.
We now know that the unknown constant we had at this time in Eq.(36.35)
has the value a = 2/w, .

Fig.(37-6) shows a plot of both the real and the imaginary parts of the dielectric
constant for small wave vector (¢ < grr). We see that the dielectric constant is
real and very large at zero frequency, representing screening, whereas the vanishing
of the real part at large frequency leads to the plasma oscillations, the so-called
plasmon. Given the scale of the figure, it is hard to see the limiting behavior
€1(q,00) — 1 but the zero crossing is illustrated by the maximum in Im (1/¢).
There is another zero crossing of 1 but it occurs in the region where 5 is large.
Hence this is an overdamped mode.

/\ €
50 ~
/ ‘

1

Ay

x -Iml/€ x103

~ 10 2.0

Figure 37-6 Real and imaginary parts of the dielectric constant and Im (1/¢) as a
function of frequency, calculated for r; = 3 and ¢ = 0.2kp. Shaded plots correspond
to Im (1/¢) . Taken from Mahan op. cit. p.430

37.2.5 f—sum rule

We have not checked yet whether the f—sum rule is satisfied. Let us first recall
that it takes the form,

e} d 2
2 [ Sl (aw) = 2L (37.36)
0 Vs m
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Using our relation between dielectric constant and density fluctuations Eq.(35.2)
co/ef(qw) =1 — qugp(q w) we obtain the corresponding sum rule for the lon-
gitudinal dielectric constant

> dw ) ng?
St | —2 | = L 37.37
[ o [ ] AL (37.37)
ne? w?
= — == 37.38
4m50 4 ( )

Let us obtain the plasmon contribution to this sum rule by using the approximate
form Eq.(37.35)
*° dw ’wq
- el '}
o 2 2

= Y (37.40)

§ (w—wy)(37.39)

This means that at ¢ = 0, the plasmon exhaust the f—sum rule. Nothing else is
necessary to satisfy this sum rule. On the other hand, for ¢ # 0, one can check
that the particle-hole continuum gives a contribution

=3 org)? (37.41)

+ 20

-~ |%Em
=~ |»ng

as necessary to satisfy the f—sum rule.

Remark 128 One of the key general problems in many-body theory is to devise
approximations that satisfy conservation laws in general and the f—sum rule in
particular. The RPA is such an approximation. We will discuss this problem in
more details later.
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38. MORE FORMAL MATTERS:
CONSISTENCY RELATIONS BE-
TWEEN SINGLE-PARTICLE SELF-
ENERGY, COLLECTIVE MODES,
POTENTIAL ENERGY AND FREE
ENERGY

This Chapter should be read if you followed the Fynman approach. Otherwise
part of its main message has already been mentioned in earlier sections and the
considerations on the free energy will come later.

We have found an expression for the density fluctuations that appears correct
since it has all the correct Physics. It was a non-trivial task since we had to sum an
infinite subset of diagrams. We will see that it is also difficult to obtain the correct
expression for the self-energy without a bit of physical hindsight. We might have
thought that the variational principle would have given us a good starting point
but we will see that in this particular case it is a disaster. The following theorems
will help us to understand why this is so and will suggest how to go around the
difficulty.

We thus go back to some formalism again to show that there is a general
relation between self-energy and charge fluctuations. We will have a good approx-
imation for the self-energy only if it is consistent with our good approximation for
the density fluctuations. We also take this opportunity to show how to obtain the
self-energy since just a few additional lines will suffice.

38.1 Consistency between self-energy and density
fluctuations

38.1.1 Equations of motion for the Feynmay way

You do not need to read this section if you have followed the source field approach.
You can skip to the next subsection. We start from the equations of motion for
the Green’s function. We need first those for the field operators.

oy (1)
87’1

= —[p(1),K] (38.1)
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Using [A, BC] = {A,B}C — B{A,C} and Eq.(34.1) for K we have

Ny, (X1,71)

i
87'1 = om L ,(/Jol (Xla Tl) =+ M¢al (le Tl) (382)

- Z/dxw (xi=x1) ¥}, (1, 71) Wy, (X1, T1) U, (%1,71)

agqr

Remark 129 We assume that the potential has no ¢ = 0 component because of the
compensating effect of the positive background. The argument for the neutralizing
background is as follows. If we had kept it, the above equation would have had an
extra term

+no { / dx1v (Xl—xll)} o (x1,71) (38.3)

The q = 0 contribution of the potential in the above equation of motion gives on
the other hand a contribution

— |:/dX1/’U(X1—X1/ :l /dxl/zwaﬂ X1/, T1 0_1/ (Xll,Tl) ¢U1 (Xth)

(38.4)
While the quantity in bracket is an operator and not a number, its deviations from
no vanish like V=2 in the thermodynamic limit, even in the grand-canonical
ensemble. Hence, to an excellent degree of approximation we may say that the
only effect of the neutralizing background is to remove the ¢ = 0 component of
the Coulomb potential. The result that we are about to derive would be different
in other models, such as the Hubbard model, where the ¢ = 0 component of the
interaction potential is far from negligible.

Reintroducing our time-dependent potential Eq.(34.7) the above result can be
written in the shorthand notation

op(l) Vi

dr1  2m

oot (1) + (1) = y W) VA=) v 1)y (1) (38.5)

From this, we can easily find the equation of motion for the Green’s function

G(1,2) = (T, [ ()v* (2]) (356)
namely,
(o -5 -w) o2 =—sa-2+(r | [ vl () va-1)w)v vl e))
(38.7)

where as usual the delta function comes from the action of the time derivative
on the 6 functions implicit in the time ordered product. The right-hand side is
not far from what we want. The last term on the right-hand side can be related
to the product of the self-energy with the Green’s function since, comparing the
equation of motion for the Green’s function with Dyson’s equation

Gy 'G =1+%G (38.8)
we have that

[ D162 = (T, [, 4! AV ' = De ) v W) 2)])
(38.9)

which, in all generality, can be taken as a definition of the self-energy.
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38.1.2 Self-energy, potential energy and density fluctuations

The last equation (38.9) has been derived also in Eq.(32.13) in a different notation
if you followed the functional derivative approach. In this section we keep the
integral on space-time coordinates explicitly. If you have read the first remark in
Sec. 32.2 the frist few equations below are nothing new.

In the limit 2 — 1™ where

1" = (x1,71+0%509) (38.10)
the term on the right-hand side of Eq.(38.9) is

<TT [ } P (1)t (1) V(1 - 1>w(1’>w<1)}>

where we have written explicitly the integral. Note that we have placed wT (2) —
¢! (1) to the far left of the three fermion operators 9! (1) (1') 4 (1) because
the potential is instantaneous and these three fermion operators are all at the
same time and in the given order. Recalling the definition of the average potential
energy

Z/d?)xl// T [of ()0t ) V- e e m]) e8I

we directly get from Eq.(38.9) above a relation between self-energy and potential

energy
Z/d?’xl/ $(1,1)6 (V,17) =2(V) (38.12)

We have the freedom to drop the time-ordered product when we recall that the
operators are all at the same time and in the indicated order. Using time-
translational invariance the last result may also be written

L= @Gt =2y =, [, (T [pt at) et 0 v (- De ) e ()]

(38.13)

Remark 130 The 11 on the left-hand side is absolutely necessary for this expres-
sion to make sense. Indeed, taken from the point of view of Matsubara frequencies,
one knows that the self-energy goes to a constant at infinite frequency while the
Green’s function does not decay fast enough to converge without ambiguity. On
the right-hand side of the above equation, all operators are at the same time, in
the order explicitly given.

The right-hand side of the last equation is in turn related to the density-density
correlation function. To see this, it suffices to return to space spin and time indices
and to recall that the potential is instantaneous and spin independent so that

Ve[ [ ) v -y e ) (38.14)

= -0 Z /d3X1f /d3X1 <¢j;1, (x17) v (X1 — X1) Yy, (X1)> Oo1,0,,0 (X17 — X1)

48 30 [t [ax (], Gy, o G —x0) v, (1), (x0)
= —noVpv(0)+ 4 / d3xy /d3x1 (n(x1)v(x1 —%x1)n(x1)) (38.15)
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where in the last equation we have used

/d3x1 3 <¢j,l (x1) ¥, , (x1)> = N =ngV (38.16)
Going to Fourier space, we have
/d?’xl/ /d3x1 (n(x1)v(x1r —x1)n(x1)) (38.17)
= /d3x1/ /d3x1v (X1 — X1) Xpun (%17, 0;%10) (38.18)
d3q .
- /qu [_}_E}% VXnn (q, 7_) (3819)

We did not have to take into account the disconnected piece that appears in
Eq.(38.17) but not in x,,, (q,7) because this disconnected piece contributes only
at ¢ = 0 and we have argued that Vq—¢o = 0. Note that there is no jump in
Xnn (@, 7) at 7 = 0 contrary to the case of the single-particle Green’s function.
Substituting back into Eq.(38.15) we have

2(V)B= /,/1@T 1) pt (1) v - 1)w(1’)w(1)> = (38.20)
[ 3
= BV |—nov (0) + / (;’T;’?,VJ%XW (aian)

d3q
(2m)* " Z

Substituting the above Eq.(38.20) into the consistency relation between self-energy
and potential energy Eq.(38.13) and then using invariance under time and space
translations as well as spin rotation symmetry to replace | 1 by 28V, this gives the
following relation between self-energy and density fluctuations

/2(1’1/)9(151+): (38.21)
d*k ; . iknn
T;/(2ﬂ>32(k,zkn)G(k,zkn)e (38.22)
3
:%/(;ZT(;SVQ T Xon (G ign) =70 - (38.23)

iqn

This plays the role of a sum-rule relating single-particle properties, such as the
self-energy and Green function, to a two-particle quantity, the density-density
correlation function or potential energy.

Remark 131 In short range models, we need to restore the vq—o component and
the disconnected piece has to be treated carefully. Also, the spin fluctuations will
come in. This subject is for the chapter on the Hubbard model.

316 MORE
FORMAL MATTERS: CONSISTENCY RELATIONS BETWEEN SINGLE-PARTICLE
SELF-ENERGY, COLLECTIVE MODES, POTENTIAL ENERGY AND FREE ENERGY



38.2 General theorem on free-energy calculations

The diagram rules for the free energy are more complicated than for the Green’s
function. We have seen in the previous chapter the form of the linked-cluster
theorem for the free-energy. It is given by a sum of connected diagrams. However,
in doing the Wick contractions for a term of order n, there will be (n — 1)! identical
diagrams instead of n!. This means that there will be an additional 1/n in front of
diagrams of order n, by contrast with what happened for Green’s functions. This
makes infinite resummations a bit more difficult (but not undoable!).

There is an alternate way of obtaining the free energy without devising new
diagram rules. It uses integration over the coupling constant. This trick is appar-
ently due to Pauli [15]. The proof is simple. First, notice that

10mz _ 119Tr[e PPNV g [efB(Ho+>\V7uN)V}

1
B AN  BZ B 7 A

A

(AV), .

(38.24)
To differentiate the operator, e #(HotAV—uN) e have used its definition as a
power series and then taken the derivative with respect to A. Even if the operator
V' does not commute with Hy, the cyclic property of the trace allows one to always
put V on the right-hand side so that in the end, the derivative worked out just
as with ordinary number. (Alternatively, one can do the proof in the interaction
representation). The subscript A in (AV), is to remind ourselves that the trace is
taken for a Hamiltonian with coupling constant A.

The free energy we are interested in is for A =1, so

QO=-ThZ=-ThZ+ [, L V). (38.25)

From a diagrammatic point of view, the role of the integral over \ is to regive the
factor of 1/n for each order in perturbation theory.

Remark 132 Recall that the free energy in this grand-canonical ensemble is re-
lated to the pressure.
Q=—-PV. (38.26)

The expectation value of the potential energy may be obtained by writing down
directly a diagrammatic expansion, or by using what we already know, namely the
density correlations. Indeed we have shown in the previous section, Eq.(38.20),
how the potential energy may be obtained from density correlations,

Q = —TlmZ=-ThZz (38.27)

Vv [tdx d3q
+=— [ = )\/—V TE:W L ign) —
2/0 /\< (2r)® @ Xon (9 00 n0>

iqn N

Using our previous relation between self-energy and potential energy, Eq.(38.13)
the coupling-constant integration in Eq.(38.25) may also be done with

T ['ax n
Q:—Tano—i—E/ 7/cu/czl”zA (1,17) Gy (17,17). (38.28)
0

where the subscript A reminds oneself that the interaction Hamiltonian must be
multiplied by a coupling constant .
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39. SINGLE-PARTICLE PROPER-
TIES AND HARTREE-FOCK

We have already mentioned several times our strategy. First we will show the
failure of Hartree-Fock and try to understand the reason for it by returning to
consistency relations between self-energy and density fluctuations. Having cured
the problem by using the screened interaction in the calculation, we will discuss
the physical interpretation of the result, including a derivation of the Fermi liquid
scattering rate that we discussed in the previous Part in the context of photoe-
mission experiments.

It is useful to derive the result from the variational principle as well as directly
from a Green’s function point of view. Since Hartree-Fock is sometimes actually
quite good, it is advisable to develop a deep understanding of this approach.

39.1 Variational approach

In Hartree-Fock theory, we give ourselves a trial one-particle Hamiltonian and use
the variational principle to find the parameters. In the electron gas case the true
non-interacting part of the Hamiltonian is
k2
Hy = Zekciﬂck,g = %cigck,g (39.1)
k,o k,o

where the spin-sum is represented by a sum over o. The interacting part, written
in Fourier space, takes the form

1
H—Ho = W Z Z Z CI,UCI’,J’ chk’*q7dlck+q>” (392)
k,oc k’,c/ q

with Vg the Fourier transform of the Coulomb potential

62

A (39.3)

- dmegq?’

Electroneutrality leads to Vg—¢ = 0 as before. The form of the interaction with all
the proper indices is not difficult to understand when we consider the diagrammatic
representation in Fig.(39-1). All that is needed is the conservation of momentum
coming from integrals over all space and translational invariance. The factor of
1/V in front comes from a factor V~'/2 for each change of variable from real-

space to momentum space, (V‘l/ 2)4, and one overall factor of volume V from
translational invariance which is used to eliminate one of the momentum sums
through momentum conservation. Although there are several ways of labeling the
momenta, the above one is convenient. In this notation q is often referred to as
the “transfer variable” while k and k’ are the band variables.

To apply the variational principle, one takes

Hy =Y , & ,cxo (39.4)
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Figure 39-1 Momentum conservation for the Coulomb interaction.

with the variational parameter €,. We then minimize

~TInZ + <H - ﬁ0>0 (39.5)

The partition function for Hy — uN is computed as usual for non-interacting
electrons

~TlZy=-Th[] (1 + e*ﬁ@k*#)) =73 I (1 + e*ﬁ@k*#)) . (39.6)
k,o k,o

Then the quantity <H — I;'o> is easily evaluated as sums of products of pairs
0

of Greens functions since the average is taken in the case where there are no

interactions, i.e. Hy is quadratic in creation-annihilation operators. This can

be derived from the functional derivative approach and is the content of Wick’s

theorem. Here we use it directly to obtain,

(H- ff0>0 =3 (e — ) <c;[fck7a>0 (39.7)

k,o
Z Z Zq:v [<Ck/ o' k' —a,0 >0 <CI"’Ck+q’0>0 B <CI’7"'Ck+q’0>0 <c;"ck/7q’gl>o} ’
(39.8)
which may be simplified by using
<le/70/0k,a>0 = 05,00k K’ <Cltgck,a>0 = 05,00k ,k' f (Zk) = B 11 (39.9)
to obtain
(- ), = 5 30 (6) 22y S5k )1 (5) 0000

k,o

where the overall factor of 2 comes from what is left of the spin sums. We have
dropped the term that leads to Vq—¢ as usual because of the neutralizing back-
ground.

We can now determine our variational parameter € by minimizing with respect
to it:

9 e 9e—BEx—n) _

2t = 2r6) s 2 w2y (@)

(39.12)
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Setting the sum of the last two equations to zero, we see that the coefficient of the
square bracket must vanish. Using Vq = V_q we then have

_ 1 ~ K’ -
fo=ac— 5> Vieof (gk,) — e — / va,k,f (gk,) (39.13)
k/
~ A2k’ e? 1
€k — €k — (27\')3 Eolk*k/ﬁ eﬁ(gkliu)-‘rl (3914)

As usual the chemical potential is determined by fixing the number of particles.
Before we evaluate this integral let us obtain this same result from the Green’s
function point of view.

In principle we should check that the extremum point that we found by taking
the first derivative is a minimum.

39.2 Hartree-Fock from the point of view of Green's
functions, renormalized perturbation theory and
effective medium theories

We want to do perturbation theory but using this time for the Hamiltonian
H=Hy+ (Ho — Hy+ V) (39.15)

The unperturbed Hamiltonian is now ﬁo and we assume that it takes the same
form as Eq.(39.4) above. In addition to the usual perturbation V', there is now
a translationally invariant one-body potential Hy — ﬁo. One determines the self-
energy in such a way that H, becomes the best “effective medium” in the sense that
to first order in (HO — Hy+ V) the self-energy calculated in this effective medium
vanishes completely. This is illustrated in Fig.(39-2). This kind of approach is also
known as renormalized perturbation theory [24].

€~ €
X k -k’
A q:0 Aq:O ,4»\
2 —_ I + I + '—)k’;

Figure 39-2 Effective medium point of view for the Hartree-Fock approximation. In
this figure, the propagators are evaluated with the effective medium Hj.

The so-called Hartree diagram (or tadpole diagram) with one loop does not
contribute because it is proportional to Vg—g = 0. The Hartree term is in a sense
the classical contribution coming from the interaction of the electron with the
average charge density. Because of electroneutrality here it vanishes. The last
diagram on the right of the figure is the Fock term that comes from exchange and
is a quantum effect. Algebraically, Fig.(39-2) gives

S=e—a+2V(k)=0 (39.16)
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Using the expression for the exchange, or Fock, diagram %(1) (k) we get a minus
sign when we work directly in the Schwinger approach. In the Feynmann approach,
the minus signe is there because we compute to first order and there is no fermion

loop. Furthermore, we have the ei*n? convergence factor. Hence, we obtain for
»M (k)

»® (k):—/ dgk;:rz < G0 (K, ikl,) ethnn (39.17)

that we can evaluate using our formula for Matsubara sums. Substituting back
into Eq.(39.16) we get precisely our Hartree-Fock result Eq.(39.14) obtained from
the variational principle.

To close this section, we note that there is another instructive way of rewriting
the last equation for () (k) . Using Eq.(39.16) for & we can remove all reference
to €k and write

1 — d’k’ 2 1 ik,
SO (k) =~ [ G5 T i, sewr o m sow e (39.18)

Performing the summation over Matsubara frequencies and using Eq.(39.16) to
relate ¢ to (M (k) , this expression is found identical to our earlier variational
result Eq.(39.14). The above equation Eq.(39.18) looks as if the perturbation
expansion for the full Green’s function, illustrated by a thick arrow in Fig.(39-
3), was written in terms of a perturbation series that involves the full Green’s
function itself. Iterating shows that in this approximation we have a self-energy
that resums the infinite subset of diagrams illustrated on the bottom part of this
same figure. One commonly says that all the “rainbow” diagrams have been
summed.In principle this Hartree-Fock Green’s function may be used in further

K-k
PRSaEN
*:—)— +—>—%
k k k k’ k
""—>-~\\
< ~
/‘»\ ,/ /'»\ h

Figure 39-3 Hartree-Fock as a self-consistent approximation for the Green's function.
This self-consistent approximation is equivalent to a self-energy that sums all the
rainbow diagrams illustrated on the bottom part of the figure. The thick line is the
full Green's function.

perturbative calculations. We just have to be careful not to double-count the
diagrams we have already included.
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39.3 The pathologies of the Hartree-Fock approxi-
mation for the electron gas.

To evaluate our expression for the Hartree-Fock self-energy & = e + L) (k)
Eq.(39.14) we need the chemical potential. As usual in the grand-canonical en-
semble, the chemical potential is determined by requiring that we have the correct
density. Let us suppose then that we have a density n. Then

d3k ~0 . ik
n o= 2 T G0 (k,iky) €7 (39.19)

3
(2m) T
2/ d3k 1
N (27)3 BlactW ) ) | |

(39.20)

Let us focus on the zero temperature case. Then the Fermi function is a step
function and the last integral reduces to

43k
n = 2/ ! e ) (39.21)

where the chemical potential is given by
ey + 5 (kp) —p=0 (39.22)

The equation Eq.(39.21) that gives us n tells us that kg is precisely the same as in
the non-interacting case. This is an elementary example of a much more general
theorem due to Luttinger that we will discuss in a later chapter. This theorem
says that the volume enclosed by the Fermi surface is independent of interactions.
Clearly, if 1, is the value of the chemical potential in the non-interacting system,
then XV (kp) — p = — 1,

The integral to do for the Hartree-Fock self-energy is thus, at zero temperature

d3k/ 2
2O (k) = _/ 0 (kp — [K) (39.23)
(27m)" g0 |k — K|
2 kr 1 9 <
- = / (k') di’ / ”Ci(co‘“’e) (39.24)
€087 Jo 1 k24 (k")" — 2kk' cos @
2 (o1 (K — k)
= - K —1 K 2
47r250/0 —2k n( (k+k)? d (39.25)

We evaluated the integral as a principal part integral because we have argued

that the potential should have no ¢ = 0 component which means |k — k’|2 # 0.
Pursuing the calculation, we have

2

e 1—y? 1+ k
2(1)(k):_4ﬂ250kF [1—1— ny 1n<’1_z‘>} ; yEE (39.26)

The function ©M) (k) / (4:2250 kp) is plotted in Fig.(??).

2O (k/kr) / (7o)
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Plot of the Hartree-Fock self-energy at zero temperature.
Since lim; .oz Inxz = 0, we have that

e2

> (kp) = — kp (39.27)

471'260
The ratio of this term to the zeroth order term, namely the kinetic energy k% /2m

is of order 7,
mekp 1

2o o [ X T (39.28)
as can be seen using the definitions Eqgs.(36.2)(36.5).

Up to here everything seems to be consistent, except if we start to ask about
the effective mass. The plot of the self-energy suggests that there is an anomaly
in the slope at y = 1 (or k = kp). This reflects itself in the effective mass. Indeed,
using the general formula found in the previous chapter, Eq.(28.37)

m - 1+ % ReXR (ka Ey — ,u,) _ ﬂaz(l) (k) (39 29)
m*  k—kr 1 — L ReXR (k,w)]w:Ekw A6y Ok |y, .
we have
1y ’m’
LY (@) a1+ 5 m ([ (39.30)
Ok |pk, dk ) ,_, dy 1
y=

The problem comes from In (1 — y) . Let us concentrate on the contributions pro-
portional to this term

d 1 1 1
w5 )ma-n] = (g-3)m0y
1 Y 1
+ <2y 2) =y (39.31)
As y — 1 we obtain a singularity from In(0) = —oo. This corresponds to the
unphysical result m* = 0. An effective mass smaller than the bare mass is possible
but rather unusual. This is seen for example in three dimension for very small r,
(table 8.7 in Giuliani-Vignale). However, in general, interactions will make quasi-
particles look heavier. The result m* = 0 obtained here is as close to ridiculous
as one can imagine.
The physical reason for the failure of Hartree-Fock is the following. It is correct
to let the electron have exchange interaction of the type included in rainbow
diagrams do, but it is incorrect to neglect the fact that the other electrons in

the background will also react to screen this interaction. We discuss this in more
details below.
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40. SECOND STEP OF THE AP-
PROXIMATION: GW CURING HARTREE-
FOCK THEORY

In this Section, we present the solution to the failure of Hartree-Fock that was
found by Gell-Man and Brueckner[16]. In brief, in the first step of the calculation
we obtained collective modes with bare Green’s functions. We saw that just trying
to do Hartree-Fock at the single-particle level was a disaster. Now we want to
improve our calculation of the single-particle properties. The Physics is that the
interaction appearing in Hartree-Fock theory should be screened. Or equivalently,
the self-energy that we find should be consistent with the density fluctuations
found earlier since X.G is simply related to density fluctuations. The resulting
expresssion that we will find is also known as the GW approximation.

The first subsection should be read if you follow the Feynmann way. Otherwise,
skip to the next subsection.

40.1 An approximation for ) ° that is consistent with
the Physics of screening

For Feynmann afficionados, we have seen in a previous Chapter, more specifically
Eq.(38.21), that the self-energy is related to density fluctuations. More specifically,
if we multiply the self-energy by the Green’s function and take the trace, we should
have the same thing basically as we would by multiplying the density-density
correlation function by the potential and taking the trace. This is illustrated
schematically for the Hartree-Fock approximation by the diagram of Fig.(40-1).
The diagram on the left is built from the rainbow self-energy of Fig.(39-3) by
multiplying it by a dressed Green’s function. The one on the right is obtained by
taking a single bubble with dressed propagators and multiplying by a potential.
The change of integration variables k — k' = —q shows trivially that the diagrams
are identical. The extra term that appears on the right-hand side of the relation
between self-energy and density Eq.(38.21) is due to the fact that one forces the
Green’s functions to correspond to a given time order in the self-energy calculation
that is different from the one appearing naturally on the right-hand side.

