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Emergent Quantum Phases
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 1. Classical and Quantum Theory of Frustrated Magnets

 2. Novel Magnetic Order in Diamond Lattice Spinel

 3. Spin Liquid on Hyper-Kagome Lattice
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Spin Liquid State in S = 1/2 Hyper-Kagomé Antiferromagnet Na4Ir3O8

Yoshihiko Okamoto1,∗, Minoru Nohara2, Hiroko Aruga-Katori1, and Hidenori Takagi1,2

1RIKEN (The Institute of Physical and Chemical Research),
2-1 Hirosawa, Wako, Saitama 351-0198, Japan

2Department of Advanced Materials,
University of Tokyo and CREST-JST,

5-1-5 Kashiwanoha, Kashiwa, Chiba 277-8581, Japan

(Dated: May 19, 2007)

A spinel related oxide, Na4Ir3O8, was found to have a three dimensional network of corner shared
Ir4+ (t2g

5) triangles. This gives rise to an antiferromagnetically coupled S = 1/2 spin system formed
on a geometrically frustrated hyper-Kagomé lattice. Magnetization M and specific heat C data
showed the absence of long range magnetic ordering at least down to 2 K. The large magnetic specific
heat at low temperatures, which shows a power law decay with temperature and is independent
of applied magnetic field up to 12 T, is in striking parallel to those of triangular and kagomé
antiferromagnets reported to have a spin liquid ground state. These results strongly suggest that
the ground state of Na4Ir3O8 is a spin liquid.

PACS numbers: Valid PACS appear here

Experimental realization of a quantum spin liquid in
geometrically frustrated magnets has been one of the
biggest challenges in the field of magnetism since P. W.
Anderson proposed resonating valence bond theory [1] for
antiferromagnetically coupled S = 1/2 spins on a trian-
gular lattice. Geometrical frustration in magnets arises
from the incompatibility of local spin-spin interactions,
which gives rise to macroscopic degeneracy of the ground
state. Possible playgrounds for this include triangular,
kagomé, pyrochlore and garnet lattices essentially con-
sisting of networks of triangles. In real materials, how-
ever, it is not easy to prevent spin ordering at substan-
tially lower temperatures than the Curie-Weiss temper-
ature θW, the mean field transition temperature. This
is because the spin degeneracy can be lifted by coupling
with the other degrees of freedom such as the orbitals,
lattice and charges. Such an interplay between the frus-
trated spins, orbitals and lattices, for example, can be
found in a trimer singlet formation in the S = 1 trian-
gular LiVO2 [2, 3] with orbital ordering or a spin-Jahn-
Teller transition in the S = 3/2 pyrochlore ZnCr2O4 [4].
In addition, only a minute amount of disorder is known
to strongly influence the spin liquid state in geometri-
cally frustrated magnets and very often gives rise to a
formation of a glassy state of spins.

The most likely candidate for the realization of a spin
liquid ground state had been the two dimensional kagomé
antiferromagnet SrCr9pGa12−9pO19 (S = 3/2) [5, 6]. It
does not show any evidence for long range ordering down
to the lowest temperature ∼ 100 mK, and a large and field
independent magnetic specific heat was observed which
was ascribed to spin liquid contributions. Nevertheless,
the strong spin glass-like behavior at low temperatures,
very likely due to site disorder, gives us certain ambigu-
ity in identifying the spin-liquid state. Recently, a new
generation of spin liquid compounds has emerged, the S
= 1/2 triangular magnet κ-(ET)2Cu2(CN)3 [7], an or-

ganic Mott insulator, and the S = 1 triangular magnet
NiGa2S4 [8]. They were reported to have a spin liquid
ground state or at least a robust liquid phase down to
100 mK. Their magnetic and thermal properties are in
striking parallel to those of SrCr9pGa12−9pO19 but the
disorder effect appears much less.

Here we report on a three dimensional analogue of
these two dimensional spin liquids. Na4Ir3O8 was first
reported as an unidentified phase in the Na-Ir-O ternary
system by McDaniel [9]. We found that it is isostructural
to Na4Sn3O8 [10] and that a S = 1/2 hyper-Kagomé
system, consisting of low spin d5 Ir4+ ions, is realized
in Na4Ir3O8. The magnetization and specific heat mea-
surements on the ceramic samples indicate that S = 1/2
spins are highly frustrated and remain in a liquid state
down to the lowest temperature measured.

Polycrystalline samples of Na4Ir3O8 were prepared
by a solid-state reaction. Stoichiometric amounts of
Na2CO3 and IrO2 were mixed, and the mixture was cal-
cined at 750◦C for 18 h. We added 5 % excess of Na2CO3

to compensate the loss of Na during the calcination. The
product was finely ground, pressed into a pellet, sintered
at 1020◦C for 22 h on gold foil, and then quenched in
air. Powder X-ray diffraction (XRD) data showed that
the powders were single phase. The crystal structure was
determined by performing Rietveld analysis on the pow-
der XRD data using RIETAN-2000 program [11]. Ther-
modynamic and magnetic properties were measured by a
Physical Properties Measurement System (PPMS, Quan-
tum Design) and a Magnetic Properties Measurement
System (MPMS, Quantum Design).

We were able to refine the powder XRD pattern with
the cubic Na4Sn3O8 structure (P4132 or P4332) [10].
The result of refinement is summarized in table I and Fig.
1 (b). The structure of Na4Ir3O8, shown in Fig. 1 (a), is
derived from those of spinel oxides (AB2O4), which can
be intuitively demonstrated by rewriting the chemical
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Introduction to Frustrated Magnets

 Geometric Frustration:

 The arrangement of spins on a 
lattice precludes (fully) satisfying 
all interactions at the same time

∼ eαNLarge degeneracy of the 
(classical) ground state manifold

Consequence:

 No energy scale of its own; any perturbation is strong

Mother of the many conventional and exotic phases

Introduction

?

J1
J2

o Frustrated magnets:

• Competition between exchange interactions

• All interactions cannot be satisfied simultaneously

• Can often result in the emergence of intriguing new 

phases:

• Can often result in a large degeneracy of the classical

ground state manifold

! Ordered phases: collinear, coplanar states

! Disordered phases: valence bond solids, spin liquids

Introduction

?

J1
J2

o Frustrated magnets:

• Competition between exchange interactions

• All interactions cannot be satisfied simultaneously

• Can often result in the emergence of intriguing new 

phases:

• Can often result in a large degeneracy of the classical

ground state manifold

! Ordered phases: collinear, coplanar states

! Disordered phases: valence bond solids, spin liquids



1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada
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Classical antiferromagnet on a hyper-kagome lattice

John M. Hopkinson,1 Sergei V. Isakov,1 Hae-Young Kee,1 and Yong Baek Kim1, 2

1Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada
2Department of Physics, University of California, Berkeley, California 94720

(Dated: November 8, 2006)

Motivated by the recent experiment on Na4Ir3O8 [1], we study the classical antiferromagnet on a
frustrated three-dimensional lattice obtained by selectively removing one of four sites in each tetra-
hedron of the pyrochlore lattice. This “hyper-kagome” lattice consists of corner-sharing triangles.
We present the results of large-N mean field theory and Monte Carlo computations on O(N) classical
spin models. It is found that the classical ground states are highly degenerate. Nonetheless a ne-
matic order emerges at low temperatures in the Heisenberg model (N = 3) via “order by disorder”,
representing the dominance of coplanar spin configurations. Implications for future experiments are
discussed.

PACS numbers: 75.10.Hk, 75.50.Ee, 75.40.Cx

Antiferromagnets on geometrically frustrated lattices
often possess macroscopically degenerate classical ground
states that satisfy peculiar local constraints imposed by
the underlying lattice structure [2]. Such highly degener-
ate systems are extremely sensitive to thermal and quan-
tum fluctuations, and thereby intriguing classical and
quantum ground states may emerge via “order by dis-
order” [3]. On the other hand, the system may remain
disordered even at zero temperature [4]. These paramag-
netic states are called spin liquid phases and their clas-
sical and quantum varieties have been recent subjects of
intensive theoretical and experimental research activities
[2].

Among several examples of two and three-dimensional
frustrated magnets, the kagome and pyrochlore lattices
have obtained particular attention because a relatively
large number of materials with the magnetic ions sit-
ting on these lattice structures are available [2]. Both
of these lattices are corner-sharing structures of a basic
unit; the triangle and tetrahedron respectively. Despite
this similarity, the classical Heisenberg magnet orders on
the kagome lattice [5, 6] while it remains disordered on
the pyrochlore lattice [7]. The nature of the spin-1/2
quantum Heisenberg magnets on these lattices has not
been settled and remains an important open problem
[8, 9]. On the other hand, spin-1/2 systems are rare on
these lattices and other degrees of freedom such as lat-
tice distortions may play an important additional role.
As a result, direct experimental tests on spin-1/2 quan-
tum magnets have been difficult to realize.

In this context, the recent experiments on Na4Ir3O8 [1]
may provide an important clue on these issues, albeit in a
different three-dimensional frustrated lattice. Here Ir4+

carries spin-1/2 as the five d-electrons form a low spin
state in the t2g level. The Ir and Na ions together occupy
the sites of the pyrochlore lattice such that only three of
the four sites of each tetrahedron are occupied by Ir. The
resulting lattice of magnetic Ir is a network of corner-
sharing triangles as shown in Fig. 1, where each triangle

FIG. 1: (color online). The hyper-kagome lattice. The thin
lines show the underlying pyrochlore lattice.

is derived from different faces of the tetrahedra. In anal-
ogy to the kagome lattice in two-dimensions, it is called
the hyper-kagome lattice. Even though the Curie-Weiss
temperature is large, θW = −650K, the susceptibility
and specific heat show no sign of magnetic ordering, nor
lattice distortion, down to T ∼ |θW |/200 [1]; suggesting
that it may be a spin liquid down to low temperatures.

In this paper, we study the classical antiferromagnet
on the hyper-kagome lattice. Such investigations would
not only reveal the behavior of the antiferromagnet in
the classical regime, but also provide an important start-
ing ground for the understanding of quantum fluctuation
effects. We first study the large-N limit of the O(N)
vector spin model at zero temperature and compute the
spin-spin correlation function in the large-N mean field
theory [10, 11]. It is found that there exist macroscopi-
cally degenerate ground states.

Then we perform large-scale Monte Carlo computa-
tions on the Ising (N = 1) and the Heisenberg (N = 3)
models. At temperatures T > Tn with Tn ∼ 10−3J , the
spin-spin correlation function in the Heisenberg model
(with the exchange coupling J) is very similar to that in

Hyper-Kagome

Origin of Classical Ground State Degeneracy
 Classical nearest-neighbor antiferromagnetic 

Heisenberg model on lattices with corner-sharing simplexes 
(simplex = triangle, tetrahedron)
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 Susceptibility ‘fingerprint’:

Moessner 1285

Fig. 2. Left: “susceptibility fingerprint” of strongly frustrated magnets. Top right: units of q spins with total spin

L = 0. The shaded pair of spins is rotated out of the plane by an angle φ. Bottom right: the easy axes of a pyrochlore

magnet.

referred [4].

Strongly frustrated magnetic compounds have a characteristic susceptibility fingerprint (see Fig. 2).

Their inverse susceptibility, χ−1, follows the usual Curie–Weiss law down to temperatures well below
the expected mean-field-ordering transition temperature #CW. At some low temperature TF " #CW

substantial deviations from the linear behaviour occur, typically signaling a transition to a state that

differs from compound to compound, which may, for example, be ordered or glassy. The smallness of

the frustration parameter TF/#CW has been proposed by Ramirez to be a defining feature of “strong”

geometric frustration [4].

The regimewhere the temperatureT > #CW is the usual paramagnetic regime.The low-temperature

(T < TF) regime is nongeneric (compound dependent). The intermediate regime TF < T < #CW,

known as the cooperative paramagnetic regime, appears to be essentially universal in this class of sys-

tems, in that correlations remainweak although the temperature is below the scale set by the interactions.

This observation suggests a two-step strategy for understanding magnets in this class. For the coop-

erative paramagnet, it should be sufficient to study a fairly simple model system to capture the generic

behaviour characterizing this regime. Building on this, perturbations to the simple model Hamiltonian,

appropriately chosen for each compound, are introduced to describe the nongeneric regime.

The remainder of this article adheres to this structure in that we first identify and discuss an ap-

propriate class of model cooperative paramagnets and then consider the effect of perturbations. In the

process, we shall see that classical models of highly frustrated magnets have in common that once the

leading frustrated exchange interaction has been optimized energetically, a large ground-state degener-

acy remains. The collection of degenerate ground states (the ground-state manifold) provides no energy

scale of its own and hence any perturbation has to be considered strong. Frustrated magnets are thus

model strongly interacting systems. The richness of their behaviour in the nongeneric regime can be

understood as a consequence of the nonperturbative nature of any term added to the leading, frustrated

exchange Hamiltonian.

2. Ground-state degeneracy of frustrated magnets

The main distinction between frustrated and unfrustrated magnets appears to be the presence of a

large ground-state degeneracy in the former. In the following, we first give a description of how the

degeneracy arises, and then provide a general quantitative determination of the size of the ground-state

degeneracy based on a simple Maxwellian [6] counting argument.

©2001 NRC Canada
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more likely this ground state will be entropically favored.



Order by Disorder
 Order by Disorder via Thermal Fluctuations:

 Different entropic weighting to each ground state

 Softer the fluctuations around a particular ground state, 
more likely this ground state will be entropically favored.

√
3×

√
3 q = 0

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.
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measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.
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Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.
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Order by Disorder

Classical Heisenberg Model on the Kagome lattice

 Order by Disorder via Thermal Fluctuations:

 Different entropic weighting to each ground state

 Softer the fluctuations around a particular ground state, 
more likely this ground state will be entropically favored.J. Phys.: Condens. Matter 19 (2007) 145256 S Tanaka and S Miyashita

Figure 1. The spin configuration of the ground state in a triangle cluster and an example of the
weathervane loop (bold line).

from the viewpoint of structural change of the macroscopically degenerate ordered states of the
Ising-like Heisenberg kagome antiferromagnet. Maegawa et al discovered the two cusps in the
temperature dependence of the susceptibility in NH4Fe3(OH)6(SO4)2 [8]. They concluded that
the successive phase transition may be caused by a small Ising-like anisotropy in the Heisenberg
kagome antiferromagnet.

In recent experimental studies, the antiferromagnetic kagome compounds show slow
relaxation of magnetization and dynamical susceptibility. Usually, the slow dynamics is caused
by random interaction of the systems. However, slow relaxation appears in non-random spin
systems such as SrCr9x Ga12−9xO19 (SCGO) and AM3(OH)6(SO4)2, which are corner-sharing
structures.

In the present paper, as a candidate of the origin of the slow relaxation in non-
random systems, we study relaxation phenomena in kagome antiferromagnetic systems in
the macroscopically degenerate ordered state of the Ising-like Heisenberg antiferromagnetic
kagome systems. In order to characterize the degenerate state we introduce a weathervane
loop, and investigate the microscopic mechanism of the slow relaxation by considering the
relaxation of the configuration of the weathervane loop structure, which is much slower than
the relaxation of the total magnetization which is the macroscopic order parameter of the model.

In section 2, we review the phase transition and features of the Ising-like Heisenberg
antiferromagnetic kagome systems. In section 3, we consider relaxation processes of a number
of ‘weathervane loops’. In section 4, we conclude our research.

2. Model

We consider the Ising-like Heisenberg kagome antiferromagnetic system,

H = J

(
∑

〈i, j〉
Sx

i Sx
j + Sy

i Sy
j + ASz

i Sz
j

)
, J > 0 and A > 1, (1)

where 〈i, j〉 and A denote the nearest neighbour in the kagome lattice and Ising-like anisotropy,
respectively. The kagome system consists of triangle units that share one corner. The ground
state of an Ising-like Heisenberg triangle unit is given by Sα = (0, 0, 1), Sβ = (s, 0,−c),
Sγ = (−s, 0,−c), where c = A

A+1 and s =
√

1 − c2. The freedom of rotation 2π in the xy-
plane remains in Sβ and Sγ . Because the antiferromagnetic kagome lattice system has a large
number of degenerate states, it is important to consider the entropy of the spin configuration. If
we connect {Sβ} and {Sγ } in the lattice, we find a closed loop as shown in figure 1. We call the
line a weathervane loop.

This system has nonzero magnetization in the ground state, the value of which is 1 − 2c
in each triangle unit. It is important to note that no sublattice long-range order exists in this
system in spite of the existence of the magnetic phase transition.

2

Weathervane loop

Non-planar states can be 
generated by continuous 

distortions of a planar state

 Planar ground states have more soft modes 
(introduction of ‘defect’ removes certain soft modes)



Order by Disorder

Classical Heisenberg Model on the Kagome lattice

 Order by Disorder via Thermal Fluctuations:

 Different entropic weighting to each ground state

 Softer the fluctuations around a particular ground state, 
more likely this ground state will be entropically favored.

√
3×

√
3 : favored as Softer fluctuations for T → 0
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Figure 2. Temperature dependence of (a) the magnetization and (b) the specific heat for A = 3. (•
for N = 675, ◦ for N = 972, ♦ for N = 1728, and " for N = 2700.)

(a) (b) (c)

Figure 3. A typical example of the ground state of the anisotropic Heisenberg kagome system.
(a) q = 0 state, (b)

√
3 ×

√
3 state, and (c) the random ground state. The circles and thick lines

denote Sα and the weathervane loop, respectively.

In order to study the equilibrium properties, we use the heat bath method of Monte Carlo
simulations with 100 000 Monte Carlo steps (MCSs) for initial relaxation and 100 000 MCSs
for collecting data. For the region near the critical point, we perform 200 000 MCSs for initial
relaxation and 500 000 MCSs for measurement. Figures 2(a) and (b) show the temperature
dependence of the magnetization and the specific heat for A = 3, respectively.

In figure 2(a) we see that, when T → 0, the magnetization approaches the value of the
ground state, 1

3
−A+1
A+1 = − 1

6 . Around T ' 0.078, the magnetization changes suddenly and
the specific heat diverges, which indicates a second-order phase transition. This is the phase
transition which belongs to the two-dimensional Ising ferromagnetic universality class [1].

3. Weathervane loop and defects

In the ground state, there are macroscopic degenerate configurations of the weathervane loop
as depicted in figures 3(a)–(c). Figures 3(a) and (b) show the ground states which are called
the q = 0 and

√
3 ×

√
3 structure, respectively. On the other hand, in figure 3(c), we show

a configuration which is obtained by quenching the system from a high temperature; we call
it a ‘random structure’. Let us consider the degeneracy of the ground state. Each loop has a
rotation degree of freedom 2π . We denote the number of the degeneracy of the ground state
(2π)nloop , where nloop denotes the number of weathervane loops. In the spin configuration of

3
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3. Weathervane loop and defects

In the ground state, there are macroscopic degenerate configurations of the weathervane loop
as depicted in figures 3(a)–(c). Figures 3(a) and (b) show the ground states which are called
the q = 0 and
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Order by Disorder

 Quantum zero point energy and further quantum 
fluctuations may select an ordered ground state.

 Order by Disorder via Quantum Fluctuations:



Order by Disorder

 Quantum zero point energy and further quantum 
fluctuations may select an ordered ground state.