Remark 133 Fquality (35.21) for the Hartree-Fock approximation. Let us check
Just the sums over Matsubara frequencies on both sides of Eq.(38.21) to see that
they are identical. First, the sum on the left hand-side.

ryry S e 40.1
; ;ikn%kikkgkl = F(G) £ (Go) (40.1)
While the sum on the right-hand side is
1 1
T T _ - - 40.2
2T G (402)
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Figure 40-1 Approximation for the density fluctuations that corresponds to the
Hartree-Fock self-energy.

- T;T%: l:Zk" —Ck - tky +iqn — (i | 9qn — Qv + Gy (40.3)
PR (A (s N )
B T% ot~ G = FGlns (Ge = Gl (40.4)

where we used, with ng the Bose function

TZ iqnl— - =-np (@) or —mnp(a)—1 (40.5)

The result of the sum depends on the convergence factor but the —1 in the second
possibility does not contribute once the sum over wave vectors are done. We are
thus left only with

eBCk’ _ eBCk 1
[ (G = F(G)lnB (G =G = — (€% + 1) (€% + 1) ePCw—C — 1
Bl
(€ +1) (P + 1) (406)
= — (1= () [ (Ce) (40.7)

Eq.(40.1) and the last equation are not strictly equal and that is why it is necessary
to subtract ng in Eq.(40.1).

Fig.(40-1) shows that the Hartree-Fock approximation corresponds to a very
poor approximation for the density fluctuations, namely one that has no screening,
and no plasma oscillation. Knowing that the RPA approximation for the density
has all the correct properties, it is clear that we should use for the self-energy the
expression appearing in Fig.(40-2). Indeed, in such a case, multiplying ¥ by G°

k-K ]
PREaEN {O\ 4¢ >©\
+ = .

'_>_\ :

+ > .
k’

+ +

f,-c,‘>><:'>©-\

Figure 40-2 Diagrammatic expression for the self-energy in the RPA approximation.

gives a a result, illustrated in Fig.(40-3) that does correspond to multiplying the
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RPA expression for the density Fig.(37-2) by V4 and summing over q. These are
the ring diagrams.

Figure 40-3 Ring diagrams for XG in the RPA approximation. The same diagrams
are used for the free energy calculation.

Using Feynman’s rules, the corresponding analytical expression is
Yrpa (kiik,) = (40.8)

s Y g s
(2m)*" £ 1+ Vaxi (Qign) e

d3q V.
= - Ty —32—-G°(k+q,ik, +ign
/(27r)3 %6(%@%) (ke+q )

Comparing with the Hartree-Fock approximation Eq.(39.18) the differences here
are that a) we do not have self-consistency, b) more importantly, the interaction
is screened. This is illustrated diagrammatically in Fig.(40-4) which is analogous

D

> = l_..).J

- - - + _>__©—> —

Figure 40-4 RPA self-energy written in terms of the screened interaction.

—»_

to the diagram for the Hartree-Fock approximation Fig.(39-3) but with a screened
interaction and only the first rainbow diagram, without self-consistency.

Remark 134 If, instead of summing the whole series in Fig.(}0-2) we had stopped
at any finite order, we would have had to deal with divergent integrals. Indeed, con-
sider expanding the RPA susceptibility to first order in Eq.(40.8). This corresponds
to the diagram with one bubble. The corresponding expression is

d3q N . .
iqn

which is divergent since Vq2 is proportional to ¢—* while the integral over q is in
three dimensions only. Higher order bubbles are worse.

AN APPROXIMATION FOR 3 THAT IS CONSISTENT WITH THE PHYSICS OF
SCREENING 327



Y
f o /\
|‘\ |

Y

Figure 40-5 Coordinate (top) and momentum space (bottom) expressions for the
self-energy at the second step of the approximation. The result, when multiplied by
G, is compatible with the density-density correlation function calculated in the RPA
approximation.

40.2 Self-energy and screening, the Schwinger way

To obtain an approximation for the self-energy > that, when multiplied by G,
gives the density-density correlation function that we just evaluated in the RPA
approximation, we return to the general expression for the self-energy Eq.(32.29)
and the corresponding pictorial representation Eq.(32-2). We replace the irre-
ducible vertex §%/0G by the one shown in Fig. 33-1 that we used to compute the
density-density correlation function illustrated in Fig. 33-5. The final result is
illustrated in Fig. 40-5. We just need to replace the functional derivative of the
Green function appearing at the bottom right by the RPA series illustrated in Fig.
37-3. Recalling that the Hartree term vanishes, the final result is equivalent, when
looked at sideways, to the series of bubble diagrams illustrated in Fig. 40-2,

The algebraic expression for this second level of approximation for the self-
energy can be read off the figure. It takes the explicit form

Srpa (kik,) = 2P (k,ik,) (40.9)
d q |: ann (q,ZQn)
1 + VCIXnn (CLZQn)

gO (k +4q,tk, + ZQn)

where the first term comes from the Fock contribution. The two terms can be
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combined into the single expression

d3q %
¥ (k,ik, :—/ T g O (k ikn 4 i) . (40.10
(o tkn) (2m)° §1+qu2” @ig) Kt ikn i) (4010)

Using our result for the longitudinal dielectric constant that follows from the
density fluctuations in the RPA approximation Eq. (37.4), the last result can be
written as

d3q Ve
v (k,ik :—/ T 4 G% (k + q, ik, + iq 40.11
(i) (27r)d iqzn er (Qiqn) /<o ( T ") ( )
which has the very interesting interpretation that the effective interaction entering
the Fock term should be the screened one instead of the bare one. The two are
equal only at very high frequency. The quantity screened potential EL(q‘;W is
often denoted W which means that the integrand is WGP, hence the name GW
approximation.

Remark 135 Diagrammatically, from Fig. J0-5, it is clear that multiplying by
G° and summing over k, we obtain the series of bubble diagrams for the density
fluctuations, multiplied by the potential. That corresponds to the total potential
energy. Hence, one recovers the sum-rule relating single and two-particle properties
Eq.(38.23). Albegraically, we start from Eq.(40.10) just above and compute

X0 (aign)

d3k . _ d3q 7
TS 5@ (kik,) GO (k, iky) e Hn0" = / d'q a
/(277)3 %; (hoikn) G7( ) (2m)® %; 1+ Vg

d*k 0 . . 0. -
x/ T G° (k+ q,ikn +ign) G° (K, iky)

3
(2m) T

/ dgq T qugzn (qviqn)
(

2m)° " = 14 Vaxin (@ign)

/ds—qTZVx (ign)
(27T)3 o~ qAnn sy ¢in

The convergence factor e~*»9" is necessary to enforce ¥ (1,5) G (5, 1+) and obtain
the potential energy to the right. It is not obvious from the right-hand side that
we need the convergence factor until one realizes that there is a sum over k, and
qn and only two Green’s functions G° (k + q, ik, + iqn) G° (k,ik,) that survive at
very large frequency, giving a result that is formally divergent. Hence we should
not invert the order of summation over k, and q, as we did. That can cost the
constant term that appears in Eq.(38.25). 29%
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41. PHYSICS IN SINGLE-PARTICLE
PROPERTIES

In this Chapter, we interpret the results of calculations based on formulas of the
previous Chapter, and compare with experiments. In particular, we will recover
theoretically the Fermi liquid regime, compute the free energy and compare with
experiment.

41.1 Single-particle spectral weight

The real-part and the absolute value of the imaginary part of the RPA self-energy
at zero temperature are plotted in Fig.(41-1) as a function of frequency for three
different wave vectors. In the Hartree-Fock approximation, the self-energy was
completely frequency independent. The result here is quite different. The screened
interation contains the plasmons and has a drastic effect on single-particle prop-
erties. There are several points worth mentioning.

2] ImZ| A1 mE ] [ImZ] g
I( kw) o] [
w, ] i
-2 i
- ReZ : ReX ReX L
“H 06K |] 10k 14k f
2 0 2 -2 0 2 2 70 2
W
wl‘
a. kebk, b. k=i, C. ketdk,

Figure 41-1 Real and imaginary part of the RPA self-energy for three wave vectors,
in units of the plasma frequency. The chemical potential is included in ReX. The

straight line that appears on the plots is w — €. Taken from B.l. Lundqvist, Phys.
Kondens. Mater. 7, 117 (1968). r, = 57

e ImY (kw = 0) = 0 for all wave vectors. This is true only at zero temper-
ature. This property will play a key role in the derivation of Luttinger’s
theorem later.

e The straight line that appears on the plots is w — €. The intersection of this
straight line with Re ¥ | which is defined on the figure to contain the chemical
potential, corresponds (in our notation) to the solution of the equation

w—ex = ReX® (k,w) — (41.1)
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Figure 41-2 RPA spectral weight, in units of the inverse plasma frequency. Taken
from B.l. Lundqvist, Phys. Kondens. Mater. 7, 117 (1968).
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As we argued in the previous chapter Eq.(28.24), this determines the position
of maxima in the spectral weight,

Akw) = —2ImGF (kw) (41.2)
R
—2Im k,w
_ il 2 (k) . _ (41.3)
(w —(x —Re>® (k,w)) + (Imz (k, w))

maxima that we identify as quasiparticles. Let us look at the solutions near
w = 0. These correspond to a peak in the spectral weight Fig.(41-2). At the
Fermi wave vector, the peak is located precisely where the imaginary part
of the self-energy vanishes, hence the peak is a delta function. On the other
hand, away from k = kp, the maximum is located in a region where the
imaginary part is not too large, hence the quasiparticle has a finite lifetime.
Recall that to have the quasiparticle shape described in the previous chapter
Eq.(28.29),

1 r
Akw) =212y | = k (;J) 5 | +inc (41.4)
T(w = Ex+p)" + Tk ()
it is necessary that at the crossing point, the slope of Re £ (k, w) be negative
because it is necessary that

1
= >0 415
1— £ ReXE (k,w)| - (41.5)

w=Ex—p

2y

if the previous formula is to make sense. The value of Zg,, namely 0.6, is
indicated on this plot.

Note that in Fig. 41-1 there is a threshold-like feature at w, = +1 where
Im X7 becomes large. This is when the one-particle excitations can emit or
absorb real plasmons. This is discussed further below.

From the previous discussion, we see that the two maxima away from w = 0
at k = kr do not correspond to quasiparticle solutions. The weight near the
maxima away from w = 0 come from scattering rates Im ©# that are large,
but not too large compared with the value of w — ¢, — Re X (k,w). At the
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threshold where Im X7 is really large, the spectral weight in fact vanishes
because of the denominator in the general expression for the spectral weight
Eq.(41.2). Note that the maxima away from w = 0 at k = kp are near the
value of w where the quasiparticle condition Eq. (41.1) is almost satisfied.

e For the figure on the right, k = 1.4kp, the peak nearest w = 0 corresponds
to a quasiparticle solution. Note however that for wave vectors so far from
the Fermi surface, the width of the peak starts to be quite a bit larger.
The maxima further away all occur in regions where Im X% is large and the
quasiparticle condition Eq. (41.1) is almost satisfied.

e For k = 0.6k, there seems to be an additional quasiparticle solution, namely
a solution where % Re X% is negative and Im X is not too large, located
at an energy w, below the main quasiparticle energy. Since the free-electron
band is bounded from below, Im X% vanishes at sufficiently negative fre-
quency, allowing a new solution to develop when interactions are sufficiently
strong. This solution looks like a bound state.

41.2 Physical interpretation of Y_”

In this section, we write the imaginary part of the self-energy in a form that is
easy to interpret physically. The evaluation in the Fermi-liquid limit is given in
the following subsection. Here we want to first show that the imaginary part of
the self-energy defined by

YR (k,w) =Y (k,w) +i%" (k,w) (41.6)

may be written in the form

X (kﬂ W) = _% f Eig q)L2 f dTWI [nB (w/> + f (w + w/)] VqQXZn (QLv C]||,w/) (417)

s

where g is the solution of the equation

2

|k| qj . (R al

ik} it [ - = = == 41.
mq”+2m wrw 2m 'u+2m ( 8)

Proof: It is preferable to first rewrite the RPA expression Eq.(40.8) in the fol-
lowing form

. d*q [ VaXon (Qiqn) ] , ,
by k,ik,, :—/—T Vo |1 — Ainn IR G° (k+q, ik, + iqn
rPa (kiikn) (27)? % T TVl (g ) ¢ KT @)

(41.9)
3
=Zpr (k) + / (;lﬂ‘;‘g T [Vaxitt ™ (avign) Vo] G° (k + @, ikn + ign)
w (41.10)

The first term at 7' = 0 is the Hartree-Fock contribution, as we can see
from Eq.(39.23). In other words, wether we use GO or the dressed G° in
the Hartree-Fock calculation we obtain the same result at zero temperature.
The important points here however are that (i) it is the only contribution
that survives at infinite frequency and (ii) the imaginary part comes only
from the second term. That second term contains a quantity in square
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brackets that looks like two interaction vertices, Vg coupling to a density
propagator xZ’4 (q,ig,). When we consider interactions with other types
of excitations, including with phonons, this form will reoccur and will be
more easily susceptible to generalizations. To find the imaginary part, let us
concentrate on this last expression and use the spectral representation for

XEPA We then have

. _ [ dq [ 00, ] !
ZRPA (kvlkn) EHF (k) / (277)3 / ™ T%n: |:Vq w' — iQ7z Vq an + iQn - Ck+q
(41.11)
We cannot perform the analytical continuation ik, — w + in before we
have performed the sum over ig, because, except for iq, = 0, this would
necessitate going through the poles at w = —ig, + (4. In addition, recall
that we want the high-frequency behavior to be 1/ik, before we do the
analytic continuation, but until we have done the sum over g, we cannot
say that we have that asymptotic behavior since ig, extends to infinity.
To do the sum over bosonic Matsubara frequencies first, we do the partial
fraction decomposition as usual

1

n - CkJrq

1
-T 41.12
%: iqn — W' ik, +iq ( )

1 1 1
=T - 41.13
Z [iqnw’ ikn+iqn7§k+q ikn+w’7Ck+q< )

iqn
1

(B (W) + f (Cirq)] m

(41.14)

Note that for any ik, , the sum ik,, +iq, is a fermionic Matsubara frequency
when ¢, is a bosonic one. That is why we obtained a Fermi distribution in
the last term. Substituting back into our expression for the self-energy, the
analytic continuation ¢k, — w + in can be done and we obtain

n [ dq [ , VaXan (@@ Ve
S e S 09 = [ 255 [ 25 [ )+ (Guna)] 5 g

(41.15)

The imaginary part is thus

3 /
¥ (k,w) = —7r/ d’q /di np (W) + f(w+ )] Vgxgn (q,w')d (w +w - §k+q)

(2r)*) ™
(41.16)
Defining g by the direction parallel to the wave vector k and calling ¢, the
other directions, the integral over g|; can be performed, giving the condition
in Eq.(41.8). We then obtain, assuming that we are in a region of frequency
where the delta function has a solution, the desired result Eq.(41.7)

In the zero temperature limit, f (w+w') =0 (—w — ') and np (W) = -0 (—w')
so that if we take w > 0 then the integral over w’ extends over the interval
—w < w' < 0 where np (W) + f (w+w’) takes the value —1. At low temperature,
the contributions to " Eq.(41.7) will come mostly from this same frequency inter-
val since this is where the combination ng (w')+ f (w 4+ w’) # 0. This immediately
allows us to understand why the imaginary part of the self-energy in Fig.(41-1)
above starts to be large when the frequency becomes of the order of the plasma
frequency. This is only when w is that large that the contributions from w’ =~ w,
in x/,, can start to contribute. This is where the quasiparticles can start to absorb
or emit plasmons.
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Remark 136 Vanishing of X" at zero temperature: Our general formula for the
imaginary part Eq.(]1.7) tells us that at zero temperature ¥ (k,w =0) = 0 for
all wave vectors, as we have seen in Fig.(/1-1). Mathematically, this is so be-
cause limp_,o [np (W) + f (w)] =0 for all W'. Physically, it is because phase space
vanishes when we sit right at the chemical potential (w = 0).

It is easier to interpret the physical meaning of the imaginary part by concen-
trating on the case w > 0 and then performing a change of variables w’' — —w'.
Then the integration window at T' = 0 becomes —w < —w’ < 0, or w > w’' > 0.
Using

npg(—w')=—(1+ng ")) (41.17)
and x7 (q,—w') = —xbr.. (—q,w’), the imaginary part of the self-energy becomes
d3q dw'
low) =~ [ 25 [T ) o) Vi (063 (0~ i)
d3
= [ SRV (e Gur)
(2m)

(175 (@ = Cra)) (1= F (Cira)) + 75 (© = Giera) £ (Ciera)]

The first term (1 +np (w — Ck+q)) (1 —f (Ck+q)) represents the decay of a parti-
cle of energy w and wave vector k into an empty particle state of energy (. and
momentum k + q, plus a bosonic excitation (particle-hole continuum or plasmon)
of energy w — (4 and momentum —q. The second term np (W — (it q) f (Clerq)
represents the case where the incident state is a hole energy w and wave vector k
that decays into another hole of energy (y,, and momentum k + q by absorbing
a boson of energy w — (. and momentum —q. The latter is in some sense the
first process but time reversed. “Scattering-in” terms that represent repopulation
of the state k occur in transport equations, or two-body response functions, not
here.

41.3 Fermi liquid results

Perhaps the best known characteristic of a Fermi liquid is that at frequencies and
temperatures much smaller than the Fermi energy, "% (kp,w; T = 0)  w? and
Y (kp,w = 0;T) oc T?. To recover this result, valid far from phase transitions,
we start from the above expression Eq.(41.7) for " but we evaluate it at k = kg
and use vgp = kp/m so that

2 ’
X (kaw) = _ﬁ f (dgg)é d% [nB (w/> + f (w + w/)] VqQXZn (QLv C]||,w/)

(41.18)
where ¢ is obtained from the solution of
2
9 il
— = - == 41.1
vFq| + o [w +w o ( 9)

The key to understanding the Fermi liquid regime is in the relative width in
frequency of x!!. (q,w’) /w’ vs the width of the combined Bose and Fermi functions.
In general, the function np (W) + f (w + ') depends on w’ on a scale max (w,T')
while far from a phase transition, x// (q,w’) /w’ depends on frequency only on the
scale of the Fermi energy. We can assume that it is independent of frequency at
low frequency.
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Proof: As we can see from the explicit expression for the imaginary part of x//
Eq.(37.15), and using the fact that Im x%%(q,0) = 0,

I
lirrb Im an(q,w)/w = lim Xy (G, @)/

(41.20)
w=0 (1 + Vg Re x%8(q, 0))*

it sufﬁces that the Lindhard function Im x%%(q,w) has the property that
Im x%%(q,w)/w is independent of frequency at low frequency. As expected
from the fact that Im Y2 (q, w) is odd in frequency, it turns out that Im y%%(q, w)
is indeed linear in frequency at low frequency, which proves our point. The
linearity can be explicitly checked from our previous results Egs.(37.11) and
(37.4).

Hence, at low frequency, we can assume that x” (q.w’) /w’ is independent of
frequency in the frequency range over which n (w') + f (w + w’) differs from zero.
Also, Vofxgn (q,w’) /w’ depends on wave vector over a scale that is of order g as
we can see from Fig.(37-5). Hence, we can neglect the w and w’ dependence of the
solution for ¢ in Eq.(41.19) when we substitute it in our expression for ¥”. One
then finds

X (kp,w) =~ AL [ 4 o ) + f (w+ )] = AR o2 4 (2T)?]

2up qup
(41.21)
where the substitution z = e’ allowed the integral to be done exactly [17] and
where

2 V2 7 Lo
A(kp)z/ Pqr o Vaxa (009 (@, vr) i) (41.22)

(27{-)2 w’—0 w!

The presence of Vq2 does not give rise to problems in the integral over ¢, near
q = 0 because in this region the contribution is canceled by Vof that appears in
the denominator of the RPA susceptibility Eq.(41.20). The above result Eq.(41.21)
for ¥ is the well known Fermi liquid result.

There are known corrections to the Fermi liquid self-energy that come from the
non-analytic w’/vpq behavior of x7 (q.w’) near ¢ = 0. In three dimensions[18]
this non-analyticity leads to subdominant w? Inw corrections, while in two dimen-
sions it leads to the dominant w? Inw behavior.[19][20]

Remark 137 Relevance of screened interaction to low-frequency Physics near the
Fermi surface: It can clearly be seen from the above derivation that it is the low-
frequency limit of the screened interaction that gives rise to the damping near the
Fermi surface. This is a key result. If we are interested in properties near the
Fermi surface, screened interactions suffice. This should be kept in mind when we
discuss the Hubbard model later.

We now just quote without proof some of the results of further calculations
of Fermi liquid parameters. The solution of the quasiparticle equation Eq.(41.1)
gives

krk
Ey =& — 0.17r, (Inr, + 0.2) ﬁ + cst (41.23)

The effective mass appearing in this expression is now obviously finite and given
by

m
. 41.24
" T 1008, (Inr + 0.2) (41.24)

If we evaluate the scattering rate for w = Fy — p we find

k— 2
Ty (Byx —p) = 0.25711/2% (41.25)
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Quinn and Ferrell[21] write the following physically appealing form

3n2 2
Ty (C) ZyF = \{;; Wp <é—l;>

(41.26)

The scattering rate is proportional to the plasma frequency, but reduced by an
important phase space factor. The more general results, beyons leading order in
rs can be found in Eqs.(8.92-8.93) of Giuliani and Vignale "Quantum theory of
the electron liquid".

Fig.(41-3) gives the value of the ¥’ and ¥ evaluated at the frequency corre-
sponding to the quasiparticle position. The important point is that the real-part of
the self-energy is weakly wave vector dependent up to about & = 2kg. The imagi-
nary part on the other hand vanishes as expected on the Fermi surface, while away
from it remains relatively small on the scale of the Fermi energy. This justifies
a posteriori the success of the free electron picture of solids. Note however that
states far from the Fermi surface do have a lifetime, contrary to the predictions of
band structure calculations.

Remark 138 These results were obtained in the zero-temperature formalism where
by construction the imaginary part of the calculated Green’s function is equal to
the imaginary part of the retarded self-energy above the Fermi surface and to the
imaginary part of the advanced self-energy below the Fermi surface. This explains
the sign change on the figure.

Figure 41-3 Real and imaginary parts of the self-energy of the causal Green's
function in the zero-temperature formalism. From L. Hedin and S. Lundqvist, Solid
State Physics 23, 1 (1969).

41.4  Free energy

Finally, we use our coupling-constant integration formula Eq.(38.25). In the zero
temperature limit, there will be no contribution from entropy and we will obtain

FREE ENERGY 337



the ground state energy in the RPA approximation

ERPA(T =0) — uN = Jim @ = lim ¢ ~T'ln T (1 +e ) (41.27)
k,o

d)\ d3
/ / 1 V TZXnn ClﬂQn — Ny

iqn

We have for the sum over Matsubara frequencies

TS X (@,i00) = TZ/ ' X (@) (41.28)

- T w —1
qn 1qn an

[ @) @) (41.29)

In the zero temperature limit,

. dw’ O duw’
Jim [ s @xiae) = = [ Fxiaaw) @130
o0 d !
- / & (@ —w) (41.31)
0 i

o0 !
::—/ B (qe)  (4132)
0

so that the expression for the ground state energy becomes

EECA(T = 0) — uN
%

/ d?’k: <l<:2 )
= 2 —
k<kp (277) 2m
V * dw' XOB (quw’
& IS — ng(t1.34)
o [ e [ S [ e e s

Note that we have replaced everywhere Vy by AVy as prescribed in the coupling
constant integration trick.

(41.33)

Remark 139 Role of the coupling constant integration from the point of view
of diagrams: By expanding the RPA expression, we see that what this coupling
constant integration trick does, is give a factor 1/n in front of the corresponding
term of order n in the interaction. As mentioned earlier, if we had developed
Feynman rules directly for the free energy instead of using the coupling constant
trick, we would have written down closed loop diagrams such as those of Fig.(/]0-3)
and modified Feynman’s rules to add the rule that there is a factor 1/n for every
topologically different diagram of order n.

The coupling constant integration is easy to perform

oo / OR /
/ A [ / dw’ xm(;l;{w) .
0 A 0 T 1+ )‘Vann (q7w )

= - qno—/ dT/Im {In [1 + Vax2& (qw')] } (41.35)
0

The rest of the calculation is tedious. One finds[22]
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B (T=0) 221 0916
N r2 T

S

+0.0622In7; — 0.142 + O (rg, 75 Inrs)  (41.36)

The first term is the kinetic energy, the second the contribution from the Fock (ex-
change) diagram while the rest is the so-called correlation energy, namely every-
thing beyond Hartree-Fock.

41.5 Comparison with experiments

We are finally ready to compare the predictions of this formalism to experiments.
The results shown in the present section are taken from Ref.[23].

The first quantity that comes to mind to compare with experiment is the ef-
fective mass. This quantity can in principle be obtained from cyclotron resonance
or from specific heat measurements. It turns out however that the theoretical
prediction for m*/m differs from unity by only about 10%. But what makes com-
parisons with experiment for this quantity very difficult is that there are two other
contributions to the effective mass in real materials. First there are band structure
effects. These are small in sodium but large in lithium and many other metals. The
second additional contribution to the effective mass comes from electron-phonon
interactions. We will see in the next chapter that these effects can be quite large.
So we need to wait.

A striking prediction of many body theory is that the size of the jump in
momentum distribution at the Fermi level at zero temperature should be quite
different from unity. Fig.(41-4) illustrates the prediction for sodium at rs = 3.97.
The following Table of expected jumps is from Hedin[13].

0.8
Np o6
04

02

Figure 41-4 Momentum density in the RPA approximation for an electron gas with
rs = 3.97. From E. Daniel and S.H. Vosko, Phys. Rev. 120, 2041 (1960).
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rs ZRPA

0 1

1 0.859

2 0.768

3 0.700 (41.37)
4 0.646

5 0.602

6 0.568

Unfortunately even through photoemission we do not have access directly to this
jump in three dimensional materials, as we discussed in the previous chapter.
Another probe that gives indirect access to this jump is Compton scattering. In
Compton scattering, photons are scattered inelastically from all the electrons in the
solid. The contribution from conduction electrons can be extracted by subtraction.
In the so-called “sudden approximation”, the cross section for photon scattering
is proportional to
d*c

dwd$2
where w is the energy and q the wave vector transferred by the photon. Changing
to polar coordinates, we see that

x /d3knk5 (w+ ek — extq) (41.38)

d20' 2 kq
oaa = /k dkd (cos 0) nxd (w —&q— —cos 0) (41.39)
x /kdkmnke(k— Q) (41.40)
q
where m
Q=— (g4 —w) (41.41)
q
In terms of (), we have
Po 1 / R (41.42)
For free electrons, this gives
d*c 1,5, 5
Tod<) ocJ(Q)ocQ—q(kF—Q )H(kF—Q) (41.43)

In this case then, the slope is discontinuous at kr = @ as illustrated on the left of
Fig.(41-5). In the interacting case, the change in slope at kp remains theoretically
related to Z. Also, one expects a signal above kg as illustrated on the left of the
figure. Experimental results for sodium, r, = 3.96, are given on the right of the
figure along with the theoretical prediction. This metal is the one closest to the
free electron model. The experimentalists have verified that @ is a good scaling
variable, in other words that the cross section depends mainly on (. Also, the
existence of a tail above kg is confirmed. However, the agreement with theory is
not excellent.

The experimental results for the mean free path are more satisfactory. Let the
mean free path ¢ be defined by

1 Tk 1

2
— = = =——ImX(k 41.44
e — ==k (41.44)

Remark 140 The factor of 2 is not so easy to explain here, except to say that
if we look at a density perturbation, the scattering rate is twice that appearing in
the single-particle Green functions. We should discuss this in more detail in the
section on Boltzmann transport.
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Figure 41-5 a) Dashed line shows the momentum distribution in Compton scattering
for the non-interacting case while the solid line is for an interacting system. b)
Experimental results in metallic sodium compared with theory, s = 3.96. Eisenberger
et al. Phys. Rev. B 6, 3671 (1972).

Fig.(41-6) presents the results of experiments on aluminum, ry = 2.07. If one
takes into account only scattering by plasmons one obtains the dashed line. The
full RPA formula, including the contribution from the particle-hole continuum, was
obtained numerically by Lundqvist for r; = 2 and is in excellent agreement with
experiment. We do not show the cross section for inelastic electron scattering since,
as expected from the fact that it is proportional to Im (1 /et ) , its only prominent
feature at low momentum transfer is the plasma resonance that is much larger
than the particle-hole continuum, as we saw in the theoretical plot of Fig.(37-6).
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Figure 41-6 Mean free path of electrons in aluminum (r;, = 2.07) as a function of
energy above the Fermi surface. Circles are experimental results of J.C. Tracy, J. Vac.
Sci. Technol. 11, 280 (1974). The dashed line with symbols X was obtained with
RPA for r; = 2 by B.l. Lundqvist Phys. Status Solidi B 63, 453 (1974).
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42. GENERAL CONSIDERATIONS
ON PERTURBATION THEORY AND
ASYMPTOTIC EXPANSIONS

It is striking that in the end the RPA results, such as those for the ground state
energy Eq.(41.36), the effective mass Eq.(41.24) or the scattering rate Eq.(41.25)
are non-analytic in rs near rs = 0. This often occurs in perturbation theory.
In fact, the perturbation expansion is at best an asymptotic expansion since for
attractive potential at zero temperature the ground state is a superconductor and
not a Fermi liquid. In other words, rs = 0 is a point of non-analyticity since for
rs < 0 there is symmetry breaking. The following simple example taken from
Ref.[26] is instructive of the nature of asymptotic expansions.
Suppose we want to evaluate the following integral
de‘ z2 g 4
= —2 T a”
Z (g) \/ﬁe (42.1)
This is an example where the integral does not exist for g < 0 but where we will
try nevertheless to expand in powers of g around g = 0. If we do this then,

Z(9) =Y 9"Zn (42.2)
n=0
where
_ =D dr 2 4.
= T | Rt T (42.3)
(D" (@n -1
= Tanpl om (42.4)
with
An—1)11 = (4n—1)@4n—-3)(4n—-5)...1 (42.5)
_ (4n)!
= 2 (9.2 (426)
_ ()
~2n(2n)! (42.7)
hence,

—1)" (4n)!
L s

Zn

Using Stirling’s formula,
nl & V2t /2en

Zy V% (%)n (42.9)

The value of each successive term in the power series is illustrated in Fig.(42-1).
Clearly, whatever the value of g, if n is sufficiently large, the higher order terms

we are left with
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Figure 42-1 Asymptotic expansion of Z (g) for different values of g. The residual
error R, is plotted for the half-integer values. From J.W. Negele and H. Orland, op.
cit. p.56

start to be larger than the low order ones. This is a characteristic of an asymptotic
series.

We can even evaluate the error done when the series is stopped at order n. Let
this error be

Ry = |Z(9)= > 9" 7Zm (42.10)
m=0

de 2 g n (_l)m .

= e T e T =y g™ () (42.11)
V2T e 4mm)|
dx _ a2 > (*1)m Am

= e Y =g (2) (42.12)
V2T i 4mm)

The series in the absolute value is an alternating series and it converges. Hence,
an upper bound for this series is the value of the first term, as may be seen from
the fact that

Ap41 — (an+2 - an+3) - (a7z+4 - an+5) — ... < app1 (4213)

Hence,
R, < ¢"" | Znii| (42.14)

We also plot the error in Fig.(42-1). Clearly, the error starts to grow eventually.
Despite this terrible behavior of asymptotic expansions they can be quite useful
in practice. For example, for ¢ = 0.01, the precision is 107'° after 25 terms. This
may be estimated by noting from Eq.(42.9) for the asymptotic value of Z,, that
g"Z,, starts to grow when 4gn becomes of order unity. The minimum error is
then estimated with our formula for R,. Even quantum electrodynamics is an
asymptotic expansion, but the expansion parameter is o« = 1/137. It is thus an
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extremely good expansion parameter. Sometimes the asymptotic series may be
resumed, at least partially as in RPA, or mathematical techniques, such as Borel
summation, may be used to extract the non-analytic behavior.
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43. BEYOND RPA: SKELETON
DIAGRAMS, VERTEX FUNCTIONS
AND ASSOCIATED DIFFICULTIES.

It is quite difficult to go beyond RPA while preserving important physical prop-
erties, such as conservation laws, or the f—sum rule. We can illustrate this by
the following simple example. The Lindhard function with bare Green’s function
satisfies conservation laws since it is the charge susceptibility of free electrons.
Suppose that in the presence of interactions, we succeed in computing the exact
one-body Green’s function. Then, it is tempting to compute the density fluctua-
tions using a bubble made up of the exact Green’s functions that we just obtained.
For one-body interactions, as for example in the impurity problem, this would be
the exact result, as we saw in a previous chapter. However, in the case where
two-body interactions are present, this becomes an approximation that violates
charge conservation.

To see this, we will show that the following consequence of charge conservation
is violated[28]

Xnn (@ =0,ign) =0 5 if ig, #0 (43.1)

To check that this last equation is a consequence of charge conservation, note that
at q = 0 the density operator is the number operator, an operator that commutes
with the Hamiltonian. This means that x,,,, (q = 0,7) is independent of imaginary
time, which implies that its only non-vanishing Matsubara frequency component
is ¢, = 0. Using the spectral representation for the Green’s function and inversion
symmetry in the Brillouin zone, our single dressed bubble calculation for x,,,, on
the other hand will give us the following expression

0 ) 1t oy LU 6) = )
Xo (a4, iqn) _NZ/ / Akw) Ak +qw) o) i )

(43.2)
When there are no interactions and A (k,w) is a delta function, it is clear that our
exact result Eq.(43.1) is satisfied since only w = w’ will contribute. Otherwise, the
integrand is positive definite so the result is different from zero. To see that know-
ing the exact one-body Green’s function in an interacting system is not enough to
know the density fluctuations, it suffices to return to Fig.(37-1). The diagrams on
the bottom may be accounted for by using dressed propagators, but the diagrams
on the first line cannot be. They enter the general category of vertex corrections,
namely diagrams that cannot be included by simply dressing propagators. Also,
the lesson we have just learned is that to satisfy conservation laws, the vertex has
to do some non-trivial things since the dressed bubble by itself does not satisfy
the conservation law expressed in the form of Eq.(43.1),

To see another example of how apparently reasonable improvements over RPA
may lead to miserable failures consider the following reasoning. We saw from RPA
that there are quasiparticles near the Fermi surface. Also, the low-frequency and
small momentum density fluctuations are determined mainly by quantities near
the Fermi surface, as one can check from the Lindhard function. It would thus
be tempting, in a next iteration, to compute the bubbles entering RPA with a
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renormalized propagator
Zx

i/{Jn—Ek+M

In practice Zy is in the range 0.5 to 0.7 which means that the dielectric constant
might change from 1 - V4GG to 1— %VQGG. That would spoil the agreement that
we had with experiment. Again, dressing the bubble and doing nothing to the
vertex is not a good idea.

Another way to approach the problem of going beyond the simple perturba-
tive approaches is to start from exact reformulations of perturbation theory. Other
useful guides when one tries to push beyond the simplest perturbative approaches
are conservation laws, known as Ward identities, as well as sum rules and other
exact results such as the relation between G and density fluctuations that we
have introduced in the present chapter. We will come back on these general con-
siderations in a later chapter. For the time being we give two ways to reformulate
the diagrammatic expansion in a formally exact way.

The first reformulation is illustrated in Fig.(43-1). The propagators are fully
dressed. The interaction line must also be dressed, as illustrated on the second
line. The bubble appearing there is called the polarization propagator since it
plays the role of the polarizability in the definition of the dielectric constant. It
is defined as the set of all diagrams that cannot be cut in two pieces by cutting
a single interaction line. The polarization propagator has a bubble with dressed
propagators but this is not enough. We must also include the so-called vertex
corrections. These vertex corrections, represented by the triangle, are illustrated
by the first few terms of their diagrammatic expansion on the last line of the figure.
A vertex correction (irreducible) cannot be cut in two pieces by cutting either a
propagator or an interaction line, and it is attached to the outside world by three
points, two of which are fermionic, and one of which is bosonic (i.e. attaching
to an interaction line). Both in the polarization bubble and in the self-energy,
only one of the vertices is dressed, otherwise that would lead to double counting
as one can easily check by writing down the first few terms. One can also check
by writing down a few terms that vertex corrections on the Hartree diagrams
are indistinguishable from self-energy effects so they are included in the dressed
propagator.

We will see in a subsequent chapter that the theory for electron-phonon in-
teractions may be written precisely in the form of Fig.(43-1) except for the fact
that the interaction line becomes replaced by a phonon propagator. In addition
a key theorem, that we shall prove, the so-called Migdal theorem, shows that for
electron-phonon interactions vertex corrections may be neglected. The first two
lines of Fig.(43-1) then form a closed set of equations. Migdal’s theorem is behind
the success of electron-phonon theories, in particular the theory of superconduc-
tivity in its Eliashberg formulation.

For pure electron-electron interactions, vertex corrections may not be ne-
glected. Non-diagrammatic ways of approaching the problem, such as that of
Singwi[27], have proven more successful. We will show algebraically in a later
chapter that perturbation theory for electron-electron interactions may also be
formulated in a way that is diagrammatically equivalent to Fig.(43-2). That is
our second exact reformulation of perturbation theory[28] (there are others). The
triangle now represents the fully reducible vertex, namely diagrams that can be
cut in two by cutting interaction lines or particle-particle pairs or particle-hole
pairs in a different channel. (We will discuss the notion of channel in more de-
tails in a later chapter). The box on the other hand represents all terms that
are irreducible with respect to cutting a particle-hole pair of lines in the chosen
channel. To be complete we would need to give a diagrammatic expansion for the
square box but, in practice, the way to make progress with this approach is to

(43.3)
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Figure 43-1 Exact resummation of the diagrammatic perturbation expansion.
The dressed interaction on the second line involves the one-interaction irreducible
polarisation propagator. The last line gives the first terms of the diagrammatic
expansion for the vertex corrections.

proceed non-perturbatively, namely to parametrize the box in such a way that it
can later be determined by using sum rules and various other exact constraints of
many-body theory, such as the Pauli principle and conservation laws. This will be
discussed in a later chapter.
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Figure 43-2 Exact representation of the full perturbation series. The triangle now
represents the fully reducible vertex whereas the box represents all terms that are
irreducible with respect to cutting a particle-hole pair of lines in the indicated channel.
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The jellium is clearly a gross caricature of real solids. It does a good job
nevertheless for simple metals, like sodium or aluminum. But it is important
to have more realistic models that take into account the presence of a lattice of
ions. The best methods today to find the electronic charge distribution are based
on Density Functional Theory (DFT), that we explain very schematically in the
first Chapter of this Part. These methods give a band structure that, strictly
speaking, should not be interpreted as single-particle excitations. Nevertheless,
for elements in the top rows of the periodic table, the band structure found from
DFT works well. If we include the long-range Coulomb interaction with the GW
approximation described above, then results for band gaps for example can be
quite good.

For narrow band materials however, such as transition metal oxides that in-
clude d electrons, this is not enough. We will explore the rich Physics contained
in a simple model, the Hubbard model, that was proposed to understand narrow
band materials. That model adds to the band structure an on-site interaction term
U that is supposed to represent the screened Coulomb interaction. We will see
that in such a short-range interaction model, spin excitations that had basically
disappeared from the electron-gas problem, will now play a prominent role. Even
when the interaction is not too strong, we will see why the perturbative methods
that we have described in the previous Part are of limited validity. When the
interaction is not too strong, we can treat the problem non-perturbatively using
the Two-Particle-Self-Consistent approach and others.

The Hubbard model will also allow us to understand why certain materials that
are predicted to be good metals by band structure theory are in fact insulators.
Insulating behavior can be induced by the interaction U when it is larger than
the bandwidth. Such interaction-induced insulators are known as Mott insulators.
And the transition between the metallic and the insulating phase that occurs as
a function of U is called the Mott transition. The best known method to treat
materials that are close to a Mott transition is Dynamical Mean-Field Theory and
its cluster generalizations, that we will explain. High-temperature superconduc-
tors and layered organic conductors are examples of systems that display Mott
insulating phases.

In the next Part we will used the Hubbard model to introduce broken symmetry
states with ferromagnetism as an example. In this Part, we restrict ourselves to
the “normal” paramagnetic state.
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44. DENSITY FUNCTIONAL THE-
ORY

The presence of a static lattice of ions creates bands, as we know from one-electron
theory. How do we generalize this to the many-body case with electron-electron
interactions. In particular, how do we go beyond Hartree-Fock theory?

Modern versions of band structure calculations are based on Density Func-
tional Theory (DFT). This is a ground state or thermal equilibrium method that
is also used for molecules. We begin by describing the general method, then its
implementation for band-structure calculations and then finite temperature gen-
eralizations.

44.1 The ground state energy is a functional of the
local density

The approach is based on a simple theorem of Hohenberg and Kohn [1]. We
present the version of Levy [2, 3]. In both cases, we use the variational principle
for the ground state: the ground state wave function is that which minimizes the
energy,
(V| H V)
E¥] = 0o
(W ®)

Proof: We can expand |¥) on a complete basis of energy eigenstates
|y = Za li) . (44.1)
Then the average energy is given by
W HW) = S ala (i HIi) (44.2)
5]

— Za;‘aiEi (44.3)

where the last line follows because by hypothesis the Hamiltonian is diagonal
in that basis. With Ej the lowest energy state, the inequality follows

> ajaE; > (Z am) Ey. (44.4)

The prefactor on the right-hand side simplifies with the norm of the wave
function in the denominator, which proves the theorem.

Let
H=Tyn+V.+V (44.5)
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Wher(; fkm is the kinetic energy, VC the Coulomb interaction between electrons
and V; the interaction between the electrons and the positive lattice of ions. More
specifically, with n; (r’) the charge density of the lattice we can write

e2

(] / dr / Pyt () (1) oy () 1) (44.6)

dmeg |r — 1|

[t [ e

(| Vi|w)

o2
n (r') (44.7)

dmeg |r — /|
= /d3rn (r) Vi (r) (44.8)

wher in the last line we have defined the lattice potential

Vi (r) = /d‘?’r'Lm (r') (44.9)

dreg |r — 1|

and the one-body electronic density

n(r) = /d?’r ()t ()8 (x) |T)

If we take the set of all normalized wave functions, the variational principle
can be formulated as

E:m‘gn<qj|fkin+‘7c+‘7l|\ll>'

We now performe the minimization in two steps. First with respect to all wave
functions that have the same one-particle density, then with respect to the one-
particle density

E = minmin(@|fkin+‘7c+‘7l|\ll>

n WY—on

n

= min [(gl_lg (0] Thin + Ve |\I»'>) + /d3rn (r)V; (r)} (44.10)

= min [F[n] + / d3rn (r)V (r)} . (44.11)
where we have defined
Fln] = min (V| Thoin + Ve [0 (44.12)

That functional of n contains kinetic energy and Coulomb interaction between
electrons. It is independent of the lattice potential and is thus a universal property
of the inhomogeneous electron-gas. We say inhomogeneous because we have to find
this function for densities that depend on position.

44.2 The Kohn-Sham approach

How can we transform the general ideas of the previous section into a calculational
tool? The Hartree contribution to the potential energy depends only on density.
It is less clear how to write the kinetic energy and the rest of the contributions
to the Coulomg interaction (exchange for example) in a way that depends only
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on density. In the Thomas Fermi approach, we wrote the kinetic energy as a
function of the local Fermi wave vector, and hence as a function of the density.
Nevertheless, that is not very precise when the density changes on short length
scales. Kohn and Sham [4] proposed to expand the density in terms of one-body
orbitals for N particles in a paramagnetic state of N particles:

N/2

=3 Jers (). (44.13)

1=1,0

If the wave function was simply obtained by filling these orbitals ¢ ¢ (r) up to
the Fermi level, the corresponding kinetic energy would be easy to compute

—_v?
T, = <\I/KS‘Tkzn|\IjKS Z /d3r¢KS ( 5 )(;555 (r) (4414)
1=1,0

The Kohn-Sham method then proposes to write for the universal functional

!
Fln] = (ics| Toim |Uics) + /d3 /d3 ) | p
dmeg |r — 1|

The above equation defines the exchange correlation functional E,.[n]. Going
back to the definition of F'[n], we see that

Eyeln] = min (U| Thin + Ve | 1) —\Ijmin (Wges| Tein |Pks)

s [ €0 (r)n ()
—= 44.1
/d /d 47750|r—r| (44.15)

Note that the Kohn-Sham expression for the kinetic energy is not exact.

Years of experience have yielded good approximations for the universal func-
tional E,.[n]. The simplest approximation, the Local Density Approximation
(LDA) reads

S o5z (1) 055 (1) 01 () 0555 ()
A 0 o o' j,o’ : .
R R ) N L e T e K
o,0’ 1,

Instead of minizing with respect to the Kohn-Sham orbitals restricted to a given
density and then with respect to the density, one minimizes with respect to the
Kohn-Sham orbitals, obtaining equations that have the structure of the integro-
differential Hartree-Fock equation.

It is important to realize that the Kohn-Sham orbitals serve to compute the
ground-state single-particle density. The eigenstates are Bloch states with a band
index. The corresponding eigenenergies cannot be interpreted as exact single-
particle excitations. They may however serve as a starting point for further calcu-
lations using many-body theory, as we explain in the next Chapter on the Hubbard
model.

44.3 Finite temperature

Mermin [5] has used the Feynmann variational principle to show that in the pres-
ence of an external potential, the grand potential is a functional of the density
and that there is a universal part to it.
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We have already shown, with o the density matrix, that
Qo) < Qo]+ (H-H), . (44.16)

We assume that the difference between g and ¢ is only the lattice potential but
that suffices to state that there is really an inequality and that the two sides cannot
be equal. Writing explicitly the difference between the two Hamiltonians,

Qe < 20o]+ [ denl (1) () - V] (). (44.17)

We could also use the inequality by interchanging the role of ¢ and ¢’ so that the
following inequality is also valid

Q] < Qo] + / d3rn (r) (V/ (r) — Vi (r)). (44.18)

If the densities are identical for the two different lattice potentials, then n’ (r) =
n (r) and adding the two inequalities together we find the absurd result

Qo + Qo] < Q[T+ Qg (44.19)

Hence, if the two lattice potentials are different, the densities have to differ. In
other words the local density is uniquely determined by the external lattice po-
tential.

If we know the external lattice potential, we can write down the density matrix
o in the usual way. Since there is a one-to-one correspondance between V; (r) and
n (r), the density matrix p is a functional of n (r) and

Q] = / &rn (v) Vi () + F [n] (44.20)

where
Fln) = (T + v>n TS n] (44.21)

with S the entropy —Tr[gIn o] determined from the density matrix that is uniquely
determined by the density.

One thus obtains a minimization problem with respect to the density n (r) that
is very similar to what we had at zero temperature.

Remark 141 The original Hohenberg-Kohn theorem is along the lines of the ar-
guments in this section. We could also formulate the Mermin result in a manner
similar to that of Levy for the ground state. The density matriz would replace the
wave function.

360 DENSITY FUNCTIONAL THEORY



45. THE HUBBARD MODEL

Suppose we have one-body states, obtained either from Hartree-Fock or from Den-
sity Functional Theory (DFT). The latter is a much better approach than Hartree-
Fock. The Kohn-Sham orbitals give highly accurate electronic density and energy
for the ground state. If the problem has been solved for a translationally invariant
lattice, the one-particle states will be Bloch states indexed by crystal momentum
k and band index n. Nevertheless, these one-particle states cannot be used to
build single-particle states that diagonalize the many-body Hamiltonian. More
specifically, if we expand the creation-annihilation operators in that basis using
the general formulas for one-particle and two-particle parts of the Hamiltonian, it
will not be diagonal. Suppose that a material has s and p electrons, for which DF'T
does a good job. In addition, suppose that there are only a few bands of d charac-
ter near the Fermi surface. Assuming that the only part of the Hamiltonian that is
not diagonal in the DF'T basis concerns the states in those d band, it is possible to
write a much simpler form of the Hamiltonian. We will see that nevertheless, solv-
ing such “model” Hamiltonians is non-trivial, despite their simple-looking form.

After providing a “derivation” of the model, we will solve limiting cases that
will illustrate one limit where states are extended, and one limit where they are
localized, giving a preview of the Mott transition.

45.1 Assumptions behind the Hubbard model

A qualitative derivation of the model is as follows. We restrict ourselves to a
single band and expand in the Wannier basis associated with the Bloch states.
The Hamiltonian in the presence of the Coulomb interaction then takes the form

H= ZZ% il Tein + V1 13) ¢jo QZZ (1 Ve k) 1) el el ciorong (45.1)

o,0’ ijkl

where T contains all the one- body parts of the Hamiltonin, namely kinetic energy
and lattice potential energy. Here, c;ra (¢is) are creation and annihilation operators
for electrons of spin ¢ in the Wannier orbital centered around site 7. A single many-
particle state formed by filling orbitals, leading to a Slater determinant as wave
function, cannot diagonalize this Hamiltonian because of the interaction part that
empties orbitals and fills other ones. The true eigenstates are linear combinations

of Slater determinants.