Disorder by Disorder

 Sufficiently strong quantum fluctuations (S=1/2 for example), 
however, may destabilize any ordered phase;

possible quantum spin liquid - Disorder by Disorder

 Order by Disorder via Quantum Fluctuations:



Order by Disorder

Order by Disorder via Thermal/Quantum Fluctuations

Novel Magnetic Order and/or Valence Bond Solid States
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Valence Bond Solid

Triangular lattice antiferromagnet

H = J
∑

〈ij〉

!Si · !Sj

Nearest-neighbor model has non-collinear Neel order 

Ground state has long-range Néel order 

Square lattice antiferromagnet

H =
∑

〈ij〉

Jij
!Si · !Sj

Order parameter is a single vector field !ϕ = ηi
!Si

ηi = ±1 on two sublattices
〈!ϕ〉 #= 0 in Néel state.



Quantum Fluctuations

Antiferromagnetic Heisenberg Model

• start with the insulator at x = 0

H =
∑

〈i,j〉

J !Si · !Sj (J ∝ t2/U)

• control the quantum fluctuations ∼ change S of the spin

large S → magnetically ordered phase

small S → ’quantum-disordered’ phase

• large N generalization; SU(2) ∼ Sp(1) → Sp(N)

non-perturbative in the coupling constant and S

5

Controlling quantum fluctuations - changing S of spin

Large-S - Magnetically Ordered

Small-S - Quantum Disordered

Antiferromagnetic Heisenberg Model



Square lattice

Large-S - Neel Order

Small-S - Valence Bond Solid (VBS)

Translational symmetry is broken
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Breakup and Separation

Spinons are ‘confined’ by a linearly confining potential
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Valence Bond Solid (VBS)

Largest number of singlet pairs can resonate



Frustrated Lattices
Increasing frustration in the large-S or semiclassical limit

J
J’

Neel order Spiral order

increasing J’/J



Frustrated Lattices
Increasing frustration in the large-S or semiclassical limit

J
J’

Geometric frustration + quantum fluct. in the small-S limit 
⇒ Suppression of magnetic long range order

Neel order Spiral order

increasing J’/J



Frustrated Lattices
Increasing frustration in the large-S or semiclassical limit

J
J’

Geometric frustration + quantum fluct. in the small-S limit 
⇒ Suppression of magnetic long range order

Neel order Spiral order

increasing J’/J

RVB (resonating valence bond) state on frustrated lattices

RVB Spin Liquid

• Resonating Valence Bond (RVB) Spin Liquid at x=0
(not the ground state)

|RV B〉 =
∑

vb Avb|vb〉; take the advantage of quantum
fluctuations

= | vb >
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Breakup and Separation

Spinons are ‘deconfined’

Spinons: Q=0, S=1/2 excitations



Quantum Phases of Frustrated Mott Insulator



Spin Liquids come in Many Varieties

29

• Gap to all excitations in the bulk

• Ground state degeneracy on a torus

• “Fractionalization” of Quantum 

numbers

• Decoherence free Quantum 

computing 

RVB State

Free “spinon”, 

with s=1/2

• Gapless Excitations

• “Critical” Power Laws

• No free particle description

• “Topological Order”

• “Algebraic or critical Spin Liquid”

Spin liquids come in two varieties:

29

• Gap to all excitations in the bulk

• Ground state degeneracy on a torus

• “Fractionalization” of Quantum 

numbers

• Decoherence free Quantum 

computing 

RVB State

Free “spinon”, 

with s=1/2

• Gapless Excitations

• “Critical” Power Laws

• No free particle description

• “Topological Order”

• “Algebraic or critical Spin Liquid”

Spin liquids come in two varieties:

Excitations with a Gap

Gapless Excitations

Short-Range Valence Bond

Long-Range Valence Bond



and describe TWO topologically distinct

valence bond coverings

|vb〉even |vb〉odd

intersecting
even number

of dimers

intersecting
odd number

of dimers

Topological Order ?

|RV B〉even =

∑

even

A
even

vb |vb〉even |RV B〉odd =

∑

odd

A
odd
vb |vb〉odd
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Global property unaffected by local dynamics

Red line intersects an even number of bonds

Recall the “cartoon” of the RVB state
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Global property unaffected by local dynamics

Red line intersects an even number of bonds
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Global property unaffected by local dynamics

Red line intersects an even number of bonds

Two quantum states:



and describe TWO topologically distinct

valence bond coverings

|vb〉even |vb〉odd

intersecting
even number

of dimers

intersecting
odd number

of dimers

Topological Order ?

|RV B〉even =

∑

even

A
even

vb |vb〉even |RV B〉odd =

∑

odd

A
odd
vb |vb〉odd

■ On the torus, there are FOUR topological sectors

(even,even),  (even,odd),  (odd,even),  (odd,odd)



Resonating Valence Bond: 

Simplest quantum state 

with “topological” particles!

Idea:  Use “Quantum” Knots!

“A quantum system having particles with “topological” 

character would be automatically protected against 

errors caused by local disturbances”  

Alexei Kitaev (1995)
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More exotic topological states

Quantum states supporting particles with

      “Non Abelian particles”

Braid 1 and 2

1

2 3

Order of braids matters!

Multiple braids: 





Non-Abelian statistics

“Glittering equations, plus great handwavings -

the best of the physical review letter articles.” Albert Einstein

   Now updated with

new guidelines

for topological quantum

computing

Masaki Oshikawa
Tokyo Institute of Technology

physicist and worstselling joker

My goal:



Quantum Order by Disorder:
Frustrated Diamond Lattice 

Spinel Antiferromagnet



Frustrated Diamond Spinel Antiferromagnets 

Spinel Structure

AB2X4

A-site (Yellow) - diamond lattice  

B-site (Blue) - pyrochlore lattice  
X-site - vertices 

Our interest: Spinel compounds with magnetic A-sites only

Frustrated diamond spinel antiferromagnets

o Spinel compounds: AB2X4

A: diamond (two interpenetrating FCC sublattices)

B: pyrochlore

X: FCC

o Our interest: spinel compounds with magnetic A-sites only
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Frustrated Diamond Spinel Antiferromagnets 

Spinel Structure

AB2X4

A-site (Yellow) - diamond lattice  

B-site (Blue) - pyrochlore lattice  
X-site - vertices 

Our interest: Spinel compounds with magnetic A-sites only

Frustrated diamond spinel antiferromagnets

o Spinel compounds: AB2X4

A: diamond (two interpenetrating FCC sublattices)

B: pyrochlore

X: FCC

o Our interest: spinel compounds with magnetic A-sites only

1 10 900

CoRh
2
O
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Co
3
O
4

MnAl
2
O
4

FeAl
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O
4

MnSc
2
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4
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2
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f = |!CW|/Tc

magnetically ordered  
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Quantum order by disorder in frustrated diamond lattice antiferromagnets

Jean-Sébastien Bernier,1 Michael J. Lawler,1 and Yong Baek Kim1

1Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada

(Dated: March 7, 2008)

We present a quantum theory of frustrated diamond lattice antiferromagnets. Considering quantum fluctu-

ations as the predominant mechanism relieving spin frustration, we find a rich phase diagram comprising of

six phases with coplanar spiral ordering in addition to the Néel phase. By computing the specific heat of these

ordered phases, we obtain a remarkable agreement between (k, k, 0)-spiral ordering and the experimental spe-

cific heat data for the diamond lattice spinel compounds MnSc2S4, Co3O4 and CoRh2O4, i.e. specific heat

data is a strong evidence for (k, k, 0)-spiral ordering in all of these materials. This prediction can be tested in

future neutron scattering experiments on Co3O4 and CoRh2O4, and may also be consistent with the existing

neutron scattering data on MnSc2S4. Furthermore, based on this agreement we infer a monotonically increasing

relationship between frustration and the strength of quantum fluctuations.

Introduction. In insulating magnetic materials, new phases

of matter may be found by letting local exchange interactions

compete. In such situations, the spins are said to be frus-

trated and intriguing new phases such as ordered phases with

coplanar or spiral ordering or “spin liquid” paramagnets can

arise.[1] In any given frustrated material, the ground state may

be determined by identifying the primary mechanism reliev-

ing the frustration. While extrinsic mechanisms, such as small

dipole interactions[2], disorder or lattice distortions[3], may

be important, perhaps the most interesting possibility is when

temperature or quantum fluctuations alone relieve the frustra-

tion, a process termed “order by disorder”.[4]

In this light, recent experiments which unveil strong frus-

tration in spinel compounds AB2X4, with magnetic ions oc-

cupying the A-sites, are particularly interesting. Here the A-

sites form a diamond lattice of spin S = 3
2 , 2, 5

2 local mo-

ments. Important examples include seven diamond spinels[5],

four that order: MnSc2S4; MnAl2O4; Co3O4; CoRh2O4 and

three that do not down to the lowest temperatures studied:

CoAl2O4; FeAl2O4; FeSc2S4. When the moments order, the

ordering temperature, Tc, is low compared to the Curie-Weiss

temperature, ΘCW, with frustration parameters[6], f = |ΘCW|
Tc

,

varying from 1.2 to 10. The magnetic ordering in one of the

ordered materials, MnSc2S4, has been identified as an ex-

otic (k, k, 0) coplanar spiral via extensive neutron scattering

experiments[5] while the magnetic ordering patterns of other

ordered diamond spinels are not determined yet. Given that a

diamond lattice is bipartite, this ubiquitous evidence for frus-

tration is highly unexpected.

In combination with their frustrated magnetic properties,

diamond spinels also have unusual temperature dependence

of specific heat. Remarkably, among the four materials that

order, their specific heat data share the same unusual behav-

ior below Tc (see Ref.[5]). Instead of a pure T 3 power-law

expected for incommensurate magnetic ordering in three di-

mensions, two inflection points are observed. The three that

do not order also share the same characteristic specific heat,

but is quite different from those that order. These materials

display a T 2.5 power-law over a decade in temperature.[5]

Following these experimental discoveries, the classical

Heisenberg model on the diamond lattice with the nearest

and next-nearest neighbor exchange interactions has been

studied[7]. It was demonstrated that the frustration arises from

the next-nearest neighbor interactions that couple spins within

each of the two face-centered cubic (FCC) sublattices of the

diamond lattice structure[7]. This coupling creates a highly

degenerate set of classical coplanar spirals whose propagation

vectors form a continuous surface in momentum space. Re-

lieving this classical ground state degeneracy by thermal fluc-

tuations was then found to produce a rich phase diagram at

the classical level[7], including the (k, k, 0) spiral phase dis-

covered in the neutron scattering experiments on MnSc2S4.