The one-body part by itself is essentially the DFT band structure. In 1964,
Hubbard, Kanamori and Gutzwiller did the most dramatic of approximations,
hoping to have a model simple enough to solve. They assumed that (i| (| V. |k) |1)
would be much larger than all other interaction matrix elements when all lattice
sites are equal. Defining ¢,; = (¢ |T|5) and U = (i| (i| V |i) |i) , and using cipcie = 0
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they were left with

1
H = Z Z tingUng + 5 Z Z chacjalcid’cid
o 1] o0’ 1
Zztw%cﬁ‘a + ZUCZTCIlCilciT (45.2)
o i, i
Z Z tijczacja + Z Unijngt. (45.3)
o i, i

In this expression, n;, = C}L‘,Cz‘a is the density of spin o electrons, ¢;; = tji is the
hopping amplitude, and U is the screened Coulomb repulsion that acts only on
electrons on the same site. Most of the time, one considers hopping only to nearest
neighbors. In general, we write —t, —t’, —t"' respectively for the first-, second- and
third-nearest neighbor hopping amplitudes. To go from the first to the second line
we used the Pauli principle ¢ =0.

10 Cio
Remark 142 This last statement is important. To obtain the Hubbard model
where up electrons interact only with down, we had to assume that the Pauli

principle is satisfied exactly. So approximation methods that do not satisfy this
constraint are suspicious.

The model can be solved exactly only in one dimension using the Bethe ansatz,
and in infinite dimension. The latter solution is the basis for Dynamical Mean Field
Theory (DMFT) that we will discuss below. Despite that the Hubbard model is
the simplest model of interacting electrons, it is far from simple to solve.

Atoms in optical lattices can be used to artificially create a system described by
the Hubbard model with parameters that are tunable. A laser interference pattern
can be used to create an optical lattice potential using the AC Stark effect. One
can control tunneling between potential minima as well as the interation of atoms
between them and basically build a physical system that will be described by the
Hubbard Hamiltonian that we will study further. The derivation given in the case
of solids is phenomenological and the parameters entering the Hamiltonian are
not known precisely. In the case of cold atoms, one can find conditions where
the Hubbard model description is very accurate. By the way, in optical lattices,
interesting physics occurs mostly in the nano Kelvin range. Discussing how such
low temperatures are achieved would distract us to much.

Important physics is contained in the Hubbard model. For example, the in-
teraction piece is diagonal in the localized Wannier basis, while the kinetic energy
is diagonal in the momentum basis. Depending on filling and on the strength of
U compared with band parameters, the true eigenstates will be localized or ex-
tended. The localized solution is called a Mott insulator. The Hubbard model
can describe ferromagnetism, antiferromagnetism (commensurate and incommen-
surate) and it is also believed to describe high-temperature superconductivity,
depending on lattice and range of interaction parameters.

To gain a feeling of the Physics contained in the Hubbard model, let us first
discuss two limiting cases where it can be solved exactly.

45.2  The non-interacting limit U = 0

As a simple exemple that comes back often in the context of high-temperature su-
perconductivity, consider a square lattice in two dimensions with nearest-neighbor
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hopping only. Then, when U = 0, we have
H() = Z tijC;rUCjo- (454)
i,J,0

where t;; is a Hermitian matrix. When there is no magnetic field the one-body
states can all be taken real and ¢;; is symmetric. To take advantage of translational
invariance we use our Fourier transforms

1 —ik

Cio = —— e "Tlick, (45.5)
N ;
1 )

+ _ iker; T

¢y = —=» e Tie (45.6)

with r; the position of site i, and
> e = Noyy. (45.7)

Here N is the nmber of atoms and we take the lattice spacing a to be unity.
Defining r; = r; + 0 and noting that the hopping matrix depends only on the
distance to the neighbors §, we find

Hy = %Z Zt&eik"(ri+5)c;r(,gZe—ik-mcka

r;,6,0 k’ k’
= > tse™0 o, (45.8)
4,0
= > eutly o (45.9)
k,o
In the case of nearest-neighbor hopping only, on a two-dimensional square lattice
for example where ¢;; = —t for nearest-neighbor hopping, we have the dispersion
relation

ex = —2t(cos kg + cos ky).

Clearly, if the Fermi wave vector is sufficiently small, we can define ¢t=! = 2my,

and approximate the dispersion relation by its quadratic expansion, as in the free

electron limit

k2 + k2
me

ek = —2t(cos kg + cosky) ~ C + . (45.10)

45.3 The strongly interacting, atomic, limit ¢ =0

If there are no hoppings and only disconnected atomic sites,
K= UzniTnil — uan (45.11)

there are two energy levels, correspondig to empty, singly (zero energy) and doubly
occupied site (energy U). It is apparently much simpler than the previous problem.
But not quite. A simple thing to compute is the partition function. Since each
site is independent, Z = Z{¥ where Z; is the partition function for one site. We
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find, since there are four possible states on a site, empty, spin up, spin down and
doubly occupied,
Zy =1+ e 4 P 4 e BU=21), (45.12)

Already at this level we see that there are “correlations”. Z jcan be factored into
(1 + 65”)2 only if there are no interactions.

Things become more subtle when we consider the “dynamics”, as embodied
for example in the Green function

Go (1) = = (T [co ()L ]). (45.13)

We can consider only one site at a time since the Hamiltonian is diagonal in
site indicies. Imagine using Lehman representation. It is clear that when the
time evolution operator acts on the intermediate state, we will need to know if
in this intermediate state the system is singly or doubly occupied. We cannot
trace only on up electrons without worrying about down electrons. The Lehman
representation gives a staightforward way of obtaining the Green function. We
can also proceed with the equation of motion approach, a procedure we will adopt
to introduce the concept of hierarchy of equations (the analog of the BBGKY
hierarchy in classical systems). All that we need is

dcy
aL = [Ka CU] = [Unan—a - /M'LU,CU] =-Ucsn o+ HCo -
™

From this, the equation of motion for the Green function is

%T(T) = —5(r) = (T [[K,co ()] cL]) (45.14)

= —6(1)+uGo (1) + U{T; e (T)n_o (T)cl])  (45.15)

The structure of the equation of motion is very general result. One-body Green
functions are coupling to higher order correlation functions. Let us write down
the equation of motion for that higher order correlation function that we define
as follows

Goo (1) = — (T [co (T) n—q (T) c:r,]> =—(T; [can_gcl (—7)])- (45.16)

Following the usual approach, and recalling that here On_, (1) /0T = [K,n_, (17)] =
0 because the Hamiltonian preserves the number of particles, we find

0Gs 5 (T

020~ 5(5) 0o 4 12 (1)~ UG (1) (4517)
Instead of generating a higher order correlation function in the term coming
from [K,c, (7)], as is usually the case, the system of equations has closed since
n_sN_s = n_q. This is a very special case. Equations (45.15) and (45.17) form a
closed set of equations that is easy to solve in Matsubara frequencies where they
become

(iwn, + 1) Go (iwyn) = 14+ UGa s (iwy) (45.18)
(twn + 1) Ga.5 (wn) = (N_o) +UGs,s (iwy) - (45.19)

Substituting the second equation in the first

Uin_,)

(iwn + p) Go (iwn) =1+ Gomtn—10)

(45.20)
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Since

Uf{no) _Uln,) 1 o

we are left with L > ( >
Go (iwp) = — i’; +— Z*/j_ i (45.22)

G (w) =~ A0oa) (o)

S wHintp wrintpu—-U’
The imaginary part gives us the single-particle spectral weight. Instead of a single
delta function located at a k dependent position, we have two delta functions that
are completely independent of k, as we must expect for a localized state. The
two levels correspond respectively to the electron afinity and ionization potential
of the atom. Physically speaking, if there the fraction of sites occuied by down
electrons is (n_,), then a spin up electron will have an energy —u + U a fraction
(n_,) of the time, and an energy —u for a fraction 1 — (n_,) of the time. And
that is independent of the momentum. That is very different from a quasiparticle.
There is no pole & w = 0 unless p = 0.

The non-interacting limit is not a good starting point for this problem clearly.

One expects perturbation theory to breakdown. This is simple to see for example
at half filling when (n_,) = —1/2 and u = U/2. Then,

1 1 1 (w+in)
R _ 1 — {45.23
Go (@) 2 (w+i77+U/2+w+i77U/2) (w+in)* = (B2) )
1
_ ‘ (45.24)
(UJ + ”7) - 4(wU—ii7])

so that clearly, the retarded self-energy ¥ (w) = 4(wU—:in)
quency. It gets rid of the pole that is at w = 0 when there is no interaction.

If t is not zero but U/t > 1, then we have a Mott insulator. In a Mott
insulator, the two peaks that we just found in the single-particle spectral weight
are somewhat broadened, but there is a gap at zero frequency. We will leave this
concept aside for the moment and discuss the weak coupling case.

is singular at low fre-

45.4 Exercices

45.4.1 Symétrie particule-trou pour Hubbard

Soit le modéle de Hubbard sur un réseau carré bi-dimensionnel. On pose une
intégrale de saut ¢ pour les premiers voisins et ¢’ pour les seconds voisins.

a) Montrez que la relation de dispersion prend la forme suivante lorsque le pas
du réseau est pris égal a 'unité:

ek = —2t(cos kg + cosky) — 2t' (cos (ky + ky) + cos (kz — ky)) - (45.25)
b) Montrez que la transformation canonique suivante
dxs = CI{—l—Qa’

dl, = cqe (45.26)
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ou Q = (m,m), transforme H — uN en un Hamiltonien ayant la méme forme
mais avec des paramétres différents. Sachant ce résultat, montrez que la solution
obtenue avec t’ > 0 pour le modele original est reliée a la solution qu’on obtiendrait
pour ce modeéle avec t < 0 & un potentiel chimique différent. Quelle est la relation
entre la densité évaluée & ces deux potentiels chimiques? Finalement, lorsque
t’ = 0, montrez que p = U/2 correspond au demi-remplissage.

4542 Regle de somme f

En utilisant la définition exacte de ., et de x,, et 'expression pour leurs parties
imaginaires comme des commutateurs, montrez que pour le modeéle de Hubbard,
la régle de somme f devient

1

dw
[ Zesmlaw) =5 D (rat g = 2uma (4520

N — [
ou Nkes = <Ckgckg> .
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46. THE HUBBARD MODEL IN
THE FOOTSTEPS OF THE ELEC-
TRON GAS

In this Chapter, we follow the same steps as the electron gas and derive RPA equa-
tions for the response functions. While spin fluctuations did not play a prominent
role in the electron gas, they will be dominant in the Hubbard model and we will
see why. RPA for the Hubbard model however has a major deficiency: It does not
satisfy the Pauli principle, as we will see. This had no major consequence for the
eletron gas, but in the case of the Hubbard model this is crucial. We will see how
to cure this problem and others using the Two-Particle Self-Consistent Approach
in the next Chapter.

46.1 Single-particle properties

Following functional methods of the Schwinger school[?, 7, ?], we begin, as we
have done earlier, with the generating function with source fields ¢, and field
destruction operators v in the grand canonical ensemble

InZ[¢] =InTr [e_ﬁ(ﬁ_“N)TT (e_’l’;(T)%(TE)V’?(E))] (46.1)

We adopt the convention that 1 stands for the position and imaginary time indices
(r1,71) . The over-bar means summation over every lattice site and integration over
imaginary-time from 0 to 3, and & summation over spins. T; is the time-ordering
operator. Before, the spin index was included in the labels.

The propagator in the presence of the source field is obtained from functional
differentiation

dIn Z [¢]
Gy (1,2 :f<(,1 j,2> L Lk L/ 46.2
(1.2), =~ (v, vl @), =55 (16.2)
Physically, relevant correlation functions are obtained for ¢ = 0 but it is extremely
convenient to keep finite ¢ in intermediate steps of the calculation.
Using the equation of motion for the field i) and the definition of the self-energy,
one obtains the Dyson equation in the presence of the source field [?]

(Go'—0)G=1+%G ; G '=G/'—¢-% (46.3)

where, from the commutator of the interacting part of the Hubbard Hamiltonian
H, one obtains

% (1.1),6,(12), = —U<TTwLT(1+)v¢ug(1)1/)6,(1)%1(2)%s (46.4)
5G, (1,2
- [ﬁ G (1L,17), G, (1,2)¢] (46.5)
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The imaginary time in 17 is infinitesimally larger than in 1. This formula can be
deduced from our previous one with the Coulomb interaction by specializing to a
local interaction only between opposite spins. That removes one integral and one
spin sum.

As in the electron gas, we need to know response functions, more specifically

590 (1’ 2)(;5 /6¢)—a (1+7 1) .

46.2 Response functions

Response (four-point) functions for spin and charge excitations can be obtained
from functional derivatives (6G/d¢) of the source-dependent propagator. We will

see that a linear combination of these response functions is related to 6G, (1,2) 4 /d¢_,

above. Following the standard approach and using matrix notation to abbreviate
the summations and integrations we have,

GG '=1 (46.6)
5G 51
5o a5 0 (46.7)
Using the Dyson equation (46.3) G~ = Qal — ¢ — X this may be rewritten
0G 6G—1
—= =— 46.8
56 G—— 7 G=G-G+¢G ¢Q (46.8)

where the symbol ~ reminds us that the neighboring labels of the propagators have
to be the same as those of the ¢ in the functional derivative. If perturbation theory
converges, we may write the self-energy as a functional of the propagator. From
the chain rule, one then obtains an integral equation for the response function in
the particle-hole channel that is the analog of the Bethe-Salpeter equation in the
particle-particle channel

oG
66

The labels of the propagators in the last term are attached to the self energy, as
in Eq.(46.8) !

To obtain spin and charge fluctuations from the above formula, we restore
spin indices explicitly and represent coordinates with numbers (in our previous
convention, numbers included spin labels, but not here). When the external field
is diagonal in spin indices we need only one spin label on G and ¢. The response
function that can be used then to build both spin and charge fluctuations is

0G, (1,17)
a 6¢a’ (2+7 2)

_gg+ g{‘mg}g

5 53 (46.9)

The charge and spin given by

n; = N7 + N4y (46.11)

ITo remind ourselves of this, we may also adopt an additional “vertical matrix notation”

)
convention and write Eq.(7) as % =G-G+G {%} G.
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= (Trno (1) nor (2>>¢ — (no (1)>¢ (nor (2)>¢- (46.10)
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SZZ = N (’7') — Ny (T) . (46].2)

Hence, the charge fluctuations are obtained from
0G5 ( 1 1
Xen ( Z (46.13)

and the spin fluctuations from

Xap (1,2) Z 5g" ’ )) o (46.14)

Restoring spin indices, the integral equation for the spin resolved fluctuations is

o,0’

0Gs 0%, 597] G. (46.15)

5¢o” 6g? 6¢m

There is a sum over @. The spin indices on the Green’s function are unncessary
when there is rotational invariance, hence we dropped them. Similarly the follow-

ing quantities
d Qa
E E (5 ga (46.16)

=0G-Gls0 +0 l

are independent of ¢’ and

Z %G, (46.17)

is independent of o. From this, we easﬂy deduce by summing the general spin
resolved response function Eq.(46.15) that

5ga 6ga’”
Z =-2G-G-¢G [Z o ;Z 5%/] (46.18)

where the value oféa doeb ne influence the result. The irreducible charge vertex
is given by U, = 591 + 6
For the spin response function we notice that

o = (921 _ 9%
Z 5%, = (5%, 5%,)0 (46.19)
= %_g) 46.20
<5¢T Yon (46.20)

It suffices to take ¢’ up (+1) and then down (—1) and use rotational invariance to
see that the result is independent of ¢’.This means that the general spin resolved
response function Eq.(46.15) yieds for the spin susceptibility, given (¢”/)® = 1

Xsp = _Z 5¢ = _2gAg

o " 6g0” /
-G [ZZ(Z 590// ) 6(;50,0] g.
55 6% ; 5ga~ /
<_ - 5—QT> ZZ 1 . (46.21)

In summary, we define irreducible vertices appropriate for spin and charge
responses as follows,

—2G-G+¢

_ 0% 0% _
USP - 6gi - 5gT ’ Uch -

0% 6%,

—1 =0 46.22
5, T 3G (46.22)
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46.3 Hartree-Fock and RPA

As an example of calculation of response functions, consider the Hartree-Fock
approximation which corresponds to factoring the four-point function in the def-

inition of the self-energy Eq.(46.4) as if there were no interactions, in which case

s 0G5 (1,2 . .
it is easy to see that M = 0. To be more specific, starting from

% (1.1),6,(12), = —U<T7wig (1+)wﬁ,(1)w0(1)w3(2)>¢ (46.23)
3G, (1,2)
B [WNB ~0 (1,1), 9, <1,2>446.24>

the Hartree-Fock approximation is

= (1,T), 64 (T,2), = U6, (1,17) 65 (1,2),

Multiplying the above equation by (Gf )71 , we are left with

2y (1,2), = UG, (1,1%) 6(1-2), (46.25)
so that "
SXH (1,2
% =U§(1-2)6(3—-1)6(4—-2), (46.26)
6gi (374)¢> $=0
and .
o2 (1,2),] .
—2 =0
6GI(3.4), |, _,

which, when substituted in the integral equation (46.9) for the response function,
tells us that we have generated the random phase approximation (RPA) with,
from Eq.(46.22), Usp = Uep, = U. Indeed, when the irreducible vertex comes from
the Hartree term, the same structure as the one found before for the electron
gas results. The charge susceptibility that follows from the result of the previous
section Eq.(46.18) is

1 - —
Xch (1’ 2) = X(O) (la 2) - §X(0) (1, 3) UchXch (3’ 2) (4627)

with x(?) (1,2) = —2G (1,2) G (2,1) . The Fourier transform is

Xon (@) = X (0) ~ S8 () xen (a). (46.28)

Since at this point the self-energy is a constant, we take for G the non-interacting
Green’s function. In Fourier-Matsubara space, X, (¢) then is the Lindhard function
that, in analytically continued retarded form is, for a discrete lattice of IV sites,

(Ck+q)
q,w)=— . 46.29
o Nzw+m+ck Cira (46.29)
Similarly, for the spin susceptibility
Us
Xep (@) = X (@) + X (@) xp (@) (46.30)
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The equations for the spin and charge fluctuations can easily be solved and yield,
respectively

B Xo(q)
Xapl@) = TopoTa %OUXO D (46.31)
Xo(9)

It is known on general grounds [?] that RPA satisfies conservation laws. We
will describe the general methods that lead to approximations that are consistent
with conservation laws in a later chapter. But it is easy to check that for a special
case. Since spin and charge are conserved, then the equalities Xfp(q =0w) =0
and th(q =0w) = 0 for w # 0 follow from the corresponding equality for the
non-interacting Lindhard function x°%(q = 0,w) = 0.

Remark 143 If we had used dressed Green’s function to compute the Lindhard
susceptibility, the conservation law X, .5, (q = 0,iw,) = 0 for iw, # 0 would have
been violated, as shown in Appendix A of Ref.[20]. In generalirreducible vertices
and self-energy (and corresponding Green’s functions) must be taken at the same
level of approximation.

46.4 RPA and violation of the Pauli principle

RPA has a drawback that is particularly important for the Hubbard model. It
violates the Pauli principle that is assumed to be satisfied exactly in its definition
where up spins interact only with down spins. To see this requires a bit more
thinking. We derive a sum rule that rests on the use of the Pauli principle and
check that it is violated by RPA to second order in U. First note that if we sum
the spin and charge susceptibilities over all wave vectors q and all Matsubara
frequencies iq,,, we obtain local, equal-time correlation functions, namely

LSS ot = (g = m0)?) = () + () — 2ymy) (46.33)

q igqn

and

N szch Qign) = <("T +m)2> — (g 4+ 1) = (n7) + (n) + 2 (nymy) —

(46.34)
where on the right-hand side, we used the Pauli principle n2 = (c:f,ca) (c:f,cg) =
c:f,cg — c:f,c:f,caca = c];ca = n, that follows from c:f,c]; = ¢ys¢s = 0. This is the
simplest version of the Pauli principle. Full antisymmetry is another matter [?, ?].
We call the first of the above displayed equations the local spin sum-rule and the
second one the local charge sum-rule. For RPA, adding the two sum rules yields

% DD (Xap(aian) + xen(@sian)) = (46.35)

q  ign

Xo(q) — 9y —n?
NZ( e ) T mot e

Since the non-interacting susceptibility x,(q) satisfies the sum rule, we see by
expanding the denominators that in the interacting case it is violated already to
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second order in U because x,(g) being real and positive, (See Eq.(48.12)), the
quantity >, Xo0(q)? cannot vanish.

46.5 RPA, phase transitions and the Mermin-Wagner
theorem

The RPA predicts that the normal state is sometimes unstable, namely that if
we decrease the temperature, spin fluctuations at zero frequency start, in certain
cases, to diverge. Below the temperature where that occurs, the spin susceptibility
is negative, which is prohibited by thermodynamic stability, which indicates that a
paramagnetic ground state is an unstable state. Let us illustrate this with a specific
example. Let us evaluate the Lindhard function Eq.(46.29) at zero frequency in
the case where we have only nearest neighbor hopping on a cubic lattice, in other
words, ¢y = ex = —2t (cosk, + cosk, + cosk.) . Then, if we take p = 0, which in
this case corresponds to half-filling, and choose the wave vector corresponding to
an antiferromagnetic fluctuation, namely @ = (m, 7, w) that leads to a phase +1
or —1 on alternating sites, we find

2f (ex) — 1

46.37
. (46.37)

2
OR _
(Q,0) = N
k

because of the equality f(—e) = 1 — f(e) and the co-called nesting property
€k = —€k+qQ. But 2f (ex) —1 = — tanh (Sex/2) which allows one to write by using
the definition of the density of states N (¢)

B tanh (Bex/2)
"(Q,0) = NZ o (46.38)
d*k tanh (Bey/2)
~ 9 / e, (46.39)
~ /deN () w. (46.40)

The last integral diverges when T' — 0 or f — oo. Indeed, take N (¢) constant
near the Fermi level, up to a cutoff energy +FEp. Near the Fermi level, ¢ = 0,
when ¢ > T we can approximate tanh (Se/2) /2 ~ 1/4T. So we can extract the
logarithmically divergent part of the integral as follows:

[ e B /E N (0) 2

2¢e T

~ N(0)In (&) . (46.41)
T

For T sufficiently small, x°%(Q,0) diverges, which means that at a certain tem-

perature, the denominator of the spin susceptibility Eq.(46.31) goes through zero.

At that temperature, the spin susceptibility diverges. Below that it is negative. If

we look at the thermodynamic sum rule in Sec. 11.10.1

Xsp(Q,0) = / o Xep( Q) (46.42)

™ w
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this means that the imaginary part of the spin susceptibility for positive frequen-
cies has to be negative. It is positive at negative frequencies since it must be
odd. This violates the positivity criterion imposed by stability, Sec. 11.7, namely
Xip(Q, w)w > 0. Hence, the system is unstable.

This instability signals a second-order phase transition that it physical. How-
ever, in two-dimensions, one cannot have a phase transition that breaks a contin-
uous symmetry in two dimensions. That is the content of the Mermin Wagner
theorem.[?, ?] Hence, RPA fails miserably on many grounds in two dimensions:
It violates the Pauli principle and the Mermin-Wagner theorem. The approach in
the next section fixes these two problems and more.
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47. THE TWO-PARTICLE-SELF-
CONSISTENT APPROACH

The two-particle-self-consistent approach (TPSC) is designed to remedy the defi-
ciencies found above in the study of the the one-band Hubbard model. It is also
possible to generalize to cases where near-neighbor interactions are included.

TPSC is valid from weak to intermediate coupling. Hence, on the negative side,
it does not describe the Mott transition. Nevertheless, there is a large number of
physical phenomena that it allows to study. An important one is antiferromag-
netic fluctuations. It is extremely important physically that in two dimensions
there is a wide range of temperatures where there are huge antiferromagnetic fluc-
tuations in the paramagnetic state, without long-range order, as imposed by the
Mermin-Wagner theorem. The standard way to treat fluctuations in many-body
theory, the Random Phase Approximation (RPA) misses this and also, as we saw,
the RPA also violates the Pauli principle in an important way. The composite
operator method (COM), by F. Mancini, is another approach that satisfies the
Mermin-Wagner theorem and the Pauli principle. [?, ?, ?] The Fluctuation Ex-
change Approximation (FLEX) [?, ?], and the self-consistent renormalized theory
of Moriya-Lonzarich [?, ?, ?] are other approaches that satisfy the Mermin-Wagner
theorem at weak coupling? Each has its strengths and weaknesses, as discussed
in Refs. [20, ?]. Weak coupling renormalization group approaches become uncon-
trolled when the antiferromagnetic fluctuations begin to diverge [?, 7, 7, ?]. Other
approaches include the effective spin-Hamiltonian approach [?].

In summary, the advantages and disadvantages of TPSC are as follows. Ad-
vantages:

e There are no adjustable parameters.

e Several exact results are satisfied: Conservation laws for spin and charge,
the Mermin-Wagner theorem, the Pauli principle in the form <n%> = (n1),

the local moment and local-charge sum rules and the f sum-rule.

e Consistency between one and two-particle properties serves as a guide to the
domain of validity of the approach. (Double occupancy obtained from sum
rules on spin and charge equals that obtained from the self-energy and the
Green function).

e Up to intermediate coupling, TPSC agrees within a few percent with Quan-
tum Monte Carlo (QMC) calculations. Note that QMC calculations can
serve as benchmarks since they are exact within statistical accuracy, but
they are limited in the range of physical parameter accessible.

e We do not need to assume that Migdal’s theorem applies to be able to obtain
the self-energy.

The main successes of TPSC include

e Understanding the physics of the pseudogap induced by precursors of a long-
range ordered phase in two dimensions. For this understanding, one needs
a method that satisfies the Mermin-Wagner theorem to create a broad tem-
perature range where the antiferromagnetic correlation length is larger than
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the thermal de Broglie wavelength. That method must also allow one to
compute the self-energy reliably. Only TPSC does both.

e Explaining the pseudogap in electron-doped cuprate superconductors over a
wide range of dopings.

e Finding estimates of the transition temperature for d-wave superconductivity
that were found later in agreement with quantum cluster approaches such
as the Dynamical Cluster Approximation.

e Giving quantitative estimates of the range of temperature where quantum
critical behavior can affect the physics.

The drawbacks of this approach, that I explain as we go along, are that

e It works well in two or more dimensions, not in one dimension ' [?].

e It is not valid at strong coupling, except at very high temperature and large
U where it recovers the atomic limit [?].

e It is not valid deep in the renormalized classical regime [?].

e For models other than the one-band Hubbard model, one usually runs out
of sum rules and it is in general not possible to find all parameters self-
consistently. With nearest-neighbor repulsion, it has been possible to find a
way out.

For detailed comparisons with QMC calculations, discussions of the physics and
detailed comparisons with other approaches, you can refer to Ref.[20, ?]. You can
read Ref.[?] for a review of the work related to the pseudogap and superconductiv-
ity up to 2005 including detailed comparisons with Quantum Cluster approaches
in the regime of validity that overlaps with TPSC (intermediate coupling).

47.1 TPSC First step: two-particle self-consistency
for gV, v T4 = U, and T = 1,

C

Details of the more formal derivation may be also be found in Ref. [?]. In con-
serving approximations, the self-energy is obtained from a functional derivative
Y [G] = 6®[G] /0G of @ the Luttinger-Ward functional, which is itself computed
from a set of diagrams. We will see this approach later in the course. To liber-
ate ourselves from diagrams and find results that are valid beyond perturbation
theoty, we start instead from the exact expression for the self-energy, Eq.(46.4)

2o (1), 60 (T.2), = U (Tl o (1) vy (v, ()] )
and notice that when label 2 equals 17, the right-hand side of this equation is equal
to double-occupancy (nin|). Factoring as in Hartree-Fock amounts to assuming
no correlations. Instead, we should insist that (nn|) should be obtained self-
consistently. After all, in the Hubbard model, there are only two local four point

functions: (nyn;) and <n%> = <nf> The latter is given exactly, through the

! Modifications have been proposed in zero dimension to use as impurity solver for DMFT [?]
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Pauli principle, by <n%> = <nf> = (n1) = (ny) = n/2, when the filling n is
known. In a way, (ntn|) in the self-energy equation (46.4), can be considered as
an initial condition for the four point function when one of the points, 2, separates
from all the others which are at 1. When that label 2 does not coincide with 1,
it becomes more reasonable to factor ¢ la Hartree-Fock. These physical ideas are
implemented by postulating

1 T 1) (T _ (1) 1
M (L,1),65 (1,2),, = 4665 (1,17) , 6V (1,2),, (47.1a)
where Ay depends on external field and is chosen such that the exact result 2
S (1L1), 0 (TL17), = U tn (g (1), (47.2)

is satisfied. It is easy to see that the solution is

(nt (Dny (1))4
(ny (1)), (ny (1)),

Substituting A, back into our ansatz Eq.(48.3) we obtain our first approximation

Ay=U (47.3)

-1
for the self-energy by right-multiplying by ( ((,1)>

20 (1,2), = 4,65 (1,1%),,6(1-2). (47.4)

We are now ready to obtain irreducible vertices using the prescription of section
46.2, Eq.(46.22), namely through functional derivatives of ¥ with respect to G. In
the calculation of Uy, the functional derivative of (ntn;) / ((ny) (n,)) drops out,
so we are left with ?,

ot (1,2),
3GtV (3,4),,

st (1,2),

_m = Uypd(1—-2)6(3—1)6(4—2)

¢=0 ¢=0

(nymy)

Usp Ap=0 U<”T> ) (47.5)
The renormalization of this irreducible vertex may be physically understood as
coming from the physics described by Kanamori and Brueckner [20] (in the lat-
ter case in the context of nuclear physics): The value of the bare interaction is
renormalized down by the fact that the two-particle wave function will want to be
smaller where U is larger. In the language of perturbation theory, one must sum
the Born series to compute how two particles scatter off each other and not work
in the first Born approximation. This completes the derivation of the ansatz that
is central to TPSC.

The functional-derivative procedure generates an expression for the charge ver-
tex Uep, which involves the functional derivative of (nyn;) / ({(n1) (n;)) which con-
tains six point functions that one does not really know how to evaluate. But, if
we again assume that the vertex U., is a constant, it is simply determined by
the requirement that charge fluctuations also satisfy the fluctuation-dissipation
theorem and the Pauli principle, as in Eq.(46.34). In summary, spin and charge
fluctuations are obtained from

xM(q)
Xsp(@) m (47.6)
Xen(@) = ) (47.7)

L+ 5UeanxM(q)’

2See footnote (14) of Ref. [?] for a discussion of the choice of limit 17 vs 17.
3For n > 1, all particle occupation numbers must be replaced by hole occupation numbers.
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with the irreducible vertices determined from the sum rules
xW(q
NZZ 1- 10, X(l—)( ) =n—2(nm) (47.8)

and

=n+2{nn) —n? (47.9)

szl+ UchX ()

along with the relations that relates U, to double occupancy, Eq.(47.5).

Remark 144 Note that, in principle, ¥V also depends on double-occupancy, but
since ) is a constant, it is absorbed in the definition of the chemical potential
and we do not need to worry about it in this case. That is why the non-interacting
irreducible susceptibility X(l)(q) = X, (q) appears in the expressions for the suscep-
tibility, even though it should be evaluated with G that contains V. A rough
estimate of the renormalized chemical potential (or equivalently of 2(1)), s given
in the appendiz of Ref. ([?]). One can check that spin and charge conservation
are satisfied by the TPSC susceptibilities.

Remark 145 Uy, (n7) (n)) = U (nyn|) can be understood as correcting the Hatree-
Fock factorization so that the correct double occupancy be obtained. Expressing the
irreducible vertex in terms of an equal-time correlation function is inspired by the
approach of Singwi [?] to the electron gas. But TPSC is different since it also
enforces the Pauli principle and connects to a local correlation function, namely

(niny) .

47.2 TPSC Second step: an improved self-energy
$(2)

Collective charge and spin excitations can be obtained accurately from Green’s
functions that contain a simple self-energy, as we have just seen. Such modes are
emergent objects that are less influenced by details of the single-particle properties
than the other way around, especially at finite temperature where the lowest
fermionic Matsubara frequency is not zero. The self-energy on the other hand is
much more sensitive to collective modes since these are important at low frequency.
The second step of TPSC is thus to find a better approximation for the self-energy.
This is similar in spirit to what is done in the electron gas [3] where plasmons
are found with non-interacting particles and then used to compute an improved
approximation for the self-energy. This two step process is also analogous to
renormalization group calculations where renormalized interactions are evaluated
to one-loop order and quasiparticle renormalization appears only to two-loop order
[?7,7,7].

The procedure will be the same as for the electron gas. But before we move
to the algebra, we can understand physically the result by looking at Fig. 47-1
that shows the exact diagrammatic expressions for the three-point vertex (green
triangle) and self-energy (blue circle) in terms of Green’s functions (solid black
lines) and irreducible vertices (red boxes). The bare interaction U is the dashed
line. One should keep in mind that we are not using perturbation theory despite
the fact that we draw diagrams. Even within an exact approach, the quantities
defined in the figure have well defined meanings. The numbers on the figure refer
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Figure 47-1 Exact expression for the three point vertex (green triangle) in the
first line and for the self-energy in the second line. Irreducible vertices are the red
boxes and Green's functions solid black lines. The numbers refer to spin, space and
imaginary time coordinates. Symbols with an over-bard are summed/integrated over.
The self-energy is the blue circle and the bare interaction U the dashed line.

to spin, space and imaginary time coordinates. When there is an over-bar, there
is a sum over spin and spatial indices and an integral over imaginary time.

In TPSC, the irreducible vertices in the first line of Fig. 47-1 are local, i.e.
completely momentum and frequency independent. They are given by Uy, and
Ucp. If we set point 3 to be the same as point 1, then we can obtain directly
the TPSC spin and charge susceptibilities from that first line. In the second
line of the figure, the exact expression for the self-energy is displayed*. The
first term on the right-hand side is the Hartree-Fock contribution. In the second
term, one recognizes the bare interaction U at one vertex that excites a collective
mode represented by the green triangle and the two Green’s functions. The other
vertex is dressed, as expected. In the electron gas, the collective mode would be
the plasmon. If we replace the irreducible vertex using U, and U, found for
the collective modes, we find that here, both types of modes, spin and charge,
contribute to the self-energy [?].

Moving now to the algebra, let us repeat our procedure for the electron gas
to show how to obtain an improved approximation for the self-energy that takes
advantage of the fact that we have found accurate approximations for the low-
frequency spin and charge fluctuations. We begin from the general definition of
the self-energy Eq.(46.4) obtained from Dyson’s equation. The right-hand side of
that equation can be obtained either from a functional derivative with respect to
an external field that is diagonal in spin, as in our generating function Eq.(46.1),

or by a functional derivative of <1[J_U (1)l (2)>¢ with respect to a transverse
external field ¢,, namely an external field that is not diagonal in spin indices.

Working first in the longitudinal channel, the right-hand side of the general
definition of the self-energy Eq.(46.4) may be written as

5g0 (17 2)¢

% (106 (12) = 0| G|

- gfa (17 1+)¢ go (17 2)¢‘| . (4710)

4In the Hubbard model the Fock term cancels with the same-spin Hartree term
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Figure 47-2 Exact self-energy in terms of the Hartree-Fock contribution and of the
fully reducible vertex I' represented by a textured box.

The last term is the Hartree-Fock contribution. It gives the exact result for the
self-energy in the limit w — 00.[20] The 6G,/d¢_, term is thus a contribution
to lower frequencies and it comes from the spin and charge fluctuations. Right-
multiplying the last equation by G~! and replacing the lower energy part G, /6¢_
by its general expression in terms of irreducible vertices, Eq.(46.9) (recalling that
for 6G,/d¢_, the first term vanishes) we find

5@ @1,2) = vg (1,1%)5(1-2) (47.11)
ox6) (3.2), 995 (15),

D q1F +
0% (4,5),, o 3¢, (11,1), o

-UgM (1,3)

Every quantity appearing on the right-hand side of that equation has to be taken
from the TPSC results. This means in particular that the irreducible vertices

625,1)/ 592) are at the same level of approximation as the Green functions Q((jl)

and self-energies E,(,l). In other approaches one often sees renormalized Green func-
tions G(®) appearing on the right-hand side along with unrenormalized vertices,
0% /060G, — U. We will see later in the context of electron-phonon interactions that
this is equivalent to assuming, without justification, that the so-called Migdal’s
theorem applies to spin and charge fluctuations.

In terms of U, and Uy, in Fourier space, the above formula[?] reads,

urT
SO (Kiong = Un—o + 77 > [UsXP (@) + Uanx(3) (@)] 690 (k +q). (47.12)
q

The approach to obtain a self-energy formula that takes into account both lon-
gitudinal and transverse fluctuations is detailed in Ref.([?]). Crossing symmetry,
rotational symmetry and sum rules and comparisons with QMC dictate the final
formula for the improved self-energy $(?) as we now sketch.

There is an ambiguity in obtaining the self-energy formula [?]. Within the
assumption that only Uy, and U, enter as irreducible particle-hole vertices, the
self-energy expression in the transverse spin fluctuation channel is different. What
do we mean by that? Consider the exact formula for the self-energy represented
symbolically by the diagram of Fig. 47-2. In this figure, the textured box is
the fully reducible vertex I" (¢, k — k', k + k' — ¢) that depends in general on three
momentum-frequency indices. The longitudinal version of the self-energy corre-
sponds to expanding the fully reducible vertex in terms of diagrams that are irre-
ducible in the longitudinal (parallel spins) channel illustrated in Fig. 47-1. This
takes good care of the singularity of I" when its first argument ¢ is near (m, ).
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The transverse version [?, ?] does the same for the dependence on the second
argument k — k', which corresponds to the other (antiparallel spins) particle-hole
channel. But the fully reducible vertex obeys crossing symmetry. In other words,
interchanging two fermions just leads to a minus sign. One then expects that
averaging the two possibilities gives a better approximation for I' since it pre-
serves crossing symmetry in the two particle-hole channels [?]. By considering
both particle-hole channels only, we neglect the dependence of I" on k + k' — ¢
because the particle-particle channel is not singular. The final formula that we
obtain is [?]
urT

BP0 = Unog + 57 2 U p(a) + o @)] 98 (k). (4713

The superscript (2) reminds us that we are at the second level of approximation.

((71) is the same Green’s function as that used to compute the susceptibilities
X(l)(q). Since the self-energy is constant at that first level of approximation, this
means that G5 is the non-interacting Green’s function with the chemical potential
that gives the correct filling. That chemical potential (1) is slightly different from
the one that we must use in (g@))’l =g, + 1? — e — 2@ to obtain the same
density [?]. Estimates of x(Y) may be found in Ref. [?, ?]). Further justifications
for the above formula are given below in Sect.47.3.

47.3 TPSC, internal accuracy checks

How can we make sure that TPSC is accurate? We will show sample comparisons
with benchmark Quantum Monte Carlo calculations, but we can check the accu-
racy in other ways. For example, we have already mentioned that the f-sum rule
Eq.(48.5) is exactly satisfied at the first level of approximation (i.e. with nl(cl) on
the right-hand side). Suppose that on the right-hand side of that equation, one
uses ny obtained from G instead of the Fermi function. One should find that
the result does not change by more than a few percent. This is what happens
when agreement with QMC is good.

When we are in the Fermi liquid regime, another way to verify the accuracy of
the approach is to verify if the Fermi surface obtained from G satisfies Luttinger’s
theorem very closely. Luttinger’s theorem says that even an interacting system,
when there is a jump in ny at the Fermi surface at T'= 0 (as we have seen in the
electron gas) then the particle density is determined by the number of k points
inside the Fermi surface, as in the non-interacting case.

Finally, there is a consistency relation between one- and two-particle quantities
(X and (nyn;)). The relation

%, (1,1) G, (T.11) = %Tr %0) ZZE ,i0n)G (K, ign)e """ = U (nym)

(47.14)
should be satisfied exactly for the Hubbard model. In standard many-body books
[?], it is encountered in the calculation of the free energy through a coupling-
constant integration. We have seen this in the previous Chapter 38. In TPSC, it
is not difficult to show ° that the following equation

g (2<2>g<1>> = U (nyn,) (47.15)

5 Appendix B or Ref. [20]
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is satisfied exactly with the self-consistent U (nyn|) obtained with the susceptibili-
ties®. An internal accuracy check consists in verifying by how much %Tr (2(2)Q (2))
differs from 3Tr (5@ GW) . Again, in regimes where we have agreement with
Quantum Monte Carlo calculations, the difference is only a few percent.

The above relation between ¥ and (nqn|) gives us another way to justify our
expression for ¥(2). Suppose one starts from Fig. 47-1 to obtain a self-energy
expression that contains only the longitudinal spin fluctuations and the charge
fluctuations, as was done in the first papers on TPSC [?]. One finds that each
of these separately contributes an amount U (nyn|) /2 to the consistency relation
Eq.(47.15). Similarly, if we work only in the transverse spin channel [?, ?] we
find that each of the two transverse spin components also contributes U (nn) /2
to %Tr (E(2>g<1>) . Hence, averaging the two expressions also preserves rotational
invariance. In addition, one verifies numerically that the exact sum rule (Ref. [20]
Appendix A)

dw' r ’ 2
- / 720 (kw')=U*n_s (1 —n_s) (47.16)
determining the high-frequency behavior is satisfied to a higher degree of accuracy
with the symmetrized self-energy expression Eq. (47.13).

Eq. (47.13) for £ is different from so-called Berk-Schrieffer type expressions
[?] that do not satisfy © the consistency condition between one- and two-particle
properties, $Tr (£G) = U (nyn|).

Remark 146 Schemes, such as the fluctuation exchange approximation (FLEX),
that we will discuss later, use on the right-hand side G, are thermodynamically
consistent (Sect. ??) and might look better. However, as we just saw, in Fig.
48-2, FLEX misses some important physics. The reason [20] is that the vertex
entering the self-energy in FLEX is not at the same level of approximation as the
Green’s functions. Indeed, since the latter contain self-energies that are strongly
momentum and frequency dependent, the irreducible vertices that can be derived
from these self-energies should also be frequency and momentum dependent, but
they are not. In fact they are the bare vertices. It is as if the quasi-particles had a
lifetime while at the same time interacting with each other with the bare interac-
tion. Using dressed Green’s functions in the susceptibilities with momentum and
frequency independent vertices leads to problems as well. For example, the conser-
vation law X, cp, (q = 0,ig,) = 0 is violated in that case, as shown in Appendiz A
of Ref.[20]. Further criticism of conserving approaches appears in Appendiz E of
Ref.[20] and in Ref.[?].

SFLEX does not satisfy this consistency requirement. See Appendix E of [20]. In fact double-
occupancy obtained from G can even become negative [?].
7[20] Appendix E)
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48. TPSC, BENCHMARKING AND
PHYSICAL ASPECTS

In this chapter, we present a physically motivated approach to TPSC and bench-
mark the theory by comparing with Quantum Monte Carlo simulations. We also
discuss physical consequences of the approach, in particular the appearance of
a pseudogap that is the precursor of long-range order that occurs only at zero
temperature. We show that this physics seems to be realized in electron-doped
cuprates.

48.1 Physically motivated approach, spin and charge
fluctuations

As basic physical requirements, we would like our approach to satisfy a) con-
servation laws, b) the Pauli principle and ¢) the Mermin Wagner theorem. The
standard RPA approach satisfies the first requirement but not the other two as
we saw in Sec. 46.4.

How can we go about curing this violation of the Pauli principle while not
damaging the fact that RPA satisfies conservation laws? The simplest way is to
proceed in the spirit of Fermi liquid theory and assume that the effective interac-
tion (irreducible vertex in the jargon) is renormalized. This renormalization has
to be different for spin and charge so that

xM(a)
Xsp(4) 100 (48.1)
(1)
) = — D (48.2)

In practice x(V)(q) is the same' as the Lindhard function y,(q) for U = 0 but,
strictly speaking, there is a constant self-energy term that is absorbed in the
definition of p [?]. We are almost done with the collective modes. Substituting
the above expressions for x,,(¢) and x,;,(¢) in the two sum-rules, local-spin and
local-charge appearing in Eqs.(46.33,46.34), we could determine both Uy, and Uy,
if we knew (nyn ). The following ansatz

Usp (n1) (ny) = U (nyny) (48.3)

gives us the missing equation. Now notice that Us,, or equivalently (nn|) depend-
ing on which of these variables you want to treat as independent, is determined
self-consistently. That explains the name of the approach, “Two-Particle-Self-
Consistent”. Since the the sum-rules are satisfied exactly, when we add them up
the resulting equation, and hence the Pauli principle, will also be satisfied exactly.

!The meaning of the superscripts differs from that in Ref. [20]. Superscripts (2) (1) here
correspond respectively to (1) (0) in Ref. [20]
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In other words, in Eq.(46.36) that follows from the Pauli principle, we now have
Usp and Ugp, on the left-hand side that arrange each other in such a way that there
is no violation of the principle. In standard many-body theory, two-particle self-
consistency is achieved in a much more complicated by solving parquet equations.
7, 7]

The ansatz Eq.(48.3) is inspired from the work of Singwi [?, 7] and was also
found independently by M. R. Hedeyati and G. Vignale [?]. The whole procedure
was justified in the previous Chapter. For now, let us just add a few physical
considerations.

Since Uy, and Uy, are renormalized with respect to the bare value, one might
have expected that one should use the dressed Green’s functions in the calculation
of xo(q). It is explained in appendix A of Ref.[20] that this would lead to a
violation of the results Xg,(q =0,w) = 0 and th(q =0w) = 0. In the present
approach, the f-sum rule

dw H —1 i . .
/ 7wxlclh,sp (q7w) = %E}%T (6 il —e an) ’anXch,sp <q7 ’Lq’ﬂ) (484)
iqn
1
= N Z (€ktq T €k—q — 26k) ko (48.5)
ko

is satisfied with ny, = nl(( ), the same as the Fermi function for the non-interacting

case since it is computed from G

Remark 147 U, (ny) (n)) = U (nyn,) can be understood as correcting the Hatree-
Fock factorization so that the correct double occupancy be obtained. Expressing the
irreducible vertex in terms of an equal-time correlation function is inspired by the
approach of Singwi [?] to the electron gas. But TPSC is different since it also
enforces the Pauli principle and connects to a local correlation function, namely

(niny) .

48.2 Mermin-Wagner, Kanamori-Brueckner

The functional form of the results that we found for spin and charge fluctua-
tions have the RPA form but the renormalized interactions Uy, and U,j, must be
computed from

xY(q
NZZU—X(U():TL_2<”T”1> (48.6)

and 0
T X (q) 2
— —= = =n+2(nn) —n-. (48.7)
N Xq:%: 1+ 5UenxM(q) H

With the ansatz Eq.(48.3), the above system of equations is closed and the Pauli
principle is enforced. The first of the above equations is solved self-consistently
with the U, ansatz. This gives the double occupancy (nyn) that is then used
to obtain U, from the next equation. The fastest way to numerically compute
x1(q) is to use fast Fourier transforms [?].

2For the conductivity with vertex corrections [?], the f-sum rule with ny, obtained from G®?
is satisfied.
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These TPSC expressions for spin and charge fluctuations were obtained by
enforcing the conservations laws and the Pauli principle. In particular, TPSC
satisfies the f-sum rule Eq.(48.5). But we obtain for free a lot more of the physi-
cal results, namely Kanamori-Brueckner renormalization and the Mermin-Wagner
theorem.

Let us begin with Kanamori-Brueckner renormalization of U. Many years ago,
Kanamori in the context of the Hubbard model [?], and Brueckner in the context of
nuclear physics, introduced the notion that the bare U corresponds to computing
the scattering of particles in the first Born approximation. In reality, we should
use the full scattering cross section and the effective U should be smaller. From
Kanamori’s point of view, the two-body wave function can minimize the effect of
U by becoming smaller to reduce the value of the probability that two electrons
are on the same site. The maximum energy that this can cost is the bandwidth
since that is the energy difference between a one-body wave function with no nodes
and one with the maximum allowed number. Let us see how this physics comes
out of our results. Far from phase transitions, we can expand the denominator of
the local moment sum-rule equation to obtain

T 1 Us
FETA@ (14500 @) =n -2 ) ). (8
q ign
Since % > Y4q. Xo(@) =n —2(ng) (ny), we are can solve for Uy, and obtain *

U
Uspy = T AT (48.9)

A = n2NZZ( ) (Qign) - (48.10)

1qn

We see that at large U, Us, saturates to 1/A, which in practice we find to be of
the order of the bandwidth. For those that are familiar with diagrams, note that
the Kanamori-Brueckner physics amounts to replacing each of the interactions U
in the ladder or bubble sum for diagrams in the particle-hole channel by infinite
ladder sums in the particle-particle channel [?]. This is not quite what we obtain

here since (X(l))2 is in the particle-hole channel, but in the end, numerically, the
results are close and the Physics seems to be the same. One cannot make strict
comparisons between TPSC and diagrams since TPSC is non-perturbative.
While Kanamori-Brueckner renormalization, or screening, is a quantum effect
that occurs even far from phase transitions, when we are close we need to worry
about the Mermin-Wagner theorem. To satisfy this theorem, approximate theories
must prevent (nyn|) from taking unphysical values. This quantity is positive and
bounded by its value for U = oo and its value for non-interacting systems, namely
0 < (nyn;) < n?/4. Hence, the right-hand side of the local-moment sum-rule
1,2

Eq.(48.6) is contained in the interval [n, n — $n?] . To see how the Mermin-Wagner

theorem is satisfied, write the self-consistency condition Eq.(48.6) in the form

T xW(g)
= o =n—2(niny). (48.11)
N q U("TT) Vil)x(l) (9)

Consider increasing (nyn|) on the left-hand side of this equation. The denomina-
tor becomes smaller, hence the integral larger. To become larger, (nsn;) has to
decrease on the right-hand side. There is thus negative feedback in this equation
that will make the self-consistent solution finite. This, however, does not prevent

3There is a misprint of a factor of 2 in Ref. [20]. Tt is corrected in Ref.[?].
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the expected phase transition in three dimensions [?]. To see this, we need to look
in more details at the phase space for the integral in the sum rule.
As we know from the spectral representation for y,

d_ujl w/X/c/h’,sp (q7w/)

™ (w/)Q + (wn)2 .

du’ X" W
Non o (@yign) = [ 2 Xebusp (347) ):/

T W —ig,

(48.12)

the zero Matsubara frequency contribution is always the largest. There, we find
the so-called Ornstein-Zernicke form for the susceptibility.