This put diamond spinels in a promising class of materials in

which (thermal) “order by disorder” may be experimentally

observed. However, this classical picture may not be suf-

ficient to describe possible effect of quantum fluctuations in

these materials with relatively small spin S = 3
2 , 2, 5

2 and the

specific heat data below Tc.

In this letter, we present a quantum theory of frustrated dia-

mond lattice antiferromagnets. We find that quantum fluctua-

tions act as an order dy disorder mechanism to produce a sim-

ilar but richer phase diagram compared with that obtained ex-

clusively from thermal fluctuations. In particular, focusing on

the ordered states, we demonstrate that the characteristic sig-

natures in the specific heat data of three of the ordered materi-

als (MnSc2S4, Co3O4 and CoRh2O4) can be explained if the

magnetic ordering pattern in these materials is (k, k, 0)-spiral

selected by strong quantum fluctuations. Thus, we argue that

specific heat data is a convincing evidence for (k, k, 0)-spiral

ordering in all these materials. Based on this comparison, we

show how frustration and quantum fluctuations are strongly

intertwined in these systems. Finally, we discuss the implica-

tions of our results on future neutron scattering experiments

on these materials.

Keeping in mind that frustration arises from the next-

nearest neighbor exchange interactions[7], we begin with the

following quantum Heisenberg model:

H = J1

∑

〈ij〉

Si · Sj + J2

∑

〈〈ij〉〉

Si · Sj , (1)

where Si are spin-S operators at site i, J1 > 0 is the exchange

coupling on the nearest-neighbor links (between sites on dif-

Heisenberg Model on the Diamond Lattice
Model for the diamond lattice antiferromagnets

o Quantum Heisenberg Hamiltonian:

• Two FCC sublattices:

J1

J2

J1: between the two sublattices

J2: between the first neighbor sites

of the FCC sublattice

Bergman et al., Nature Physics 3, 487 (2007)

∑∑ !+!=
!"

!"

!"

!" ##$##$%
!!!!

21

J1

J2

Not frustrated

Frustrated !

favors Neel ordering
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Quantum order by disorder in frustrated diamond lattice antiferromagnets

Jean-Sébastien Bernier,1 Michael J. Lawler,1 and Yong Baek Kim1
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(Dated: March 7, 2008)

We present a quantum theory of frustrated diamond lattice antiferromagnets. Considering quantum fluctu-

ations as the predominant mechanism relieving spin frustration, we find a rich phase diagram comprising of

six phases with coplanar spiral ordering in addition to the Néel phase. By computing the specific heat of these

ordered phases, we obtain a remarkable agreement between (k, k, 0)-spiral ordering and the experimental spe-

cific heat data for the diamond lattice spinel compounds MnSc2S4, Co3O4 and CoRh2O4, i.e. specific heat

data is a strong evidence for (k, k, 0)-spiral ordering in all of these materials. This prediction can be tested in

future neutron scattering experiments on Co3O4 and CoRh2O4, and may also be consistent with the existing

neutron scattering data on MnSc2S4. Furthermore, based on this agreement we infer a monotonically increasing

relationship between frustration and the strength of quantum fluctuations.

Introduction. In insulating magnetic materials, new phases

of matter may be found by letting local exchange interactions

compete. In such situations, the spins are said to be frus-

trated and intriguing new phases such as ordered phases with

coplanar or spiral ordering or “spin liquid” paramagnets can

arise.[1] In any given frustrated material, the ground state may

be determined by identifying the primary mechanism reliev-

ing the frustration. While extrinsic mechanisms, such as small

dipole interactions[2], disorder or lattice distortions[3], may

be important, perhaps the most interesting possibility is when

temperature or quantum fluctuations alone relieve the frustra-

tion, a process termed “order by disorder”.[4]

In this light, recent experiments which unveil strong frus-

tration in spinel compounds AB2X4, with magnetic ions oc-

cupying the A-sites, are particularly interesting. Here the A-

sites form a diamond lattice of spin S = 3
2 , 2, 5

2 local mo-

ments. Important examples include seven diamond spinels[5],

four that order: MnSc2S4; MnAl2O4; Co3O4; CoRh2O4 and

three that do not down to the lowest temperatures studied:

CoAl2O4; FeAl2O4; FeSc2S4. When the moments order, the

ordering temperature, Tc, is low compared to the Curie-Weiss

temperature, ΘCW, with frustration parameters[6], f = |ΘCW|
Tc

,

varying from 1.2 to 10. The magnetic ordering in one of the

ordered materials, MnSc2S4, has been identified as an ex-

otic (k, k, 0) coplanar spiral via extensive neutron scattering

experiments[5] while the magnetic ordering patterns of other

ordered diamond spinels are not determined yet. Given that a

diamond lattice is bipartite, this ubiquitous evidence for frus-

tration is highly unexpected.

In combination with their frustrated magnetic properties,

diamond spinels also have unusual temperature dependence

of specific heat. Remarkably, among the four materials that

order, their specific heat data share the same unusual behav-

ior below Tc (see Ref.[5]). Instead of a pure T 3 power-law

expected for incommensurate magnetic ordering in three di-

mensions, two inflection points are observed. The three that

do not order also share the same characteristic specific heat,

but is quite different from those that order. These materials

display a T 2.5 power-law over a decade in temperature.[5]

Following these experimental discoveries, the classical

Heisenberg model on the diamond lattice with the nearest

and next-nearest neighbor exchange interactions has been

studied[7]. It was demonstrated that the frustration arises from

the next-nearest neighbor interactions that couple spins within

each of the two face-centered cubic (FCC) sublattices of the

diamond lattice structure[7]. This coupling creates a highly

degenerate set of classical coplanar spirals whose propagation

vectors form a continuous surface in momentum space. Re-

lieving this classical ground state degeneracy by thermal fluc-

tuations was then found to produce a rich phase diagram at

the classical level[7], including the (k, k, 0) spiral phase dis-

covered in the neutron scattering experiments on MnSc2S4.

This put diamond spinels in a promising class of materials in

which (thermal) “order by disorder” may be experimentally

observed. However, this classical picture may not be suf-

ficient to describe possible effect of quantum fluctuations in

these materials with relatively small spin S = 3
2 , 2, 5

2 and the

specific heat data below Tc.

In this letter, we present a quantum theory of frustrated dia-

mond lattice antiferromagnets. We find that quantum fluctua-

tions act as an order dy disorder mechanism to produce a sim-

ilar but richer phase diagram compared with that obtained ex-

clusively from thermal fluctuations. In particular, focusing on

the ordered states, we demonstrate that the characteristic sig-

natures in the specific heat data of three of the ordered materi-

als (MnSc2S4, Co3O4 and CoRh2O4) can be explained if the

magnetic ordering pattern in these materials is (k, k, 0)-spiral

selected by strong quantum fluctuations. Thus, we argue that

specific heat data is a convincing evidence for (k, k, 0)-spiral

ordering in all these materials. Based on this comparison, we

show how frustration and quantum fluctuations are strongly

intertwined in these systems. Finally, we discuss the implica-

tions of our results on future neutron scattering experiments

on these materials.

Keeping in mind that frustration arises from the next-

nearest neighbor exchange interactions[7], we begin with the

following quantum Heisenberg model:

H = J1

∑

〈ij〉

Si · Sj + J2

∑

〈〈ij〉〉

Si · Sj , (1)

where Si are spin-S operators at site i, J1 > 0 is the exchange

coupling on the nearest-neighbor links (between sites on dif-

Heisenberg Model on the Diamond Lattice

J1

J2

Not frustrated

Frustrated !

favors Neel ordering

Model for the diamond lattice antiferromagnets

o The importance of J2 coupling:

If only J1:

The lattice is bipartite, 
no frustration

If J2:

Generates frustration
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We present a quantum theory of frustrated diamond lattice antiferromagnets. Considering quantum fluctu-

ations as the predominant mechanism relieving spin frustration, we find a rich phase diagram comprising of

six phases with coplanar spiral ordering in addition to the Néel phase. By computing the specific heat of these

ordered phases, we obtain a remarkable agreement between (k, k, 0)-spiral ordering and the experimental spe-

cific heat data for the diamond lattice spinel compounds MnSc2S4, Co3O4 and CoRh2O4, i.e. specific heat

data is a strong evidence for (k, k, 0)-spiral ordering in all of these materials. This prediction can be tested in

future neutron scattering experiments on Co3O4 and CoRh2O4, and may also be consistent with the existing

neutron scattering data on MnSc2S4. Furthermore, based on this agreement we infer a monotonically increasing

relationship between frustration and the strength of quantum fluctuations.

Introduction. In insulating magnetic materials, new phases

of matter may be found by letting local exchange interactions

compete. In such situations, the spins are said to be frus-

trated and intriguing new phases such as ordered phases with

coplanar or spiral ordering or “spin liquid” paramagnets can

arise.[1] In any given frustrated material, the ground state may

be determined by identifying the primary mechanism reliev-

ing the frustration. While extrinsic mechanisms, such as small

dipole interactions[2], disorder or lattice distortions[3], may

be important, perhaps the most interesting possibility is when

temperature or quantum fluctuations alone relieve the frustra-

tion, a process termed “order by disorder”.[4]

In this light, recent experiments which unveil strong frus-

tration in spinel compounds AB2X4, with magnetic ions oc-

cupying the A-sites, are particularly interesting. Here the A-

sites form a diamond lattice of spin S = 3
2 , 2, 5

2 local mo-

ments. Important examples include seven diamond spinels[5],

four that order: MnSc2S4; MnAl2O4; Co3O4; CoRh2O4 and

three that do not down to the lowest temperatures studied:

CoAl2O4; FeAl2O4; FeSc2S4. When the moments order, the

ordering temperature, Tc, is low compared to the Curie-Weiss

temperature, ΘCW, with frustration parameters[6], f = |ΘCW|
Tc

,

varying from 1.2 to 10. The magnetic ordering in one of the

ordered materials, MnSc2S4, has been identified as an ex-

otic (k, k, 0) coplanar spiral via extensive neutron scattering

experiments[5] while the magnetic ordering patterns of other

ordered diamond spinels are not determined yet. Given that a

diamond lattice is bipartite, this ubiquitous evidence for frus-

tration is highly unexpected.