Ornstein-Zernicke form Let us focus on the zero Matsubara frequency contri-
bution and expand the denominator near the point where 1— % Usp x1(Q,0) =
0. The wave vector Q is that where x(!) is maximum. We find [?],

(1)

. X' (Q,0)

Xsp (q + Q7 an) 822;(1) Oy(1) .
1= 3Upx® — 3Usp Q2 0> — 3Us a(>§qn)zqft

52
1+ 22 +ign/wsp

(48.13)

where all quantities in the denominator are evaluated at (Q,0). On dimen-
sional grounds,

1. 9*xM(Q,0 1
-3 Sp%/ (1 - §Uspx“><cz,0))

scales (noted ~) as the square of a length, &, the correlation length. That
length is determined self-consistently. Since, wgy, ~ €72, all finite Matsub-
ara frequency contributions are negligible if 27T /wg, ~ 2rT¢* > 1. That
condition in the form wy, <« T justifies the name of the regime we are in-
terested in, namely the renormalized classical regime. The classical regime
of a harmonic oscillator occurs when w < T'. The regime here is “renormal-
ized” classical because at temperatures above the degeneracy temperature,
the system is a free classical gas. As temperature decreases below the Fermi
energy, it becomes quantum mechanical, then close to the phase transition,
it becomes classical again.

Substituting the Ornstein-Zernicke form for the susceptibility in the self-consistency
relation Eq.(48.6), we obtain

d%q 1 ~
T/ e C (48.14)

where C contains non-zero Matsubara frequency contributions as well as n —
2(nyn ). Since C is finite, this means that in two dimensions (d = 2), it is impos-
sible to have £72 = 0 on the left-hand side otherwise the integral would diverge
logarithmically. This is clearly a dimension-dependent statement that proves the
Mermin-Wagner theorem. In two-dimensions, we see that the integral gives a
logarithm that leads to

§~exp (C'/T).

where in general, C’ can be temperature dependent [?]. When C'’ is not tempera-
ture dependent, the above result is similar to what is found at strong coupling in
the non-linear sigma model. The above dimensional analysis is a bit expeditive.
A more careful analysis [?, ?] yields prefactors in the temperature dependence of
the correlation length.
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Figure 48-1 Wave vector (q) dependence of the spin and charge structure factors
for different sets of parameters. Solid lines are from TPSC and symbols are QMC
data. Monte Carlo data for n = 1 and U = 8t are for 6 x 6 clusters and T' = 0.5¢;
all other data are for 8 x 8 clusters and T" = 0.2¢t. Error bars are shown only when
significant. From Ref. [?].

48.3 Benchmarking

Quantum Monte Carlo calculations, that we explain in a later Chapter of this
book, can be considered exact within statistical sampling. Hence they can be
used as benchmarks for any approximation scheme. In this section, we present a
few benchmarks on spin and charge fluctuations, and then on self-energy. More
comparisons may be found in Refs. [?] and [?, 20, ?, ?] and others quoted in these
papers.

48.3.1 Spin and charge fluctuations

The set of TPSC equations for spin and charge fluctuations Eqs.(48.6,48.7,48.3)
is rather intuitive and simple. The agreement of calculations with benchmark
QMC calculations is rather spectacular, as shown in Fig.(48-1). There, one can
see the results of QMC calculations of the structure factors, i.e. the Fourier trans-
form of the equal-time charge and spin correlation functions, compared with the
corresponding TPSC results.

This figure allows one to watch the Pauli principle in action. At U = 4t,
Fig.(48-1a) shows that the charge structure factor does not have a monotonic
dependence on density. This is because, as we approach half-filling, the spin
fluctuations are becoming so large that the charge fluctuations have to decrease
so that the sum still satisfies the Pauli principle, as expressed by Eq.(46.36). This
kind of agreement is found even at couplings of the order of the bandwidth and
when second-neighbor hopping ¢’ is present [?, ?].
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Figure 48-2 Single-particle spectral weight A(k,w) for U =4, 8 =5, n =1, and

all independent wave vectors k of an 8 x 8 lattice. Results obtained from maximum
entropy inversion of Quantum Monte Carlo data on the left panel, from TPSC in the
middle panel and form the FLEX approximation on the right panel. (Relative error in
all cases is about 0.3%). Figure from Ref.[?]

Remark 148 Fven though the entry in the renormalized classical regime is well
described by TPSC [?], equation (/8.3) for Uy, fails deep in that regime because
Y becomes too different from the true self-energy. At n = 1, t' = 0, deep in
the renormalized classical regime, Uy, becomes arbitrarily small, which is clearly
unphysical. However, by assuming that (nyn|) is temperature independent below
Tx, a property that can be verified from QMC calculations, one obtains a qualita-
tively correct description of the renormalized-classical regime. One can even drop
the ansatz and take (nym|) from QMC on the right-hand side of the local moment
sum-rule Eq.(48.6) to obtain Ug,.

48.3.2 Self-energy

We check that the formula for the self-energy Eq.(47.13) is accurate by comparing
in Fig. 48-2 the spectral weight (imaginary part of the Green’s function) obtained
from Eq.(47.13) with that obtained from Quantum Monte Carlo calculations. The
latter are exact within statistical accuracy and can be considered as benchmarks.
The meaning of the curves are detailed in the caption. The comparison is for
half-filling in a regime where the simulations can be done at very low temperature
and where a non-trivial phenomenon, the pseudogap, appears. This all important
phenomenon is discussed further below in subsection 52.1 and in the first case
study, Sect. 52.2. In the third panel, we show the results of another popular Many-
Body Approach, the FLuctuation Exchange Approximation (FLEX) [?]. It misses
[?] the physics of the pseudogap in the single-particle spectral weight because it
uses fully dressed Green’s functions and assumes that Migdal’s theorem applies,
i.e. that the vertex does not need to be renormalized consequently Ref.[20, ?].
The same problem exists in the corresponding version of the GW approximation.

7l
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Remark 149 The dressing of one vertex in the second line of Fig. /7-1 means
that we do mot assume a Migdal theorem. Migdal’s theorem arises in the case
of electron-phonon interactions [?]. There, the small ratio m/M, where m is
the electronic mass and M the ionic mass, allows one to show that the vertex
corrections are negligible. This is extremely useful to formulate the FEliashberg
theory of superconductivity.

Remark 150 In Refs. [20, 7] we used the notation £ instead of (). The
notation of the present paper is the same as that of Ref. [?]
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49. DYNAMICAL MEAN-FIELD
THEORY AND MOTT TRANSITION-
I

In this Chapter, we will see a physically motivated derivation of dynamical mean-
field theory and discuss the results found by this method on the Mott transition.
A more rigorous approach to the derivation will appear later in this book. There
are many review articles. We quote from Ref.[7] amongs others.

The band picture of electrons explained very well the occurence of metals,
with bands that are unfilled, and insulators, with filled bands, de Boer and Ver-
wey (1937) reported that many transition-metal oxides with a partially filled d-
electron band were exceptions. They were often poor conductors and indeed often
insulators. NiO became the prototypical example. following their report, Peierls
(1937) pointed out the importance of the electron-electron correlation: According
to Mott (1937), Peierls noted

“it is quite possible that the electrostatic interaction between the elec-
trons prevents them from moving at all. At low temperatures the
majority of the electrons are in their proper places in the ions. The
minority which have happened to cross the potential barrier find there-
fore all the other atoms occupied, and in order to get through the lattice
have to spend a long time in ions already occupied by other electrons.
This needs a considerable addition of energy and so is extremely im-
probable at low temperatures.”

Peierls is explaining that at half-filling, every unit cell is occupied by one carrier
in the presence of strong Coulomb repulsion. And the electrons cannot move
because of the large Coulomb repulsion it would cost. Later, Slater found another
way to obtain an insulator at half-filling even when Coulomb interactions are weak.
This is when long-range antiferromagnetic order leads to a doubling of the unit
cell. We have already seen in the previous Chapter that perfect nesting could lead
to a diverging antiferromagnetic susceptibility, and hence to a phase transition
with arbitrarily weak interaction. In that case, the Brillouin zone becomes half
the size so the band split in two and the lower band is now full. The Mott insulator
and the antiferromagnetic insulator are conceptually very different. One has long-
range order while the other does not.

In the 1970’s vanadium oxide became an example of a material showing a Mott
transition. The phase diagram appears in Fig. 49-1. The substitution of vanadium
by another metal with d electrons is modeled here as pressure. The accuracy of this
hypothesis is confirmed by real pressure experiments that appear on the same plot
(see the top and bottom horizontal axis). Pressure increases the overlap between
orbitals, hence the kinetic energy and tends to delocalize electrons. We see on this
phase diagram a finite temperature first order transition between a metal and an
insulator without long-range order. This material has a three-dimensional lattice
structure.

Layered organic conductors are quasi two-dimensional materials with a half-
filled band. These are soft materials, so one can apply pressure and have a sizeable
effect on the electronic structure. One observes a first-order metal-insulator tran-
sition at high-temperature that ends at a critical point. For both materials there
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Figure 49-1

is an antiferromagnetic phase at low temperature, suggesting the importance of
electron-electron interactions.

Simple pictures of the Mott transition have been proposed. In the Brinkman-
Rice scenario, the effective mass becomes infinite at the Mott transition. In the
Mott picture, at large interaction and half-filling, the non-interacting band splits in
two and there is an empty and a filled band, so no conduction. As the interaction
strenght decreases, a metallic phase occurs when the bands overlap.

The modern view of this transition contains a bit of both of the above ideas.
That view emerges from dynamical mean-field theory, that we explain in this
Chapter. This theory was discovered after Vollhardt and Metzner proposed and
exact solution for the Hubbard model in infinite dimension. Georges and Kotliar
and independently Jarrell arrived at the same theory.

We begin with an apparently related problem, that of a single site with a
Hubbard interaction, connected to a bath of non-interacting electrons. This is the
so-called Anderson impurity model. The we will argue that in infinite dimension
the self-energy depends only on frequency. That will allow us to establish a self-
consistency relation.

49.1 Quantum impurities

We will only set up the problem of quantum impurities without solving it. The
Numerical Renormalization Group approach (NRG) and Density Matrix Renor-
malization Group are examples of approaches that can be used to solve this prob-
lem.

We begin with the Anderson impurity problem. Including the chemical poten-
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tial the model is defined by
K = Hy+H.+Hjp.—puN (49.1)
Ki = S (e-mihfio+U(fhfn) (F51) (49.2)
K, = Z Z (ex — 1) cfwckg (49.3)
o k
ch = Z Z (Vkicir(gfw + %ifjackg) (49.4)
o k

To physically motivate this model, think of a single f level on an atom where
the on-site interaction is very large. That site is hybridized through Vi with
conduction electrons around it. The sum over k in the hybridization part of the
Hamiltonian Hy. basically tells us that it is the local overlap of the conduction
band with the impurity that produces the coupling.

Suppose we want to know the properties of the impurity, such as the local
density of states. It can be obtained from the Green function

Grr (1) =— <Trfw (7) £} > (49.5)

We will proceed with the equations of motion method, following steps analogous
to those in the exercise on non-interacting impurities. We first write the equations
of motion for cx, and f;,

%cka = [KT, ko] (49.6)
= —(ex — 1) ko — Vi fio (49.7)

e = [Krfil (19.9)
(49.9)

= (=) fio ~Uf] sfiokic =Y _ Virtko
k
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Proceeding like our in our earlier derivation of the equations of motion we have

600 = =30 ({fe (7). 5})
_ <TT (* (e =) fio (1) — Uf;_a (1) fico (T) fio (T) — V;icka) sz¢7> (49.10)
—6(r) = (e = Gys (1) +U <T7f¢tg (T) fio (T) fio (T) w> kagcf (k,i,7)

where we defined

Ger (k,i,7) = — <TTCko— (1) f}a> : (49.11)

To eliminate this quantity, we write its equations of motion

<><{cko<>f 3

—6
<TT gk - Cka (T) - Vkifia ( )) fza'>
Ex — [L) gcf (k,Z,T) Vkigff (T) (49.12)

0 )
Egcf (ka Z T) =

—(
that follows because {ckg, } 0. It can be solved by going to Matsubara
frequencies

Ger (k,i,iky,) = ViGrr (tky) . (49.13)

ikn — (e — 1)
Substituting in the equation for Gy (ik,) we obtain

Grr (iky)

. . 1
[lkn —(e—n) - ZVikak

k
N
= 1-U /O drethnT <TTfZT_J(T) Ffieo (7) fio (7) f;a>. (49.14)

The last term on the right-hand side is related to the self-energy as usual by

s
gy (i) Gpy (i) = U [ e (TofL, (7)o (7) ir (1) 1) (4015)

The equation to be solved has exactly the same Dyson equation structure as that
which we would find for a single impurity

GYg (ikn) ™" Gy (ikn) = 14Xy (ikn) Gy (ikn) (49.16)
Grs (ikn) = Gy (ikn) + Gy (ikn) g (ikn) Gy g (iky) (49.17)

except that now the “non-interacting” Green function is
0 /-
kn) =ik, — (e — —Vi. 49.18
gff(l ) =1 (e Z zkzk ~(ex — 1) k ( )

This is in fact exactly the non-interacting Green function that we would find with
U = 0. One can propagate from the impurity site back to the impurity site by
going through the bath. One often defines the hybridization function Ay (iky,)
by

Agy (iky) ZVJ% G )Vki. (49.19)

The solution to this impurity problem is complicated. The structure in imag-
inary time is highly non-trivial. Wick’s theorem does not apply to the effective
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impurity problem. Contrary to the atomic limit, the number of electrons on a
site is not conserved, i.e. it is time-dependent, and the simplicity of the problem
is lost. There is a complicated dynamics where electrons move in and out of the
impurity site and what happens at a given time depends on what happened at
earlier ones. For example, if there is a down electron on the impurity site, another
down electron will not be able to come on the site unless the previous one comes
out. The problem contains the rich Physics that goes under the name of Kondo
and could be the subject of many chapters in this book. We will not for now
expand further on this.

49.2 A simple example of a model exactly soluble
by mean-field theory

Let us forget momentarily about quantum mechanics and consider a simpler prob-
lem of classical statistical mechanics. Mean-field theory is often taken as an ap-
proximate solution to a model. It can also be formulated as an exact solution of
a different model. That helps understand the content of mean-field theory.
Mean-field theory is the exact solution of the following infinite range Ising

model
AN
H=—s (Zl SZ-) —h;&-. (49.20)

with S; = +1. We have chosen the exchange J = 1. The range of the interaction is
extremely weak in the thermodynamic limit. The 1/N normalisation is necessary
to have an energy that is extensive, i.e. proportional to the number of sites. In
the usual Ising model, a given site interacts only with its neighbors so the energy
is clearly extensive.

To compute the partition function, we use the Hubbard-Stratonovich transfor-
mation that represents e #H as a Gaussian integral

2

—00

1/2  roo
e[a%(zévlsi)ﬁﬁhzi&]:(]v—ﬁ) / dre[mFT VPO TS (49.91)

The result can be checked by completing the square. Then, the partition function
can be computed easily

Z = Ze_BH

{S:}
1/2  roo
- (Z—@ / dre™ % [2cosh (8 (A + h))
1/2  poo
= (J;[—f) / dre NVBEX) (49.22)
where )
FO) = % - %m 2cosh (8 (A + h))]. (49.23)

Because N — oo, we can evaluate the integral by steepest descent and the free
energy per site is given by

f (k) =min F (3) + 0 (%) . (49.24)
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The value of A which minimizes F' has the meaning of magnetization density.
Indeed, OF/OX = 0 leads to

A = tanh[B (A + h)] (49.25)
and using the previous result,
F
m= or = tanh[8 (A +h)] = A. (49.26)
oh J

This is what is found in mean-field theory.

49.3 The self-energy is independent of momentum
in infinite dimension

It took a long time to find a variant of the Hubbard model that could be solved
by a mean-field theory. That the Hubbard model was exactly soluble in infinite
dimension was discovered by Metzner and Vollhardt. Kotliar and George and
Jarrell found that is was possible to formulate a mean-field theory based on these
ideas. The key result is that in infinite dimension, the self-energy depends only
on frequency.

First we need to formulate the Hubbard model in such a way that in infinite
dimension it gives a non-trivial and physical result, somewhat in the way that
we did for the Ising model above. The possibly troublesome term is the kinetic

energy. Consider the value of <cjacjg> for nearest neighbors. In the ground state,
that quantity can be interpreted as the matrix element (1, |¢jg> where }¢jg> is
the ground state with one less particle at site j and (1, | the ground state where

we add a particle at site <. Hence |<7,Z1w |wjg>’2 is the probability for a particle to
go from j to 4. It has to scale like 1/d if we want particle-number to be conserved.

This means that <c;-racjg> scales as 1/ Vd so if we want a finite number for the
kinetic energy, we need to multiply ¢ by v/d. Taking into account that there are Z

neighbors, with Z = 2d for a hypercubic lattice, we need an additional factor of
1/d. The kinetic energy in the end is thus written as

Ein = (t Vd ) 3 (cwcjg +h c) (49.27)
(4,3)
The interaction term does not need to be scaled since it is local. The quantity
t* //d thus plays the role of the usual ¢ entering the kinetic energy, with t* finite
in the d — oo limit
We can find the same result by requiring that the bandwidth remains finite in
the infinite dimensional limit. Consider the single-particle density of states

:/ dkl/ dky / d2kd5( ) (49.28)
_ _ Y3

with ; = —2t cos k;. This has the structure of a probability density for a variable
that is the sum of identically distributed statistically independent variables. One
can make the change of variables from P (k;) = 1/ (27) to P (g;) so that

w):/d51/dz-:g.../dsdP(sl)P(EQ)...P(sd)é(w—sl—52—...5d).
(49.29)
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The resulting probability density is a Gaussian with mean zero since f de1P(e1)e; =
0 and variance 2t2d because [deiP(e1)e} = [T 2 (2tcos(ki))? = (2t)% /2.
More specifically,

1 w \?
N (w) = m exp l— <2t—\/3> 1 . (49.30)

This means that in the limit d — oo, we need to choose
t=t"/Vd

with t* finite if we want a density of states with a finite width in that limit. In
the same way that we had to take an effective exchange interaction smaller in our
Ising model example, here we need to take an effective hopping that is smaller,
t*/+/d, in the infinite dimensional limit.

The fact that <c;rgcjg> scales as 1/ Vd in the d — oo limit has important

consequences on the self energy. Indeed, G will also scale as 1/v/d. Hence, if we
consider the real space expression for Y15 where 1 and 2 are near-neighbor sites,
then apart from the Hartree-Fock term that arises in first order perturbation
theoty, we find from second order that the contribution is proportional to Qfg
which is proportional to 1/d®/2. There is an additional factor 1/4/d in the Green’s
function every time the distance increases by one so 3;; for more distant ¢j is even
smaller. In the end, this means that the self-energy depends only on frequency.

49.4 The dynamical mean-field self-consistency re-
lation

Since the self-energy depends only on frequency, the Green’s function on the infi-
nite lattice reads in Fourier-Matsubara space

o 1
G (kjikn) = s —% o (49.31)

The Green’s function in real space, on the same lattice site, is obtained from
Fourier transformation

, B d?k 1
Gii (ikn) = / (2m)% ikn — (e — 1) — X (k)

d?k 1
- / oy /daé(e — (ex — 1)) F—Y
/daN () p— i ST (49.32)

We give more detailed justification in a later chapter, but for now, we just ask
that this result be the same as that obtained for a single site in the presence of a
bath. In other words, we assume that the influence of the rest of the lattice is to
transfer electrons in and out of the lattice site. But we know that for a single site
in a bath,

Gii (ikn) = (G0 (ikn)) ™ — S (ika). (49.33)
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Figure 49-3  First order transition for the Mott transition. (a) shows the result fro
two dimensions obtained for a 2 x 2 plaquette in a bath. In (b), the result obtained
for a single site. The horizontal axis is U, = (U — Upsrr) /Unsrr with Uprrr = 6.05¢
in the plaquette case and U = 9.35¢ in the single site case.

So we solve the problem iteratively as follows. Take a (G% (ikn))_l and com-
pute X (ik,,) for the single-site Anderson impurity problem. Substitute that self-
energy in the expression for the infinite lattice Green’s function and ask that the
projected Green’s function found from Eq.(49.32) be equal to the impurity Green’s
function Eq.(49.33). If this is not the case, change G (ik,,) until the condition is
satisfied. The difficult part of the problem resides in finding the solution of the
impurity problem. There are a number of methods to do that. So usually, it is
not enough to say that one is working with dynamical mean-field theory. One also
has to specify the “impurity solver”.
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Figure 49-4 decrease for U 1:1 W; from Ref. [78] in Vollhardt in Mancini.

49.5 The Mott transition

Clausius-Clapeyron
dE =TdS + pdN + DdU (49.34)

d(E—-TS — uN)=—-SdT — Ndu + DdU (49.35)
Set dp = 0,then along the phase boundary

— SydT. + DydU, = —S1dT. + DidU.. (49.36)
Hence T DD
c I — M
0.~ S5 S (49.37)
49.6 Doped Mott insulators
dI. _ nup —nop (49.38)

dp.  Sop — Sup '

The calculation shows that T, increases as u, increases (i.e. the first-order line
bends toward the Mott insulator). This implies that the UD phase has a lower
entropy than the OD phase. In an analogous way, by taking a constant 7" plane,

one obtains
dU.  nuyp —nop

= . 49.39
dp,  Dup — Dop ( )

The calculations show that p. decreases as U, increases. Hence, the UD phase
has lower double occupancy than the OD phase. This is as expected and suggests
again that in the UD phase the correlations are stronger.
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From now on, these are very sketchy notes that will evolve towards a more
structured text with time.

In this chapter we encounter the limits of our first principle of adiabatic conti-
nuity, mentioned in the introduction. That principle is in competition with another
one. Indeed. interactions may lead to divergent perturbation theory that cannot
be resummed in any way. This breakdown reflects a deep fact of nature, that inter-
actions may lead to new phases of matter, and these phases may be characterized
sometimes by broken symmetries. This is the principle of broken symmetry. It is
a principle because it is an empirically observed fact of very broad applicability.
We will see how it arises in the simplest manner in a model of ferromagnetism
proposed many years ago by Stoner. Original ideas go back to Weiss. This will
allow us to develop most of the concepts and approaches we will need to study
superconductivity. One of the lessons of this chapter will be that it is impossible
to reach a broken symmetry phase from the phase without the broken symmetry
by using perturbation theory. And vice-versa. The transition point, whether as a
function of interaction strength or as a function of temperature, is a singularity.
Our main example will be ferromagnetism. At the end of the chapter we will touch
upon many problems of mean-field theories.
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50. WEAK INTERACTIONS AT

LOW FILLING, STONER FERRO-
MAGNETISM AND THE BROKEN
SYMMETRY PHASE

Consider the case of an almost empty band where the dispersion relation is
quadratic. And take U/t small so that we may think a priori that perturba-
tion theory is applicable. Stoner showed using simple arguments that if U is large
enough, the system has a tendency to become ferromagnetic. We will look at this
result from many points of view. And then we will see that Stoner’s argument has
some problems and that ferromagnetism is much harder to find than what Stoner
first thought.

50.1 Simple arguments, the Stoner model

In the Hartree Fock approximation,
ko =k +U (n_y) (50.1)

The idea of Stoner, illustrated in Figs.() and () for two and three dimensions, is
best illustrated in the limiting case where U is very large. Then by taking all the
spins to be up, one increases the kinetic energy, but there is no potential energy.
Clearly, if U is large enough (Nagaoka ferromagnetism) it seems that this will
always be the lowest energy solution since the kinetic energy is the same whatever
the value of U .