In combination with their frustrated magnetic properties,

diamond spinels also have unusual temperature dependence

of specific heat. Remarkably, among the four materials that

order, their specific heat data share the same unusual behav-

ior below Tc (see Ref.[5]). Instead of a pure T 3 power-law

expected for incommensurate magnetic ordering in three di-

mensions, two inflection points are observed. The three that

do not order also share the same characteristic specific heat,

but is quite different from those that order. These materials

display a T 2.5 power-law over a decade in temperature.[5]

Following these experimental discoveries, the classical

Heisenberg model on the diamond lattice with the nearest

and next-nearest neighbor exchange interactions has been

studied[7]. It was demonstrated that the frustration arises from

the next-nearest neighbor interactions that couple spins within

each of the two face-centered cubic (FCC) sublattices of the

diamond lattice structure[7]. This coupling creates a highly

degenerate set of classical coplanar spirals whose propagation

vectors form a continuous surface in momentum space. Re-

lieving this classical ground state degeneracy by thermal fluc-

tuations was then found to produce a rich phase diagram at

the classical level[7], including the (k, k, 0) spiral phase dis-

covered in the neutron scattering experiments on MnSc2S4.

This put diamond spinels in a promising class of materials in

which (thermal) “order by disorder” may be experimentally

observed. However, this classical picture may not be suf-

ficient to describe possible effect of quantum fluctuations in

these materials with relatively small spin S = 3
2 , 2, 5

2 and the

specific heat data below Tc.

In this letter, we present a quantum theory of frustrated dia-

mond lattice antiferromagnets. We find that quantum fluctua-

tions act as an order dy disorder mechanism to produce a sim-

ilar but richer phase diagram compared with that obtained ex-

clusively from thermal fluctuations. In particular, focusing on

the ordered states, we demonstrate that the characteristic sig-

natures in the specific heat data of three of the ordered materi-

als (MnSc2S4, Co3O4 and CoRh2O4) can be explained if the

magnetic ordering pattern in these materials is (k, k, 0)-spiral

selected by strong quantum fluctuations. Thus, we argue that

specific heat data is a convincing evidence for (k, k, 0)-spiral

ordering in all these materials. Based on this comparison, we

show how frustration and quantum fluctuations are strongly

intertwined in these systems. Finally, we discuss the implica-

tions of our results on future neutron scattering experiments

on these materials.

Keeping in mind that frustration arises from the next-

nearest neighbor exchange interactions[7], we begin with the

following quantum Heisenberg model:

H = J1

∑

〈ij〉

Si · Sj + J2

∑

〈〈ij〉〉

Si · Sj , (1)

where Si are spin-S operators at site i, J1 > 0 is the exchange

coupling on the nearest-neighbor links (between sites on dif-

Heisenberg Model on the Diamond Lattice

J1

J2

Not frustrated

Frustrated !

favors Neel ordering

Model for the diamond lattice antiferromagnets

o The importance of J2 coupling:

If only J1:

The lattice is bipartite, 
no frustration

If J2:

Generates frustration



Classical Heisenberg Model

J2/J10 1/8

Classical ground states

o For a large range of J2/J1 ratios, many different spin configurations labelled

by their momentum values share the same lowest energy

Néel Highly degenerate coplanar spirals

J2/J1=0.2 J2/J1=0.6 J2/J1=0.85

Surface of equal energy in momentum space:

Deformed sphere:

1/8 < J2/J1< 1/4

Punctured deformed sphere:

J2/J1> 1/4

Bergman et al., Nature Physics 3, 487 (2007)
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Quantum Order by Disorder

Expand the ground state energy in 1/κ

E = Ec +
1
κ

E1 + ...

E1 quantum zero-point fluctuation energy

Ec Classical energyEffect of quantum fluctuations

We find that the first order quantum correction strongly alter the topology of 
the degenerate ground state manifold

How to understand our phase diagram?

Energy landscape in 

momentum space: 

deformed sphere

Unfolded “sphere”

One point

One point
0

!

2!

"k

#k

Equivalent 

points

Represent the resulting energy change/difference

lifts the ground state degeneracy

κ = “2S” controls quantum 
fluctuations



Phase Diagram
Thermal1 Quantum2J2/J1

Néel

(k,k,k)

6 points 
around 
(k,k,k)

(k,k,0)

4 points 
around 
(k,0,0)

(k,0,0)

Néel

Degenerate

(k,k,k)

Circle 
around 
(k,k,k)

6 points around (k,k,k)

including (k,k,0)

Cross at (k,0,0)

(k,0,0)

1. Bergman et al., Nature Physics 3, 487 (2007)

0

1/4

1/2

3/4

1

?

2. Bernier et al., arxiv:0801.0598

Model for the diamond lattice antiferromagnets

o The importance of J2 coupling:

If only J1:

The lattice is bipartite, 
no frustration

If J2:

Generates frustration



Finite Temperature Large-N Theory and Specific Heat

(k,k,0) ordering works remarkably well !

J. Phys.: Condens. Matter 19 (2007) 145265 T Suzuki et al

Figure 3. Inverse magnetic susceptibility 1/χ and specific heat divided by temperature C/T for
Co3O4. The solid line represents a fit to the Curie–Weiss curve.

Figure 4. Inverse magnetic susceptibility 1/χ and specific heat divided by temperature C/T for
CoAl2O4. The solid line represents a fit to the Curie–Weiss curve. The inset shows the T 2.5

dependence of the specific heat C on a logarithmic scale.

The long-range magnetic ordering was drastically reduced for CoAl2O4 as can be seen
from the temperature dependence of 1/χ and C/T in figure 4. Although the Curie–Weiss
temperature is as large as "CW = −89(6) K, no clear signature of the long-range magnetic
ordering was observed down to 2 K. Below about 60 K, 1/χ deviates from Curie–Weiss
behaviour and C/T starts increasing upon cooling, indicating an evolution of short-range
antiferromagnetic ordering. By further lowering temperature, χ exhibits a broad peak at about
14 K and C/T at about T ∗ = 9 K. We tentatively determine the frustration parameter f from
the ratio |"CW|/T ∗. The large value of f = 10 demonstrates the presence of A-site frustration
for the oxide spinel CoAl2O4. Disordered CoAl2O4 with an inversion parameter x = 0.08
exhibits a larger frustration parameter of f = 22 [7], probably due to the spin glass crossover
at the reduced transition temperature of 4.8 K.
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Quantum order by disorder in frustrated diamond lattice antiferromagnets

Jean-Sébastien Bernier,1 Michael J. Lawler,1 and Yong Baek Kim1

1Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada

(Dated: March 7, 2008)

We present a quantum theory of frustrated diamond lattice antiferromagnets. Considering quantum fluctu-

ations as the predominant mechanism relieving spin frustration, we find a rich phase diagram comprising of

six phases with coplanar spiral ordering in addition to the Néel phase. By computing the specific heat of these

ordered phases, we obtain a remarkable agreement between (k, k, 0)-spiral ordering and the experimental spe-

cific heat data for the diamond lattice spinel compounds MnSc2S4, Co3O4 and CoRh2O4, i.e. specific heat

data is a strong evidence for (k, k, 0)-spiral ordering in all of these materials. This prediction can be tested in

future neutron scattering experiments on Co3O4 and CoRh2O4, and may also be consistent with the existing

neutron scattering data on MnSc2S4. Furthermore, based on this agreement we infer a monotonically increasing

relationship between frustration and the strength of quantum fluctuations.

Introduction. In insulating magnetic materials, new phases

of matter may be found by letting local exchange interactions

compete. In such situations, the spins are said to be frus-

trated and intriguing new phases such as ordered phases with

coplanar or spiral ordering or “spin liquid” paramagnets can

arise.[1] In any given frustrated material, the ground state may

be determined by identifying the primary mechanism reliev-

ing the frustration. While extrinsic mechanisms, such as small

dipole interactions[2], disorder or lattice distortions[3], may

be important, perhaps the most interesting possibility is when

temperature or quantum fluctuations alone relieve the frustra-

tion, a process termed “order by disorder”.[4]

In this light, recent experiments which unveil strong frus-

tration in spinel compounds AB2X4, with magnetic ions oc-

cupying the A-sites, are particularly interesting. Here the A-

sites form a diamond lattice of spin S = 3
2 , 2, 5

2 local mo-

ments. Important examples include seven diamond spinels[5],

four that order: MnSc2S4; MnAl2O4; Co3O4; CoRh2O4 and

three that do not down to the lowest temperatures studied:

CoAl2O4; FeAl2O4; FeSc2S4. When the moments order, the

ordering temperature, Tc, is low compared to the Curie-Weiss

temperature, ΘCW, with frustration parameters[6], f = |ΘCW|
Tc

,

varying from 1.2 to 10. The magnetic ordering in one of the

ordered materials, MnSc2S4, has been identified as an ex-

otic (k, k, 0) coplanar spiral via extensive neutron scattering

experiments[5] while the magnetic ordering patterns of other

ordered diamond spinels are not determined yet. Given that a

diamond lattice is bipartite, this ubiquitous evidence for frus-

tration is highly unexpected.

In combination with their frustrated magnetic properties,

diamond spinels also have unusual temperature dependence

of specific heat. Remarkably, among the four materials that

order, their specific heat data share the same unusual behav-

ior below Tc (see Ref.[5]). Instead of a pure T 3 power-law

expected for incommensurate magnetic ordering in three di-

mensions, two inflection points are observed. The three that

do not order also share the same characteristic specific heat,

but is quite different from those that order. These materials

display a T 2.5 power-law over a decade in temperature.[5]

Following these experimental discoveries, the classical

Heisenberg model on the diamond lattice with the nearest

and next-nearest neighbor exchange interactions has been

studied[7]. It was demonstrated that the frustration arises from

the next-nearest neighbor interactions that couple spins within

each of the two face-centered cubic (FCC) sublattices of the

diamond lattice structure[7]. This coupling creates a highly

degenerate set of classical coplanar spirals whose propagation

vectors form a continuous surface in momentum space. Re-

lieving this classical ground state degeneracy by thermal fluc-

tuations was then found to produce a rich phase diagram at

the classical level[7], including the (k, k, 0) spiral phase dis-

covered in the neutron scattering experiments on MnSc2S4.

This put diamond spinels in a promising class of materials in

which (thermal) “order by disorder” may be experimentally

observed. However, this classical picture may not be suf-

ficient to describe possible effect of quantum fluctuations in

these materials with relatively small spin S = 3
2 , 2, 5

2 and the

specific heat data below Tc.

In this letter, we present a quantum theory of frustrated dia-

mond lattice antiferromagnets. We find that quantum fluctua-

tions act as an order dy disorder mechanism to produce a sim-

ilar but richer phase diagram compared with that obtained ex-

clusively from thermal fluctuations. In particular, focusing on

the ordered states, we demonstrate that the characteristic sig-

natures in the specific heat data of three of the ordered materi-

als (MnSc2S4, Co3O4 and CoRh2O4) can be explained if the

magnetic ordering pattern in these materials is (k, k, 0)-spiral

selected by strong quantum fluctuations. Thus, we argue that

specific heat data is a convincing evidence for (k, k, 0)-spiral

ordering in all these materials. Based on this comparison, we

show how frustration and quantum fluctuations are strongly

intertwined in these systems. Finally, we discuss the implica-

tions of our results on future neutron scattering experiments

on these materials.

Keeping in mind that frustration arises from the next-

nearest neighbor exchange interactions[7], we begin with the

following quantum Heisenberg model:

H = J1

∑

〈ij〉

Si · Sj + J2

∑

〈〈ij〉〉

Si · Sj , (1)

where Si are spin-S operators at site i, J1 > 0 is the exchange

coupling on the nearest-neighbor links (between sites on dif-
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FIG. 2: Comparison of specific heat data of CoRh2O4, Co3O4,

MnSc2S4 and the theoretical large-N specific heat of the (k, k, 0)
spiral ordering with J2/J1 = 0.6. Here 1/κ = N/2Seff, held
fixed in the large-N limit, gives the strength of quantum fluctu-

ations and increases monotonically with the frustration parameter

f = |ΘCW|/Tc. The inset shows the subtraction of the nuclear

contribution with a constant “background” from the specific heat of

MnSc2S4 using CI/T = ∆2/T 3(e(∆/T )/(1 + e(∆/T ))2 + C0.

2Seff = κN where m = 1, ..., N must be imposed at each

site. Note that N = 1 corresponds to the physical limit Sp(1)
≡ SU(2). The action of the corresponding Sp(N ) generalized
model is then given by

S =

∫ β

0
dτ{bm

iα∂τbm
iα −

Jij

2N
AijAij + λi(b

m
iαbm

iα − nbi)} (2)

where Aij = εαβ δmm′bm
iαbm′

jβ (εαβ δmm′ is the Sp(N ) gener-
alized antisymmetric tensor of SU(2)) and the chemical poten-
tial λi keeps the average number of bosons fixed to nb = κN
at every site. The mean-field action is then obtained by decou-

pling the quartic boson interaction in S using the Hubbard-

Stratonovitch fields Qij = −Qji directed along the lattice

links so that one obtains Qij = 〈Aij〉/N at the saddle point.

The mean field solution becomes exact in the large-N limit

where N → ∞ is taken while κ = nb/N is fixed. We also

introduce the paramerization bm
iα =

( √
Nxiα bm̃

iα

)T
where

m̃ = 2, ..., N to allow for the possiblity of long-range order

that occurs when xiα (= 0. Consequently, after integrating
over the bosons, and rescalingQij and λ by κ, xiα by

√
κ and

the temperature by κ2, we obtain the mean-field free energy

F

Nκ2
=

∑

i,j

Jij

2
(|Qij |2 − Qij(εαβx∗

iαx∗
jβ) + c.c.)

+ λ
∑

i

(|xiα|2 − (
1

κ
+ 1)) + feff (3)

where feff =
∑

µ
ωµ(Q,λ)

κ + 2kBT ln(1 − e−
ωµ(Q,λ)

κkB T ) where
ωµ(Q, λ) are the eigenvalues of the mean-field Hamiltonian.
Note that the chemical potential is now taken to be uniform

since each site has the same number of nearest neighbor and

next nearest neighbor links. In general, magnetic ordering

xiα (= 0 occurs in the semiclassical limit at larger κ while
quantum paramagnetic phases are obtained when κ is small.
Classical ground state. In the classical limit κ → ∞ at

T → 0, one can show that Qc
ij = εαβxc

iαxc
jβ , so that the

classical energy is given by

Ec

Nκ2
= −

∑

i,j

Jij

2
|εαβxc

iαxc
jβ |2 + λc

∑

i

(|xc
iα|2 − 1). (4)

Minimizing this expression with respect to xc
iα and λc is

equivalent to determining the classical ground states of Eq.1

provided the solution has |xc
iα|2 = 1. Rewriting Ec in

terms of a quadratic form in the classical unit spin vectors
(Sc

i = xc∗
iα(σαβxc

iβ and transforming to momentum space un-

veils two bands with energy

ε±(k) = J2(Λ
2(k) − 1) ± 1

2J1Λ(k) (5)

where Λ2(k) = 4{
∏

u=x,y,z cos2 ku

4 +
∏

u=x,y,z sin2 ku

4 }.
The minimum eigenvalue is obtained in the lower band ε−
and is unique at k = 0 for J2/J1 < 1/8 but highly de-
generate, corresponding to a surface in momentum space, for

J2/J1 ≥ 1/8. For 1/8 ≤ J2/J1 ≤ 1/4, the space of
ground states resembles the surface of a slightly deformed

sphere. For larger J2/J1, the size of the “sphere” increases

and eight holes centered around the (k, k, k) directions be-
gin to puncture its surface (see also Ref.[7]). The solu-

tion of the classical limit is then completed by finding for

each degenerate eigenstate, labeled by its k value, its corre-

sponding real space spin configuration and chemical poten-

tial. In terms of our spinor representation, we obtain xc,A
i↑/↓ =

± 1√
2
e∓

i
2 (k·ri−

1
2 θ(k))

and xc,B
i↑/↓ = 1√

2
e∓

i
2 (k·ri+

1
2 θ(k))

where

A and B label the two interpenetrating FCC sublattices and

θ(k) = arctan(tan kx

4 tan ky

4 tan kz

4 ). Varying Ec with re-

spect to λc then gives the corresponding chemical potential

λc
i = 1

xc∗
i↑

∑

j
Jij

2 Qc∗
ij xc

j↓ and is the same on all lattice sites.

Effect of quantum fluctuations. Given the above solution

to the classical ground states, consider expanding the ground

state energyE in powers of 1/κ so thatE = Ec + 1
κE1 + . . ..

This leads to the quantum correction

E1

Nκ2
=

∑

µ

ωµ(Qc, λc) − λcNS (6)

where NS is the number of lattice sites and Qc, the classi-

cal values for the link variables, are given by QcAA/BB
ij =

∓i sin(k·(rj−ri)
2 ) and QcAB/BA

ij = ± cos(k·(rj−ri)±θ(k)
2 ).

Since Qc
ij is only dependent on the difference between two

sites, we can Fourier transform back to momentum space and

solve for E1 analytically as a sum over wave-vectors. In

practice, this energy correction is computed using an adap-

tive Monte Carlo integration method and the new ground state

is found by sampling the surface of equal energy. The first or-

der quantum corrections dramatically alter the topology of the

Effect of first order quantum corrections

Summary of our findings:

• Thermal and quantum fluctuations select states along similar high

symmetry directions: (k,k,k), (k,k,0) and (k,0,0)

• Thermal and quantum fluctuations do not always select the same states

in the same range of J2/J1 ratios

• First order quantum fluctuations do not always lift the degeneracy or only

partially lift it. Examples: “degenerate”, “circle” and “cross” phases

• Quantum fluctuations do select the (k,k,0) direction for a range of J2/J1 :

quantum “order by disorder” could be the mechanism behind the ordering of

MnSc2S4
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Disorder by Disorder:
Spin Liquid on Hyper-Kagome Lattice



Search for Quantum Spin Liquid (S=1/2)
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Spin Dynamics of the Spin-1/2 Kagomé Lattice Antiferromagnet ZnCu3(OH)6Cl2

J.S. Helton1, K. Matan1, M.P. Shores2, E.A. Nytko2, B.M. Bartlett2, Y. Yoshida3,
Y. Takano3, A. Suslov4, Y. Qiu5, J.-H. Chung5, D.G. Nocera2, and Y.S. Lee1∗

1Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139
2Department of Chemistry, Massachusetts Institute of Technology, Cambridge, MA 02139

3Department of Physics, University of Florida, Gainesville, FL 32611
4National High Magnetic Field Laboratory, Tallahassee, FL 32310 and

5NIST Center for Neutron Research, Gaithersburg,
MD 20899 and Department of Materials Science and Engineering,

University of Maryland, College Park, MD, 20742
∗email: younglee@mit.edu

(Dated: April 6, 2007)

We have performed thermodynamic and neutron scattering measurements on the S = 1/2 kagomé
lattice antiferromagnet ZnCu3(OH)6Cl2. The susceptibility indicates a Curie-Weiss temperature of
θCW ! −300 K; however, no magnetic order is observed down to 50 mK. Inelastic neutron scattering
reveals a spectrum of low energy spin excitations with no observable gap down to 0.1 meV. The
specific heat at low-T follows a power law temperature dependence. These results suggest that an
unusual spin liquid state with essentially gapless excitations is realized in this kagomé lattice system.