The above solution breaks the rotational symmetry of the original Hamiltonian,
yet it is a lower energy state. The proper way to consider this problem is to put
an infinitesimal magnetic field pointing in one direction in the original Hamil-
tonian, then take the infinite volume limit, then take the field to zero. In pratical
situations, this is how symmetry is broken anyway.

At the threshold for the instability, when the two wave vectors become different,
the energies for up and down spins are still identical, so

Erpr — Ekpy, = U ((n1) = () - (50.2)

Expanding the left-hand side in powers of (n|)—(n, ) we have, using that %g& %ff
is independent of spin,

(9€kF Okp

o on () = () = U ((m) = () (50.3)
8;?; = U (50.4)

on 0 Ckp
1 = U@ng = UaEk;F / N (e)de  (50.5)

UN (gxp) (50.6)

1
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where N (F) is the density of states for a given spin species. The last formula is
the celebrated Stoner criterion for antiferromagnetism.

50.2 Variational wave function

If we take a non-interacting solution but with two different Fermi wave vectors for
up and down electrons, then we can write a variational wave function

@) = 116 (ky = [k|) 110 (kg — [k e, 10) (50.7)
Using Ritz’s variational principle, we need to minimize

(W) H = uN [9) = S (e — ) (nieo) + NU (o) (ng) . (50.8)
k,o

We will not proceed further since this is a special case (T = 0) of the more general
equations treated in the following section.

50.3 Feynman's variational principle for variational
Hamiltonian. Order parameter and ordered
state

Anticipating that there will be a broken symmetry, it is tempting to choose as a
trial Hamiltonian

Hy = ZSkCLTCkg + UZ ({(nir) iy + (ny) naip) (50.9)
k,o i

= Yead,a0+UY ((nT> e oy + (ny) cLTckT) (50.10)
k,o k

In other words, it is as if we had written in the interaction term n;; — (ni) 4 0m;1
and neglected the terms quadratic in dn; (with at the end dn;; — n;1p).
The calculation then proceeds as usual by using Feynman’s variational principle

lenZSlenZ6+<(Hfﬁo>>6 (50.11)

to minimize the right-hand side, which can be written, using the usual definition
Ck =€k — b

Tl H (1 + e—a(<k+u<m>>) (1 + eﬁ(ckw«mm)]
k
+UN (n4) (n}) — 2UN {(ny) (n)) . (50.12)
Defining
n= <n1> + <TL1> (50.13)
410 WEAK INTERACTIONS AT
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and the “order parameter”
m=(ng) - (ny) (50.14)

that measures the magnetization, or spin polarization, we set the derivative with
respect of m equalt to zero to obtain the extremum. This leads to

e BGHU(n—0)) d(n_,) 9 (no)
; { [_T; 1+ eBtU(n_0)) (ﬁU om ) —UN ( om <ng>> } -
(50.15)

which, using the derfinition of the magnetization Eq.(50.14) and of the Fermi
function, can be written

*Zf Ce+U(n +Zf (Ci + U (1)) — N (n)) + N (ng) = 0. (50.16)

This equation is called the “gap equation”, as we will understand in the following
sections. It must be solved simultaneously with the equation for the chemical
potential

(ny) + (ny) NZ G+ U )+ f (G +U(ny)))- (50.17)

50.4 The gap equation and Landau theory in the
ordered state

Using our definition of the magnetization Eq.(50.14) and the equation for the
minimum Eq.(50.16), we obtain an equation (also called the gap equation) for the
order parameter m,

A la o) (e e

Suppose we are close to the transition where m is small. Expanding the right-hand
side, we have

_ of (¢x)
= ¥ Z agkk Um)+ 0 (m?) (50.19)
= UN (ng)m + 0 (m%), (50.20)

where we have used that as T' — 0 the derivative of the Fermi function becomes
minus a delta function.
The last equation may also be written

(1—UN (k) m = bm? (50.21)
where a more detailed calculation gives that

_ N (eke) (V' (ekp))
b=~ - ) (50.22)

That quantity is generally negative, although one must watch in two dimensions
for example where the second derivative of the density of state is positive. The
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calculation of b is tedious since one must also take into account the dependence of
the chemical potential on m?2.

The last form of the equation for m Eq.(50.21) is the so-called Landau-Ginzburg
equation for the magnetization. If we had expanded the trial free energy in powers
of m, we would have obtained the Landau-Ginzburg free energy. That free energy
would have been of the form of a polynomial in powers of m? given the structure
of its first derivative in m, m3 etc... It could have been guessed based purely on
general symmetry arguments. The free energy must be a scalar so given that m is
a vector, one has to take its square. The difference here is that we have explicit ex-
pression for the coefficients of m? in terms of a microscopic theory. In the absence
of a microscopic theory, one can make progress anyway with the Landau-Ginzburg
strategy.

What are the consequences of the equation for the magnetisation Eq.(50.21)7
First of all we recover the Stoner criterion, m = 0 when 1 = UN (Er) and takes
a finite value m? = b/ (1 — UN (Ep)) if U is sufficiently large. This is the broken
symmetry state. Here that state breaks rotational invariance.

Broken symmetry is an empirically observed property of matter. Ferromagnets,
solids, antiferromagnets, superconductors are all broken symmetry states. The
fact the broken symmetry is a general result that is empirically observed makes
it a principle. Landau-Ginzburg type theories are theories of principle. The free
energy is a scalar, the broken symmetry is described by an order parameter so the
free energy is a function of all scalars that can be built with this order parameter.

Remark 151 It should be clear that the phase transition can occur at fived tem-
perature by increasing U, or at fixed U by decreasing T. Indeed, in general the equa-
tion for the order parameter Eq.(50.19) is temperature dependent. In Eq.(50.20)
we have taken the zero temperature limit.

50.5 The Green function point of view (effective
medium)

We can obtain the same results from the effective medium point of view. We
proceed exactly as with Hartree-Fock theory for the normal state except that this
time, our trial Hamiltonian Hy is spin dependent

Hy =" Fuotly o (50.23)
k,o

Starting from the diagrams in Fig.(39-2) and recalling that only the Hartree dia-
gram survives because up electrons interact only with down, the effective medium
equations are obtained for each spin component

Yo =U(n_g) + ek —Eke =0 (50.24)
so that we recover the Stoner result €y, = ex + U (n_,). The gap equation is

obtained from

G, (Kiky) = ——

—_— 50.25
tky — €ko + 1 ( )
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from which we extract the spin-dependent density
(ne) = TY ciknn 1 > _ (50.26)
7 —~ N ” iky — €ko + 1
1
= ¥ Y flex+Un o) —p). (50.27)
k

Adding the previous equations to (n|) + (ny), we recover all the previous results
for the magnetization etc.
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51. INSTABILITY OF THE NOR-
MAL STATE

In this section, we will see that there are signs of the ferromagnetic instability in
the normal state itself. We will find a divergence of the q = 0 spin susceptibility.
That divergence is physical, but it also signals a breakdown of perturbation theory.
Starting from the normal state, we cannot go below the transition temperature,
or below the critical value of U.We first treat the U = 0 case and then include the
effect of interactions.

As a preamble, we recall why it is the connected function that we are interested
in

d(S.) 9 Tr[e ARSI
BOh |;— ~ BOh Tr [ B(K—hS. )] - (51.1)
= (8.5.) —(S:)(S.) = <SZSZ>C (51.2)

51.1 The noninteracting limit and rotational invari-
ance

The spin susceptibility is obtained from the spin-spin correlation function. Very
schematically, consider the connected part of the time-ordered product,

(T:5.5:), = (Ir(ny —ny)(ny —ny)), (51.3)
= (Trnyng), + (Trnyny), — (Trngny), — (Trnyng),  (51.4)

We have assumed //2 = 1 here for the purposes of this discussion. As illustrated in
Fig.(?), only the first two terms have non-zero contractions. Hence, for the nonin-
teracting system, the charge and spin susceptibilities are identical when expressed
in units 7i/2 = 1 since

(Trpp). = (Tr(ng +ny)(ng +ny)), (51.5)
(Trning), + (Trnyn)), + (Trnny)  + (Trnyng), . (51.6)

Since the last two terms do not contribute, we are left for both spin and charge
with

Xo (4 ign) = ——ZTZGO (P + a, ipn +idn) Gy (Poipn)  (51.7)

p,0

Cp+q)
-~ Z anJr Cp . (51.8)
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Rotational invariance should give us in general, ven in the presence of interactions,

(T,8*87) +(T,5~8%), = %(TT (Sz +14Sy) (S —iSy)),  (51.9)
5 (T (Se —i5,) (S, +i8,)), (51.10)
= (T,.5.S.),. (51.11)

This comes out indeed from considering the diagrams in Fig.(). At the outer ver-

tices, the spin must now flip as indicated because of the presence of the operators
StS—.

51.2 Effect of interactions, the Feynman way

You can read the next section immediatly if you have read the previous part.

In the Hubbard model, we took into account the Pauli principle so that up
electrons interact only with down electrons. If we return to the original problem
where up can interact with down, we need to sum at the same time ladders and
bubbles in the way indicated in Fig.(?) to recover rotational invariance in an
RPA-like approximation. Since the interaction U is independent of momentum,
the two diagrams in Fig.(7a) cancel each other exactly and we are left only with
Fig.(?b) which corresponds to the theory where up interacts only with down.

In that theory, the set of diagrams that contributes to (1,5.5.), is given in
Fig.(?). It is different from the set of diagrams that contributes to (I,STS7), +
(T>S~ST), but the final answer is the same in the paramgnetic state with no
broken symmetry. Bubbles only contribute to (775.S;),. but the odd terms have
one extra minus sign because the minus sign in — (T>-nyn|), — (Trn ny) . Hence,
the result is exacly the same as for (I.STS™), + (I.S~S*), that we compute
with the ladder sum in Fig.(?). Consider for example (T;STS7),. There is one
minus sign for each order in perturbation theory, hence a factor (—U) and since
there are no extra fermion loops included and U is momentum independent, it is
the quantity —y,/2 that is multiplied when we increase the order by one. More
specifically, we obtain

2
T.5ts") = X0 Xo(_p (—@) Xo (_g7)2 (—ﬁ) .(51.12
(T,8%57), = 220 p)(-X0) 2oy (L) iy
2
- % (51.13)
1 =3 X0
We thus obtain in Fourier space where the above equation is algebraic,
X = (T.5%S7)_+(T,5°5%) = (I;5.5.), = 1"73 (51.14)
— 3 Xo

At finite frequency, a retarded response function can be positive or negative be-
cause of resonnances. But at zero frequency, we are looking at thermodynamics,

hence a susceptibility must be positive. One can show that any x (q, ig, ) is positive
when x§ (q,w) = —xq (q, —w), since
: dw x" (q,w
X (a,ign) = /—¥
T W—1iqn
d 1
_ / do o (dyw) (51.15)
T (W)™ + (gn)

416 INSTABILITY OF THE NORMAL STATE



hence a fortiori x (q,0) is positive. Hence, the RPA result Eq.(51.14) is non-
physical when 1 < % Xo (4, 0). There is a phase transition when the generalized
Stoner criterion

1=y, (a.0) (51.16)

is satisfied. Note that the first wave vector for which the above result is satisfied is
the one that becomes unstable. It does not necessarily correspond to a uniform fer-
romagnet (q = 0). We will see a specific example below with the antiferromagnet.
In the special ferromagnetic case

im — lim -2 F(Sp) = f (Cpia) af ()
a1y Xo (4 0) = Jin Zp: G Corg NZ G (51D

which reduces to 2N (eg,.) in the zero temperature limit. So we recover the simple
special case found previously for example in Eq.(50.6).

51.3 Magnetic structure factor and paramagnons

The transition to the ferromagnetic state is a continuous transition (or second
order transition in the mean-field language). It is signaled by a diverging suscepti-
bility. The correlation length is diverging at the transition point. We can see this
by expanding x (q,0) near the transition point so that it becomes asymptotically
equal to

Xo (Oa 0) A

X (q,0) = 75 ~ =
1= %y (a.0) - (§)" Zglae &7 4¢?

(51.18)

Which shows an exponential decrease in real space with correlation length &2
1- _Xo (q,0). The above functional form is known by the name of Ornstein-
Zernicke. At the transition point, the system becomes “critical”. The transition
point itself is called a critical point. The presence of this long correlation length
also manifests itself in the existence of “critical slowing down”. In the present case,
we will discover an overdamped collective mode whose typical frequency decreases
as we approach the critical point.

Consider for example, the zero temperature transverse magnetic structure fac-
tor

2
S1(qw) = WXIL (qw)- (51.19)

In the paramagnetic state there is rotational invariance so there is in fact no
difference between longitudinal and transverse. We see that T'= 0, S| (q,w) =
2x"] (q,w) for w > 0. The RPA prediction is thus,

R "
Si(qw) = 2Im|—20 R] = y 2Xo (Qq’ )U £51.20)
1= 3X0 (1= 5x0 (q,w)” + ($x0 (q,w))
2x5 (q,w)

Q

. (51.21)
(1= UN (ex)* + (x4 (q.w))

To evaluate x( (q,w), it suffices to analytically continue our general result for the
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non-interacting spin susceptibility Eq.(51.8) in the small q limit

(Cp-&-q)
N Zw+zn+§ —Cpiq (51.22)

of (C ) Cp — <p+q

& (qw) =

- 51.23
N Hp wtin+(p—Cpiq ( )
and to use )
P-q q
‘oS T T Ty

as well as the fact that p in the integrand is constrained to lie near the Fermi
surface and that vp > q/m so that (, — (g~ —VF-q

Y d(cos0) Of (¢ — ) vpqcosf
R _ Fq

(g w) = 2/d5N (g)/_1 ° ST L)

1 . B
Xo (q,w) = —27r/d5N (5)/ d(C;b 0) of (ge ) vfqcos (0) §(w — vpq bdsH)

-1
w w

= N —=C— 51.26
N (k) p— p— ( )

Substituting in the RPA expression Eq.(51.20) we find

2CL
S1(q,w) =2x1 (qw) = - 5. (51.27)
(1= UN (e0,))* + (C55)

This function is plotted in Fig.(?) as a function of w for two small values of
q and for U = 0 and UN (gx,) = 0.8 along with 2x/| (q,w) /w. Clearly this
mode is in the particle-hole continuum, in other words it is overdamped. Also
its characteristic frequency is becoming smaller as the correlation length €2 ~
1—UN (eg,) increases, to eventually diverge at the critical point. We have a “soft
mode”. In the presence of a small uniform magnetic field h, the low-frequency
small ¢ limit takes the form

A
£7% + ag® + bh2/3 — Lo

XL (qw) = (51.28)

51.4 C(ollective Goldstone mode, stability and the
Mermin-Wagner theorem

What do the collective modes look like in the ordered state? The energy to make
a particle-hole excitation by creating say a hole of up spin and a particle of down
spin, as can be done for example by scattering a neutron that flips its spin, is
Ekpy — Eupr = U ((n)) — (n,)) = Um. This tells us, with m > 0, that there is a
gap

A=Um

in the particle-hole continuum in the ordered state. We see in passing that the
equation for m is also the equation for the gap A. But that is not the whole
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story. We also need to look at the collective modes. It is a general result (Gold-
stone’s theorem) that when there is a continuous symmetry that is broken, such
as rotational symmetry, then there is a colletive mode whose frequency vanishes at
long wave lengths and whose role is to “restore” the symmetry. In the case of the
ferromagnet, it does not cost any energy to rotate the overall magnetization of the
system. This is the mode that restores the symmetry. At small ¢ the frequency
will be very smalll by continuity.

51.4.1 Tranverse susceptibility

The longitudinal susceptibility is always gapped in the ordered state since it corre-
sponds to changing the magnetization. The transverse susceptibility on the other
hand is given by a RPA formula analogous to above Eq.(51.14). Being careful that
Xt (q,w) = (T,SS7), has one less factor of two in its definition we find,

xo1r T (q,w)
— (51.29)
1-Uxp, " (q,w)

XTI (qw) =

with, given the new excitation spectrum in the ordered state, a new definition of
the “non-interacting” susceptibility X(I]?IJF (q,w)

CP"FCIT f(zpl) 51.30
XOJ_ e NZW-FW‘FCp-&-qT Zpl. o130

that corresponds to the diagram in Fig.(?). Expanding as before in the small g
limit, we have for small wave vector

Zp-s-qT _Zpl ~vpeq+U((n)— () =vr-q—A (51.31)

so that for vp - q < A we can expand,

FCorar) = F (o)
NZ Z}—T—m Ap

2
VF-q VF-q
x |1—
[ w+in—A+<w+in—A) +

%

R_
xoo T (q,w)

_(nn) = (n)) 2y _ _ —A/U c
w+in—A (1+O<q))_w+in—A +(w+ian)$

The above formula immediately gives that at ¢ = 0 imaginary part is non vanishing
for w = A, i.e. there is a gap in the particle-hole continuum.

To see the effect of residual interactions in the ordered state, in other words the
effect of the interactions that are not taken care of by the mean field, we consider
the corresponding RPA result in the additional limit |w| < A

R X0 (a,w) PR
—+ _ 0L ) ~ wTn (
XTI t(aw) = yom ~ o (51.34)
1- UX()J_ + (q7w> 1- w+m A + U w+in7A)2q2
“AJU
. 51.35
s (51.35)
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The complete transverse spin susceptibility is obtained by combining the two re-
sults
_ _ —-A/U AU
f=+ fx = 51.36
X1 (@ @)+ (w) cTi - torming 1%
A 2D¢?

U (w+in)? — (Dg?)*

In these expressions we have used that the calculation of XétJr (q,w) amounts to
changing A — —A as can be seen by repeating the steps above with up and down
spins interchanged. Note also that the last form is that of the propagator for a
single boson of frequency Dg?. There is thus a collective mode at w = +Dg? where
D= %C. We did not evaluate the constant C.

This mode, a Goldstone mode, appears in the particle-hole continuum gap.
We can also see this from the imaginary part

Im (Xf*+ (q,w) + X (q, w)) = w%é (w— Dq2) - w%é (w+ Dq2) . (51.37)

It is thus a propagating mode and here it has a quadratic dispersion relation,
just like we find in the 1/S expansion of ferromagnetic spin models. Stability
requires that D be positive, otherwise the condition for positivity of dissipation
Im (xT~* (q,w) + X7 (q,w)) w > 0 is violated.

51.4.2 Thermodynamics and the Mermin-Wagner theorem

The thermodynamic transverse susceptibility is obtained from the usual thermo-
dynamic sum rule (Note that Im (Xf—+ (q,0") +xTt (a w’)) is odd but not each
of the terms individually).

do’ Tm (X (q,w’) + X (q,0"))
T w’!

0 aw =0+ @ =0 = [
(51.38)
The contribution of the Goldstone mode to that susceptibility is easy to obtain
from our previous results
0 (@ =0+ (aw=0) = 5 o (51.39)
Again we see that D must be positive if we want a positive susceptibility. Note
however that the divergence of the susceptibility at ¢ = 0 is physical and does not
denote an instability of the system. It just reflects the fact that the orientation of
the magnetization can be changed at will, without energy cost, since the broken
rotation symmetry is a continuous symmetry. The 1/¢? dependence of the last
result is very general. It is a consequence of so-called Bogoliubov inequalities
(Foster). Physically, in the original position space it means that there are long-
range correlations in S, and in S,.

Despite the singular behavior in the long-wave length fluctuations, the local
quantities, such as (S2) on one site for example, should be finite. This may be
obtained from the correlation function for (STS~) since we still have rotation
symmetry around the z axis, so that <S§> = <S§>7 and inversion symmetry, so
that (S;S,) = 0. This means that the following quantity

e 0
TY & 2 X1 (aigy) e (51.40)

iqn q
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must be finite. Since ST and S~ do not commute, we must specify the convergence
factor, as usual, but either one must give a finite result. But we know from the
previous section Eq.(51.35) that the spin-wave contribution to that susceptibility
is

—-AJU
7+ .
JiQp) = ————. 51.41
X1 (a,1qn) F— (51.41)
Substituting this in our previous condition and using the usual result
iqnn -1
m Ty —— = (51.42)

n—0 g, —x  efr—1

for performing the sum over bosonic Matsubara frequencies, we obtain in the long
wavelength limit

TZ Z _f/U o — ALl 1 (51.43)

‘- iqn UN eﬁDq2 -1
ddq T
~ = 51.44
/ D (51.44)

a quantity that diverges logarithmically in d = 2. That is a manifestation of the
Mermin-Wagner theorem, a much more general result that says that a continuous
symmetry cannot be broken in two dimension at finite temperature. In other
words, if we assume that a continuous symmetry is broken at finite temperature,
we find that the thermal fluctuations of the Goldstone modes destroy it.

Remark 152 A classical way to obtain the last result is to see that the free energy
functional should contains a term C’(VSI)2 as a restoring force for deviations
from the perfectly aligned state. In Fournier space, this means q*CSyqSz—q, S0
that by the equipartition theorem, ¢*C (S1qSs—q) x T. Since the local value of

(S2) is obtained from [ g G (SzqSz—q) we recover the previous result Eq.(51.44)
concerning the divergence of local fluctuations in two dimensions.

51.4.3 Kanamori-Briickner screening: Why Stoner ferromagnetism has problems

Very early on, Kanamori in the context of Solid State Physics and Briickner in
the context of nuclear matter, found in the low density limit that interactions
U are renormalized by quantum fluctuations. Said in a less mysterious manner,
the cross section for two electrons scattering off each other should be calculated
beyond the Born approximation. As we have seen in the problem of one electron
scattering off and impurity in Fig.(?), in the case of only two electrons scattering
off each other, summing the Born series, or the analog of the Lipmann-Schwinger
equation, corresponds to summing the ladder diagrams in Fig. (?). This means
that in the calculation of the diagram in Fig.(?) that contributes to the transverse
spin susceptibility, we should use instead the diagram in Fig.(?). By flipping the
lines, one also sees that this is identical to computing the “fan diagrams” illustrated
in Fig.(?). In other words, everywhere U appears in the summationn of the ladder
diagrams to compute the transverse susceptibiloity, we should instead use

S
1+ UA(QiQn)

where A is given by the diagram in Fig.(?). To recover a simple momentum
independent U, ¢y, we average the above expression over Q. In addition, we assume

Uers (Q/iQn) = (51.45)
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that the i@, = 0 piece dominates. It was shown by Chen et al. (1991) by
comparing the results of the above approximation with essentially exact quantum
Monte Carlo calculations, that this is a good approximation. It does not seem to
work however for the charge fluctuations.

The consequences of this effect are important. Indeed, there is a maximum
value of U s given by the average of 1/A (Q,0) . This gives roughly the bandwidth
since physically this effect comes about from making the two-body wave function
small where U is large.This is more or less like making a node in the two-body
wave function. The maximum kinetic energy that can cost is the bandwidth W.
Hence, the maximum of Uss is W. On the other hand, the density of states
N (ek,.) is proportional to 1/W. So at best the product UessN (€, ) can become
equal to unity with difficulty at large U. In more exact calculations, one sees
that ferromagnetism does not generally occur in the one-band Hubbard model,
because of this effect, except perhaps in special cases where there is a Van Hove
singularity in the density of states that is not located at half-filling (otherwise
antiferromagnetism dominates), a possibility that arises when ' # 0. (Hankevych
et al. 2004).

A more systematic way of taking these effects into account, including the charge
channel and the absence of ferromagnetism unless one is close to the Van Hove
singularity, is the TPSC that we introduced in the previous part.
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52. ANTIFERROMAGNETISM CLOSE
TO HALF-FILLING AND PSEUDO-
GAP IN TWO DIMENSIONS

We return to the normal state and look at the dominant instability in the half-
filled case n = 1. In that case, the Fermi surface of the Hubbard model with
nearest-neighbor hopping exhibits the phenomenon of nesting. For example, the
Fermi surface in the two-dimensional case is a diamond, as illustrated in Fig. (7).
All the points of the flat surfaces are connected by the same wave vector Q = (m, )
which leads to a very large susceptibility. Whereas at low filling the maximum
susceptibility is at ¢ = 0, in the present case it is a local maximum that is smaller
than the maximum at Q, as we will see.

Let us compute the spin susceptibility at that nesting wave vector. Nesting in
the present case means that

CerQ = -2t (COS (km + 7T) + cos (ky + W)) = _Cp' (52.1)

Using this result we find that the zero-frequency susceptibility at that wave vector

Q is

o Cp Q CP ( CP)
0(Q0) = —% Z Cp+Q+ - = Z £52.2)
_ tanh ( &
%g%_%/dd\f@#. (52.3)

Assume that the density of states is a constant. For ¢ > T, we are integrating
1/e. However, for € < T the singularity in the denominator of the integrand is
cutoff. In other words, we obtain a contribution that diverges at low temperature
like In (W/T) where W is the bandwidth This means that at sufficiently low
temperature, the criterion 1 — 3 & (Q,0) = 0 will always be satisfied whatever
the value of U and there will be a transition to a state characterized by the wave
vector Q. This is the antiferromagnetic state where spins alternate in direction
from one site to the other. In two dimensions for example, the chemical potential
at n = 1 sits right at a logarithmic van Hove singularity in N (¢) so that in fact
x&(Q,0) scales like In? (W/T), which is larger than the single power of In that
one would obtain at g = 0.

When there is no nesting, like when the next-nearest neighbor hopping ¢’ con-
tributes, the susceptibility does not diverge at low temperature. In that case, the
transition will occur only if U is large enough.

52.1 Pseudogap in the renormalized classical regime

When we compared TPSC with Quantum Monte Carlo simulations and with
FLEX in Fig. 48-2 above, perhaps you noticed that at the Fermi surface, the
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Figure 52-1 Cartoon explanation of the pseudogap due to precursors of long-range
order. When the antiferromagnetic correlation length £ becomes larger than the
thermal de Broglie wavelength, there appears precursors of the 7' = 0 Bogoliubov
quasi-particles for the long-range ordered antiferromagnet. This can occur only in the
renormalized classical regime, below the dashed line on the left of the figure.

frequency dependent spectral weight has two peaks instead of one. In addition, at
zero frequency, it has a minimum instead of a maximum. That is called a pseudo-
gap. A cartoon explanation [?] of this pseudogap is given in Fig. 52-1. At high
temperature we start from a Fermi liquid, as illustrated in panel I. Now, suppose
the ground state has long-range antiferromagnetic order as in panel III, in other
words at a filling between half-filling and n.. In the mean-field approximation we
have a gap and the Bogoliubov transformation from fermion creation-annihilation
operators to quasi-particles has weight at both positive and negative energies. In
two dimensions, because of the Mermin-Wagner theorem, as soon as we raise the
temperature above zero, long-range order disappears, but the antiferromagnetic
correlation length & remains large so we obtain the pseudogap illustrated in panel
II. As we will explain analytically below, the pseudogap survives as long as £ is
much larger than the thermal de Broglie wave length &,;, = vp/(nT') in our usual
units. At the crossover temperature Tx, the relative size of € and &, changes and
we recover the Fermi liquid.

We now proceed to sketch analytically where these results come from starting
from finite T. Details and more complete formulae may be found in Refs. [?, ?,
20, ?7]'. We begin from the TPSC expression (47.13) for the self-energy. Nor-
mally one has to do the sum over bosonic Matsubara frequencies first, but the
zero Matsubara frequency contribution has the correct asymptotic behavior in
fermionic frequencies iq, so that, as in Sect.48.2, one can once more isolate on
the right-hand side the contribution from the zero Matsubara frequency. In the
renormalized classical regime then, we have >

1
¢* + € %10 — €xptQiq

Y(kp,igy) o T/qd—ldq (52.4)

where Q is the wave vector of the instability. This integral can be done analytically

I Note also the following study from zero temperature [?]
2This formula is similar to one that appeared in Ref.[?]
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in two dimensions [20, ?]. But it is more useful to analyze limiting cases [?].
Expanding around the points known as hot spots where ek, 1 q = 0, we find after
analytical continuation that the imaginary part of the retarded self-energy at zero
frequency takes the form

1
S, 0) x < [ d gy dgy g bepay) (525)
Hqi+qﬁ+£2 FY|
o igi‘*d. (52.6)
VR

In the last line, we just used dimensional analysis to do the integral.

The importance of dimension comes out clearly [?]. In d = 4, ¥"%(kp,0)
vanishes as temperature decreases, d = 3 is the marginal dimension and in d = 2
we have that "% (kg,0) ox £/&,;, that diverges at zero temperature. In a Fermi
liquid the quantity ¥"f(kp,0) vanishes at zero temperature, hence in three or
four dimensions one recovers the Fermi liquid (or close to one in d = 3). But
in two dimensions, a diverging ¥/ (kp,0) corresponds to a vanishingly small
A(kp,w = 0) as we can see from

—9NVR (Ko, w)
(w — €k — E’R(kp,w))Q + E”R(kp, (JJ)2 '

Alk,w) = (52.7)
Fig. 31 of Ref.[?] illustrates graphically the relationship between the location of
the pseudogap and large scattering rates at the Fermi surface. At stronger U the
scattering rate is large over a broader region, leading to a depletion of A(k,w) over
a broader range of k values.

Remark 153 Note that the condition £/&,, > 1, necessary to obtain a large
scattering rate, is in general harder to satisfy than the condition that corresponds to
being in the renormalized classical regime. Indeed, £/&,;, > 1 corresponds T [vp >
£~ while the condition wep L T for the renormalized classical regime corresponds
toT > 5_2, with appropriate scale factors, because wg, scales as 5_2 as we saw
in Eq. (48.13) and below.

To understand the splitting into two peaks seen in Figs. 48-2 and 52-1 con-
sider the singular renormalized contribution coming from the spin fluctuations in
Eq. (52.4) at frequencies w > vpé ', Taking into account that contributions to
the integral come mostly from a region ¢ < €', one finds

1 1
E’Rk,w:<T/ d-1q )
(kp,w) UL b= B e
AQ
= (52.8)
W= Ekr+Q

which, when substituted in the expression for the spectral weight (52.7) leads to
large contributions when

2
= =0 (52.9)

Ww—Ek ————————— =
W — Ekr+Q

or, equivalently,

+ o 2y 4A?
. _ (xtenia) \/(;k SkrtQ)* 447 (52.10)

which, at w = 0, corresponds to the position of the hot spots®. At finite frequen-
cies, this turns into the dispersion relation for the antiferromagnet [?].

3For comparisons with paramagnon theory see [?].
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It is important to understand that analogous arguments hold for any fluctua-
tion that becomes soft because of the Mermin-Wagner theorem,[20, ?] including
superconducting ones [20, ?, ?]. The wave vector Q would be different in each
case.

To understand better when Fermi liquid theory is valid and when it is replaced
by the pseudogap instead, it is useful to perform the calculations that lead to
Y (kp,0) o £/€,), in the real frequency formalism. The details may be found in
Appendix D of Ref. [20].

52.2 Pseudogap in electron-doped cuprates

High-temperature superconductors are made of layers of CuOs planes. The rest of
the structure is commonly considered as providing either electron or hole doping
of these planes depending on chemistry. At half-filling, or zero-doping, the ground
state is an antiferromagnet. As one dopes the planes, one reaches a doping, so-
called optimal doping, where the superconducting transition temperature 7T is
maximum. Let us start from optimal hole or electron doping and decrease doping
towards half-filling. That is the underdoped regime. In that regime, one observes
a curious phenomenon, the pseudogap. What this means is that as temperature
decreases, physical quantities behave as if the density of states near the Fermi
level was decreasing. Finding an explanation for this phenomenon has been one
of the major challenges of the field [?, ?].

To make progress, we need a microscopic model for high-temperature super-
conductors. Band structure calculations [?, ?] reveal that a single band crosses
the Fermi level. Hence, it is a common assumption that these materials can be
modeled by the one-band Hubbard model. Whether this is an oversimplification
is still a subject of controversy [?, 7, 7, 7, 7, ?]. Indeed, spectroscopic studies
[?, 7] show that hole doping occurs on the oxygen atoms. The resulting hole
behaves as a copper excitation because of Zhang-Rice [?] singlet formation. In ad-
dition, the phase diagram [?, 7, ?, 7, 7, ?] and many properties of the hole-doped
cuprates can be described by the one-band Hubbard model. Typically, the band
parameters that are used are: nearest-neighbor hopping ¢ = 350 to 400 meV and
next-nearest-neighbor hopping ¢’ = —0.15 to —0.3t depending on the compound
[?, ?]. Third-nearest-neighbor hopping t” = —0.5¢' is sometimes added to fit finer
details of the band structure [?]. The hoppings beyond nearest-neighbor mean
that particle-hole symmetry is lost even at the band structure level.

In electron-doped cuprates, the doping occurs on the copper, hence there is
little doubt that the single-band Hubbard model is even a better starting point in
this case. Band parameters [?] are similar to those of hole-doped cuprates. It is
sometimes claimed that there is a pseudogap only in the hole-doped cuprates. The
origin of the pseudogap is indeed probably different in the hole-doped cuprates.
But even though the standard signature of a pseudogap is absent in nuclear mag-
netic resonance [?] (NMR) there is definitely a pseudogap in the electron-doped
case as well [?], as can be seen in optical conductivity [?] and in Angle Resolved
Photoemission Spectroscopy (ARPES) [?]. As we show in the rest of this section,
in electron-doped cuprates strong evidence for the origin of the pseudogap is pro-
vided by detailed comparisons of TPSC with ARPES as well as by verification with
neutron scattering [?] that the TPSC condition for a pseudogap, namely £ > &,;,
is satisfied. The latter length makes sense from weak to intermediate coupling
when quasi-particles exist above the pseudogap temperature. In strong coupling,
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Figure 52-2  On the left, results of TPSC calculations [?, ?] at optimal doping,
2 = 0.15, corresponding to filling 1.15, for ¢t = 350 meV, t' = —0.175¢, t; = 0.05t,
U = 5.75t, T = 1/20. The left-most panel is the magnitude of the spectral weight
times a Fermi function, A (k,w) f (w) at w = 0, so-called momentum-distribution
curve (MDC). Red (dark black) indicates larger value and purple (light grey) smaller
value. The next panel is A (k,w) f (w) for a set of fixed k values along the Fermi
surface. These are so-called energy-dispersion curves (EDC). The two panels to
the right are the corresponding experimental results [?] for Nd2_,Ce,CuQOy4. Dotted
arrows show the correspondence between TPSC and experiment.

i.e. for values of U larger than that necessary for the Mott transition, there is
evidence that there is another mechanism for the formation of a pseudogap. This
is discussed at length in Refs. [?, 7] *. The recent discovery [?] that at sufficiently
large U there is a first order transition in the paramagnetic state between two
kinds of metals, one of which is highly anomalous, gives a sharper meaning to
what is meant by strong-coupling pseudogap.

Let us come back to modeling of electron-doped cuprates. Evidence that these
are less strongly coupled than their hole-doped counterparts comes from the fact
that a) The value of the optical gap at half-filling, ~ 1.5 €V, is smaller than for
hole doping, ~ 2.0 ¢V [?]. b) In a simple Thomas-Fermi picture, the screened
interaction scales like Ou/dn. Quantum cluster calculations [?] show that dp/On
is smaller on the electron-doped side, hence U should be smaller. ¢) Mechanisms
based on the exchange of antiferromagnetic calculations with U/t at weak to in-
termediate coupling [?, ?] predict that the superconducting 7T increases with U/t.
Hence T, should decrease with increasing pressure in the simplest model where
pressure increases hopping ¢ while leaving U essentially unchanged. The oppo-
site behavior, expected at strong coupling where J = 4t2/U is relevant [?, ?], is
observed in the hole-doped cuprates. d) Finally and most importantly, there is
detailed agreement between TPSC calculations [?, 7, 7] and measurements such
as ARPES [?, 7], optical conductivity [?] and neutron [?] scattering.

To illustrate the last point, consider Fig. 52-2 that compares TPSC calcula-
tions with experimental results for ARPES. Apart from a tail in the experimental
results, the agreement is striking. °. In particular, if there was no interaction, the
Fermi surface would be a line (red) on the momentum distribution curve (MDC).

4See also conclusion of Ref.[?].
5Such tails tend to disappear in more recent laser ARPES measurements on hole-doped com-
pounds [?].
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Figure 52-3

Instead, it seems to disappear at symmetrical points displaced from (7/2,7/2).
These points, so-called hot spots, are linked by the wave vector (w,7) to other
points on the Fermi surface. This is where the antiferromagnetic gap would open
first if there was long-range order. The pull back of the weight from w = 0 at the
hot spots is close to the experimental value: 100 meV for the 15% doping shown,
and 300 meV for 10% doping (not shown). More detailed ARPES spectra and
comparisons with experiment are shown in Ref. [?]. The value of the temperature
T* at which the pseudogap appears [?] is also close to that observed in optical
spectroscopy [?]. In addition, the size of the pseudogap is about ten times 7% in
the calculation as well as in the experiments. For optical spectroscopy, vertex cor-
rections (see Sect. ?77) have to be added to be more quantitative. Experimentally,
the value of T™* is about twice the antiferromagnetic transition temperature up to
2 = 0.13. That can be obtained [?] by taking ¢, = 0.03t for hopping in the third
direction. Recall that in strictly two dimensions, there is no long-range order.
Antiferromagnetism appears on a much larger range of dopings for electron-doped
than for hole-doped cuprates.

These TPSC calculations have predicted the value of the pseudogap temper-
ature at @ = 0.13 before it was observed experimentally [?] by a group unaware
of the theoretical prediction in Fig.52-3. In addition, the prediction that & should
scale like &,;, at the pseudogap temperature has been verified in neutron scattering
experiments [?] in the range = 0.04 to z = 0.15. The range of temperatures and
doping explored in that work is shown in Fig. 52-4. Note that the antiferromag-
netic phase boundary, that occurs here because of coupling in the third dimension,
is at a location different from earlier estimates that appear in Fig. 52-3. However,
the location of the pseudogp temperature has not changed. At the doping that
corresponds to optimal doping, T becomes of the order of 100 K, more than four
times lower than at x = 0.04. The antiferromagnetic correlation length £ beyond
optimal doping begins to decrease and violate the scaling of ¢ with &,;,. In that
doping range, T and the superconducting transition temperature are close. Hence
it is likely that there is interference between the two phenomena [?], an effect that
has not yet been taken into account in TPSC.

An important prediction that one should verify is that inelastic neutron scat-
tering will find over-damped spin fluctuations in the pseudogap regime and that
the characteristic spin fluctuation energy will be smaller than kg7 whenever a
pseudogap is present. Equality should occur above T*.
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Figure 52-4

Finally, note that the agreement found in Fig. 52-2 between ARPES and TPSC
is for U ~ 6t. At smaller values of U the antiferromagnetic correlations are not
strong enough to produce a pseudogap in that temperature range. For larger U, the
weight near (7/2,7/2) disappears, in disagreement with experiments. The same
value of U is found for the same reasons in strong coupling calculations with Cluster
Perturbation Theory (CPT) [?] and with slave boson methods [?]. Recent first
principle calculations [?] find essentially the same value of U. In that approach, the
value of U is fixed, whereas in TPSC it was necessary to increase U by about 10%
moving towards half-filling to get the best agreement with experiment. In any case,
it is quite satisfying that weak and strong coupling methods agree on the value of U
for electron-doped cuprates. This value of U is very near the critical value for the
Mott transition at half-filling [?]. Hence, antiferromagnetic fluctuations at finite
doping can be very well described by Slater-like physics (nesting) in electron-doped
cuprates.

For recent calculations including the effect of the third dimension on the
pseudogap see [?]. Finally, note that the analog of the above mechanism for the
pseudogap has also been seen in two-dimensional charge-density wave dichalco-
genides [7].
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A. FEYNMAN'S DERIVATION OF
THE THERMODYNAMIC VARIA-
TIONAL PRINCIPLE FOR QUAN-
TUM SYSTEMS

For quantum systems, the general result Eq.(30.60) applies but it is more difficult
to prove because there is in general no basis that diagonalizes simultaneously

each and every term in the expansion of T exp [— foﬁ drv (T)} . If V was not time

dependent, as in the classical case, then matters would be different since V" would
be diagonal in the same basis as V' and one could apply our inequality Eq.(30.58)
in this diagonal basis and prove the theorem. The proof of the variational principle
in the quantum case is thus more complicated because of the non-commutation
of operators. The proof given in Sec. 30.3.2 is simpler than this one. As far as I
know, the following proof is due to Feynman [17].

Proof: First, let

H(a) = Hy+a (H—f{ro) (A1)
= Hy+aV (A.2)
then B
H (0) = H, (A.3)
and
H(1)=H (A.4)

The exact free energy corresponding to H () is then written as F («). If
for any o we can prove that 9*F (a) /0a? < 0 then the function F () is
concave downward and we can write

OF ()

F()SF(0)+ ="

(A.5)
a=0
as illustrated in Fig.(A-1). Eq.(A.5) is the variational principle that we want
Eq.(30.60). Indeed, let us compute the first derivative of F'(«) by going to
the interaction representation where H, plays the role of the unperturbed
Hamiltonian and use the result for F in terms of connected graphs Eq.(30.57)

to obtain
02_2&) - % {,T KTT [e—a I dr(ﬁmfﬁo)b& - 1} }a:gA.a)
- T</Oﬂ dr (ff (r) —ﬁo)>6 (A7)
- <H _ ﬁ0>6 (A.8)

The second line follows simply by expanding the time-ordered product to
first order while the last line follows if we use the cyclic property of the trace
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Figure A-1 Geometrical significance of the inequalities leading to the quantum
thermodynamic variational principle.

to eliminate the imaginary-time dependence of the Hamiltonian. All that we
have to do now is to evaluate the second derivative 9?F (a) /0a? < 0 for an
arbitrary value of . This is more painful and will occupy us for the rest of
this proof. It is important to realize that this concavity property of the free-
energy is independent on the form of the Hamiltonian in general and of the
interactions in particular, as long as the Hamiltonian is time-independent.
The generalization to the time-dependent case is not obvious. The second
derivative may be evaluated by going to the interaction representation where

H (@) is the unperturbed Hamiltonian and ~y (H - ]?IO> is the perturbation.
Then,

Fla+ry)=-T [<TT e 8 ar(Hn)=ih) | >a7c — 1] ~ThZ(a) (A9)

and the second derivative of F' (&) may be obtained from the second-order
term in 7 in the above expression. Note that the average is taken with
the density matrix exp (H (o) — pN) /Z (o) . Expanding the exponential to
second order in 7 and returning to our definition of V Eq.(A.2) we find

_ s~ 7°
Fla+q) = F(a)+7<V>a—%'yQ %<TT —7/0 drV (7) > ..
Flaty) = F(a)+8géo‘)+%v282{;; (20‘) (A.10)

so that the second derivative, using the expression we found above for the
second cumulant Eq.(30.55) is,

0°F () A VA R
. = _B <TT (—/0 drVv (T)) > (A.11)
1 | RN v/ o\
= 3 <TT (/o drVv (7‘)) > + 3 </0 arVv (7')>

[e3
[e3%
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This is where we need to roll up our sleeves and do a bit of algebra. Using
the cyclic property of the trace and the definition of time-ordered product,
we can rewrite the above result as follows,

% = —2% </05 drV (1) /OT dr'v (T')>a +8 <1~/>i (A.12)

Let us work a bit on the first term by going to the basis where H () is
diagonal. We obtain, using also the cyclic property of the trace,

< /0 Y ¥ () /0 ' dT’f/(T’)> (A.13)

s T : , ~ 2
= ! Ze_K”’@/ dT/ dr'eKn(T=") g~ Km(r=") ‘(n\ V|m>‘
0 0

Z () oo
1 -K B/B (Kn—Km) G(Km_Kn)T/ T‘ - ‘2
= e trn dre'Bn=8m)T — n|V|m
Z(OL)T%;” 0 Kmen 0<| ‘ >
B
—1—; Ze_K"’B/ drr ‘<n| 1% |n)‘2 (A.14)
Z () - 0
1 KB B 1— e(anKm)T ~ 2
— n Sl — Al
eI /0 dr = | (0l V' m)| (A.15)
m#n
2
47 Y e s ’<n| v |n>’2 (A.16)
27 (o) <
The first term on the right-hand side is easily evaluated as follows
1 K, 3 ﬁ e(Kn*Km)B —1 ’ ~ 2
Y ek + I V )
Z (a) 7;} [Km - Kn (Km — Kn)Q
~ 2
B @V Im)]
= R A7
Z (a) D e K — Kn (A.17)

m#n

where we have used the fact that the term with the denominator (K., — K,,)>
goes into minus itself under a change of dummy summation variables m «—
n. Substituting all we have done in the expression for the second derivative
Eq.(A.12) we finally obtain

— )  wl T
N e (LD MO T
Z (a) Z (a)

The terms on the last line gives a negative contribution, as can be seen from
the Cauchy-Schwarz inequality

==

(A.19)

Z anbn,
n
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when we substitute

e_Knﬁ
an =1/~ @ (A.20)
e_Knﬂ ~
b=y 1V 1) (A.21)

This allows us to prove that the sign of the second derivative is negative for
any «. It suffices to rewrite the first term in Eq.(A.18) in the form

~ 2
5 (] V)| . Kb oK

_mze_Knﬁ Km—K,  Z( D .

m#n m#n

[l ¥ )|

(A.22)
and to use the Cauchy-Schwartz inequality to obtain

0?F () 1 e KnfB _ e Kmf
< >

B K,, — K,

~ 2
da?  —  Z(a) ‘<n|V|m>‘ <0 (A.23)

m#n

QED
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C. DEFINITIONS

1. Canonical average

e PP o) Y (ilePMOl) T [e=PHQO] _

> e PE > e PE - TrePH]

2. We often define the density matrix by
o= PH T [e7PH].
Then, we can write

(As (t) As) = Tr oA () A

3. Conductivity sum rule

2 2
ne Wy

/OO L he [0oa(qe,w)] = —— = -2

oo 2T 2m 8w

4. Dielectric constants

qw) = (1 - W—’Q’> T+ (4—7r <Z}(q,w))T-

(w+1in)? W+ in)?

1 47
=1- ?Xfp(q,w).

5. Equalities.
~ Asymptotically equal

~ Scales as

=1Is equal by definition

> d k?
/ _wa”nn(kvw) = n_

oo T m

6. f sum rule

7. Fluctuation-dissipation theorem

2h

SAiAj (w) = 1_ ¢ Bhw

X" 4;4; (W)

8. Fourier transforms

fi= [ dr fwe

3
)= [ e
Jo = /dt g(t)e™?

dw

= [ =q,
g(t) 5wt

—iwt

DEFINITIONS

(C.1)

(C.9)

(C.10)
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(note the difference in sign in the exponent for space and time Fourier trans-
forms.)

Convolution theorem:

/ dte'™? [ / dt'a(t")b(t — t')} = a,,b,

Parseval’s theorem is obtained by taking [ g—‘;r’ on both sides of the previous

equality
dw
dt'a(tb(—t) = | —au b,
[atawipee) = [ Ga

The above two theorems may also be written in a reciprocal manner

/_ it [/ b w,] — a(t)b(t)

dw wt
/ b = / dte“ta()b(t)

9. Heisenberg representation

O(t) _ eth/hOe—th/h
10. Interaction representation

OI (t) — eiHot/h(/)Sef’L‘Hot/ﬁ

0
ZhatU[(t to) H](t)U[(t,to) (C.ll)
U (t O) —lfo H(t)dt’
Uj(t07t0) =1

1. Kramers-Kronig relations

] - ]

™ w—w

P/dw/Re XAA( /)]

Im[XAA o —

2. Kubo formula for longitudinal conductivity

(g00) = —— [ (@) - 2] = [, ()] (€12)
Ozxx\qz, = N i q T - | = |7/ Xj T . .
q Z(UJ +Z77) X]:]z q m quX]“p q
for transverse conductivity
1 R ne?
Oyy(qz,w) = wram |:ijjy (qe,w) — 7} . (C.13)
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3. Mathematical identities

. ‘ .
lim —— = lim = — i | -2 P ins(w)
n—0w+in  n—0w?+n?  n—0|w2+n? w?24+n? w

1 . .
lim — = lim LEm lim + i
n—0w—1in n—0w?+n2 =0 |w2+4+n2  Ww2+n?

] = Pé + imd(w)

4. Normalization:

Continuum normalization for plane waves:

1 e
(R|[k;) = Grze™™ (C.14)
dk 1 ™me _ L. _ L
/(277)3 - Vg P V= Lelyle 5 ke=F 5o 5 e =204 710,
(C.15)
/dr r) (r| =1 (C.16)
(rl|r'y =6 (r —1') (C.17)
(r| [k) = e*r (C.18)
dk
k) (k| = 1 C.19
/ o 190 (C.19)

(K| k') = (2m) 5 (k - k')

5. Plasma frequency

4 2
w2 =1 (C.20)

p m

6. Response function (Susceptibility)

([Alx,t), B(', t')]) 0t — 1)

SHRS

XAp(r. st 1) =
or in short hand,
” / 1 !
X i, (= 1) = o0 ([A(t), 4;(F)]) -

XA, (t— 1) = 2ix7 a,a, (t =)0t —1).

For operators with the same signature under time reversal,

Im [XﬁiAj (w)] = X" 1,4, (W)

while two operators A;, A; with opposite signatures under time reversal

he [XﬁiAj (w)} =X"4;4, ).

Spectral representation

aa )= | do’ X" 40, () (C.21)

T w -z
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7. Tensors. Multiplication by a vector

QJHA) => ol A (C.22)
13 v

Transverse part

A — —
UT@Lw)=:(I-ﬂxﬂ~77ﬁLw)~(I—qq) (C.23)
Longitudinal part -

8. Thermal average (see canonical average)

9. Theta function (Heaviside function)

_1ift>0

MQ_OHt<O
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