An important challenge in condensed matter physics is
the search for quantum disordered ground states in two
dimensional systems. Of particular interest is studying
quantum spin liquids, an example of which is the “res-
onating valence bond” state proposed by Anderson[1].
These states are unusual in that neither translational nor
spin rotational symmetries are broken. It is believed that
the S = 1/2 Heisenberg antiferromagnet on a kagomé lat-
tice (composed of corner sharing triangles) is an ideal sys-
tem to look for spin liquid physics due to the high degree
of frustration. There is broad theoretical consensus that
the ground state of the S = 1/2 kagomé antiferromagnet
is not magnetically ordered[2, 3, 4, 5, 6, 7, 8]. How-
ever, many basic properties are still under debate, such
as the magnitude of the gap to the first triplet state.
An intriguing possibility is the existence of deconfined
S = 1/2 spinons as the fundamental excitations, as op-
posed to conventional S = 1 magnons.

Despite heavy theoretical interest, experimental stud-
ies of the S = 1/2 kagomé lattice have been ham-
pered by the difficulty in synthesizing such materials.
Here, we report thermodynamic and neutron scattering
measurements on powder samples of ZnCu3(OH)6Cl2,
known as herbertsmithite[9]. As has been previously
reported[10], ZnxCu4−x(OH)6Cl2 can be synthesized
with variable Zn concentration, from x=0 to x=1 (her-
bertsmithite). Figure 1(a) represents the transfor-
mation from Cu2(OH)3Cl, which has a distorted py-
rochlore structure, to ZnCu3(OH)6Cl2, which consists of
Cu kagomé layers separated by nonmagnetic Zn layers.
Structurally, ZnCu3(OH)6Cl2, with space group R3̄m
and lattice parameters a = b = 6.832 Å and c = 14.049 Å,
appears to be an excellent realization of the S = 1/2
kagomé lattice antiferromagnet. Initial evidence is the
absence of long-range magnetic order, as shown in the
neutron diffraction scans in Fig. 1(b). In Cu2(OH)3Cl,

clear magnetic Bragg peaks are observed below ∼ 6 K;
whereas no magnetic Bragg peaks are observable down
to 1.8 K in ZnCu3(OH)6Cl2.

To further characterize the properties of
ZnCu3(OH)6Cl2, we performed magnetic susceptibility
measurements on powder samples. The susceptibility,
shown in Fig. 1(c), can be fit to a Curie-Weiss law at high
temperatures (T > 200 K). The resulting Curie-Weiss
temperature of −300±20 K implies an antiferromagnetic
exchange J # 17 meV, calculated using the series expan-
sion corrections for the kagomé lattice[11, 12, 13]. The
susceptibility continually increases as the temperature
is lowered down to 1.8 K. At first glance, this behavior
may suggest the presence of several percent free spin-1/2
impurities yielding a Curie tail. This is certainly possi-
ble, but is not necessarily the case. From the chemical
analyses, we calculate the stoichiometric coefficients to
be 3.00 ± 0.04 on the Cu site and 1.00 ± 0.04 on the Zn
site. Also, we have measured the ac susceptibility at
temperatures down to 50 mK, as shown in the inset of
Fig. 1(c). These data do not follow the simple Brillouin
function behavior expected for free S = 1/2 spins. In
particular, the susceptibility increase from 705 mK to
50 mK is much smaller than the free spin prediction.
Recently, Ofer and coworkers[14] have shown that the
muon Knight shift and transverse relaxation rate have
T dependences similar to the measured susceptibility.
Hence, the measured susceptibility may be intrinsic to
the Cu kagomé system. We note that similar behavior
is found for the frustrated S = 1/2 nuclear moments of
3He films on graphite, where the susceptibility is found
to continually increase with decreasing temperature
down to T ∼ J/300[15]. Another recent µSR study[16]
emphasizes the role of defects. The roles of impurities
and exchange or Dzyaloshinskii-Moriya[17] anisotropies
in this system remain important topics for further

Herbertsmithite “Ideal” Kagome lattice

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada
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Ground state of the Kagomé-like S=1/2 antiferromagnet,
Volborthite Cu3V2O7(OH)2 ! 2H2O

F. Bert,1 D. Bono,1 P. Mendels,1 F. Ladieu,2 F. Duc,3 J.-C. Trombe,3 and P. Millet3

1Laboratoire de Physique des Solides, UMR 8502, Université Paris-Sud, 91405 Orsay, France.
2Service de Physique de l’État Condensé, DSM, CEA Saclay, 91191 Gif-sur-Yvette Cedex, France.

3Centre d’Élaboration des Matériaux et d’Études Structurales, CNRS UPR 8011, 31055 Toulouse, France.
(Dated: October 23, 2006)

Volborthite compound is one of the very few realizations of S=1/2 quantum spins on a highly
frustrated kagomé-like lattice. Low-T SQUID measurements reveal a broad magnetic transition
below 2 K which is further confirmed by a peak in the 51V nuclear spin relaxation rate (1/T1) at
1.4 K±0.2 K. Through 51V NMR, the ground state (GS) appears to be a mixture of different spin
configurations, among which 20% correspond to a well defined short range order, possibly of the√

3 ×
√

3 type. While the freezing involve all the Cu2+ spins, only 40% of the copper moment is
actually frozen which suggests that quantum fluctuations strongly renormalize the GS.

PACS numbers: 75.30.Cr,75.50.Lk,76.60.-k

In the quest for novel states of condensed matter,
frustration has emerged as a key concept [1]. In mag-
netic systems, competitive interactions resulting from
the geometry of the lattice, especially for corner shar-
ing networks, can lead to a macroscopic entropy at
T=0 K and could favor a novel spin liquid state. The-
oretically, Heisenberg S=1/2 antiferromagnet on a 2D
kagome lattice is predicted to lead to such an exotic
quantum state [2, 3]. Actually very few real sys-
tems approach this model. So far, the Cr3+ (S=3/2)
kagomé bilayer compounds SrCr9pGa12−9pO19 (SCGO)
and Ba2Sn2ZnGa10−7pCr7pO22 (p < 0.97) have been the
experimental archetypes of Heisenberg frustrated anti-
ferromagnets. In this context, the recent rediscovery of
Volborthite Cu3V2O7(OH)2 ! 2H2O [5, 6] is a major step
towards a realization of the theoretical model. The mag-
netic lattice of this natural antiferromagnet consists of
quantum S=1/2 (Cu2+) spins sitting at the vertices of
well separated (7.2Å) kagome-like planes. The lattice
displays a monoclinic distortion, possibly yielding two
Cu-Cu interaction constants J1 != J2, which does not
seem to impact on the characteristic fingerprints of frus-
tration. Indeed, despite strong antiferromagnetic interac-
tions (J " 90 K), no transition towards an ordered state
has been detected down to 1.8 K, neither in susceptibility
nor in heat capacity measurements [6]. Instead, a max-
imum in both these quantities is observed around 20 K,
probably reflecting the enhancement of short range cor-
relations, and defines a new low energy scale as a result of
frustration [7, 8]. Besides, as in kagomé bilayers [4], muon
spin relaxation (µSR) experiments detected no sign of
static spin freezing but rather temperature independent
spin fluctuations persisting down to 50 mK, indicative of
a fluctuating quantum GS [9]. Only in one ESR study
the existence of an internal field was evidenced at 1.8 K
which was interpreted as short range order [10].

In this Letter, we show, for the first time, that volbor-
thite undergoes, around 1.3 K, a transition to a frozen

state which we characterize using 51V NMR as a local
probe of magnetism. Note that, so far, NMR investiga-
tion of the GS in the kagomé bilayers had proved to be
impossible because of a wipe out of the NMR intensity
at low T [11]. The volborthite powder samples were pre-
pared by refluxing an aqueous suspension of V2O5 and a
basic copper (II) carbonate salt Cu(OH)2-Cu(CO3) for
several days. No spurious phase was detected in X-ray
measurements. SQUID and NMR measurements above
2 K and µSR experiments on these samples [12] were
similar to the above described published data.

The low T static susceptibility of volborthite is pre-
sented in Fig. 1 (top panel). Below 2 K, the separation
between the field cooled (FC) and zero field cooled (ZFC)
susceptibilities reveals a spin freezing process. At 1.2 K,
”ageing” effects [13] have been observed (not shown here)
which ascertains the glassy nature of the GS. At vari-
ance with textbook spin glass transition, the FC suscep-
tibility does not level off below the transition and the
hardly detectable broad maximum on the ZFC branch
occurs below the FC/ZFC separation [19]. This suggests
a rather broad distribution of freezing temperatures as,
for instance, in super-paramagnets where spin clusters
get progressively blocked on lowering T.

To address the important issue of the intrinsic charac-
ter of this glassy low-T phase, the susceptibility of two
zinc substituted samples is also reproduced in Fig. 1. Zn
atoms enter Volborhtite lattice without noticeable distor-
tion. Since Zn2+ is non-magnetic, the Zn/Cu substitu-
tion results in diluting the kagome magnetic lattice. The
freezing temperature Tg, defined here as the temperature
of the ZFC maxima, are plotted in the inset of Fig. 1 as a
function of the magnetic lattice dilution and compared to
the same data for SCGO compounds [11]. In marked con-
trast with SCGO, Tg for Volborthite is strongly affected
by dilution. This reminds us of the drastic reduction
upon dilution of the dynamical plateau value seen in µSR
experiments [12] and suggests that the bilayer topology

Distorted Kagome lattice
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Spin Liquid State in S = 1/2 Hyper-Kagomé Antiferromagnet Na4Ir3O8

Yoshihiko Okamoto1,∗, Minoru Nohara2, Hiroko Aruga-Katori1, and Hidenori Takagi1,2

1RIKEN (The Institute of Physical and Chemical Research),
2-1 Hirosawa, Wako, Saitama 351-0198, Japan

2Department of Advanced Materials,
University of Tokyo and CREST-JST,

5-1-5 Kashiwanoha, Kashiwa, Chiba 277-8581, Japan

(Dated: May 19, 2007)

A spinel related oxide, Na4Ir3O8, was found to have a three dimensional network of corner shared
Ir4+ (t2g

5) triangles. This gives rise to an antiferromagnetically coupled S = 1/2 spin system formed
on a geometrically frustrated hyper-Kagomé lattice. Magnetization M and specific heat C data
showed the absence of long range magnetic ordering at least down to 2 K. The large magnetic specific
heat at low temperatures, which shows a power law decay with temperature and is independent
of applied magnetic field up to 12 T, is in striking parallel to those of triangular and kagomé
antiferromagnets reported to have a spin liquid ground state. These results strongly suggest that
the ground state of Na4Ir3O8 is a spin liquid.

PACS numbers: Valid PACS appear here

Experimental realization of a quantum spin liquid in
geometrically frustrated magnets has been one of the
biggest challenges in the field of magnetism since P. W.
Anderson proposed resonating valence bond theory [1] for
antiferromagnetically coupled S = 1/2 spins on a trian-
gular lattice. Geometrical frustration in magnets arises
from the incompatibility of local spin-spin interactions,
which gives rise to macroscopic degeneracy of the ground
state. Possible playgrounds for this include triangular,
kagomé, pyrochlore and garnet lattices essentially con-
sisting of networks of triangles. In real materials, how-
ever, it is not easy to prevent spin ordering at substan-
tially lower temperatures than the Curie-Weiss temper-
ature θW, the mean field transition temperature. This
is because the spin degeneracy can be lifted by coupling
with the other degrees of freedom such as the orbitals,
lattice and charges. Such an interplay between the frus-
trated spins, orbitals and lattices, for example, can be
found in a trimer singlet formation in the S = 1 trian-
gular LiVO2 [2, 3] with orbital ordering or a spin-Jahn-
Teller transition in the S = 3/2 pyrochlore ZnCr2O4 [4].
In addition, only a minute amount of disorder is known
to strongly influence the spin liquid state in geometri-
cally frustrated magnets and very often gives rise to a
formation of a glassy state of spins.

The most likely candidate for the realization of a spin
liquid ground state had been the two dimensional kagomé
antiferromagnet SrCr9pGa12−9pO19 (S = 3/2) [5, 6]. It
does not show any evidence for long range ordering down
to the lowest temperature ∼ 100 mK, and a large and field
independent magnetic specific heat was observed which
was ascribed to spin liquid contributions. Nevertheless,
the strong spin glass-like behavior at low temperatures,
very likely due to site disorder, gives us certain ambigu-
ity in identifying the spin-liquid state. Recently, a new
generation of spin liquid compounds has emerged, the S
= 1/2 triangular magnet κ-(ET)2Cu2(CN)3 [7], an or-

ganic Mott insulator, and the S = 1 triangular magnet
NiGa2S4 [8]. They were reported to have a spin liquid
ground state or at least a robust liquid phase down to
100 mK. Their magnetic and thermal properties are in
striking parallel to those of SrCr9pGa12−9pO19 but the
disorder effect appears much less.

Here we report on a three dimensional analogue of
these two dimensional spin liquids. Na4Ir3O8 was first
reported as an unidentified phase in the Na-Ir-O ternary
system by McDaniel [9]. We found that it is isostructural
to Na4Sn3O8 [10] and that a S = 1/2 hyper-Kagomé
system, consisting of low spin d5 Ir4+ ions, is realized
in Na4Ir3O8. The magnetization and specific heat mea-
surements on the ceramic samples indicate that S = 1/2
spins are highly frustrated and remain in a liquid state
down to the lowest temperature measured.

Polycrystalline samples of Na4Ir3O8 were prepared
by a solid-state reaction. Stoichiometric amounts of
Na2CO3 and IrO2 were mixed, and the mixture was cal-
cined at 750◦C for 18 h. We added 5 % excess of Na2CO3

to compensate the loss of Na during the calcination. The
product was finely ground, pressed into a pellet, sintered
at 1020◦C for 22 h on gold foil, and then quenched in
air. Powder X-ray diffraction (XRD) data showed that
the powders were single phase. The crystal structure was
determined by performing Rietveld analysis on the pow-
der XRD data using RIETAN-2000 program [11]. Ther-
modynamic and magnetic properties were measured by a
Physical Properties Measurement System (PPMS, Quan-
tum Design) and a Magnetic Properties Measurement
System (MPMS, Quantum Design).

We were able to refine the powder XRD pattern with
the cubic Na4Sn3O8 structure (P4132 or P4332) [10].
The result of refinement is summarized in table I and Fig.
1 (b). The structure of Na4Ir3O8, shown in Fig. 1 (a), is
derived from those of spinel oxides (AB2O4), which can
be intuitively demonstrated by rewriting the chemical
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.

7

Assuming that a V nucleus is coupled to six nearest
neighbor Cu spins by isotropic hyperfine interaction,
we can estimate the value of 1/T1 in the high
temperature limits where there is no spatial spin
correlation
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where #N = 2"%1.1193%107 sec-1T-1 is the nuclear
gyromagnetic ratio, z1 = 6 and $e is the exchange
frequency given as

  
$e

J zS S
=

+

h

2 1

3

( )
(3.2)

with z = 4.  If we use the values J/kB = 84 K and A =
0.66 T/µB estimated above, we obtain 1/T1!  = 58 sec-1,
which is significantly smaller than the experimental
value at room temperature.  This implies that spin
fluctuations are slower than what is expected for
ordinary Heisenberg antiferromagnets.  We also found
that 1/T1 depends substantially on magnetic field as
shown in the inset to Fig. 7.  It is likely that such
field dependence is due to spin diffusion in two
dimension.  The slow hydrodynamic spin fluctuations
at long wavelength in 2D leads to lnH singularity.
Although the measured 1/T1 deviates from lnH
behavior at low fields, this could be due to three
dimensional coupling which cuts off the 2D spin
diffusion.

§4. Discussion

In order  to  get  more  insight  on the
superexchange couplings and their anisotropy on the
kagomé-like net of Volborthite, let’s look at in more
detail the crystal structure.  Based on the structural
data given by Lafontaine et al.15) the local atomic
coordination of O and OH ions around one triangle of
Cu ions is depicted in Fig. 8.  Every Cu ion is
surrounded octahedrally by two OH ions pointing in
opposite directions and four planar O ions.  However,
there are two crystallographically distinguished Cu
sites; Cu1 in a compressed octahedron and Cu2 in an
elongated one.  A Cu1 octahedron is connected with
four Cu2 octahedra by sharing their edges, while a
Cu2 decahedron with two Cu1 and two Cu2 octahedra.
Since there is a mirror plane at the Cu1 site
perpendicular to  the b  axis ,  two  of  three
superexchange pathways on the Cu triangle should
be identical, denoted as J1 between Cu1 and Cu2.  On
the other hand, the third path between two
neighboring Cu2 sites, denoted as J2, can be different
from the other.  Note that both the superexchange
couplings may occur through nearly 90º Cu-O-Cu and
Cu-OH-Cu bonds which are generally sensitive to the
bond angle.  The actual angles in Volborthite are 83.7º
and 105.6º for J1 (Cu1-Cu2), and 91.5º and 101.1º for
J 2 (Cu2-Cu2) ,  respectively.  Moreover, the

Cu2

Cu2Cu1

O

OH

J1

J1

J2

Cu2

Cu1

Fig. 8. Local arrangement of Cu-O4(OH)2 octahedra around
one Cu1-Cu2-Cu2 triangle (upper) and the schematic
representation of the modified kagomé network made of
isosceles triangles seen in Volborthite (lower).  In the
lower figure balls represent Cu ions with S = 1/2 with the
others omitted for clarity.

arrangement of the dx2-y2 orbital must be taken into
account.  Although it is practically difficult to evaluate
the magnitude of superexchange couplings, these
significant differences in the local structure suggest
considerable anisotropy in Js.  The value of 84 K
estimated from fitting the susceptibility data might
correspond to an average of J1 and J2 (3J = 2J1 + J2).
The Cu sublattice in Volborthite is considered to be
an S = 1/2 kagomé-like network composed of isosceles
triangles, as illustrated in Fig. 8.  This structure still
retains frustration, though it is reduced compared
with the ideal kagomé lattice.

All the experimental facts given in the present
study have indicated that Volborthite exhibits neither
long-range order nor spin-glass order down to 1.8 K
in spite of rather large antiferromagnetic couplings (
J/kB = 84 K and & = -104 K).  On the other hand, it is
also revealed that there are no clear sign for opening
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Susceptibility of a spinon Fermi surface coupled to a U(1) gauge field

Cody P. Nave1, Sung-Sik Lee2 and Patrick A. Lee1

1Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139
2Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, U.S.A.

(Dated: February 6, 2008)

We study the theory of a U(1) gauge field coupled to a spinon Fermi surface. Recently this model
has been proposed as a possible description of the organic compound κ-(BEDT-TTF)2Cu2(CN)3.
We calculate the susceptibility of this system and in particular examine the effect of pairing of
the underlying spin liquid. We show that this proposed theory is consistent with the observed
susceptibility measurements.

PACS numbers:

The organic compounds κ-(BEDT-TTF)2X are an in-
teresting class of materials. Recent experiments have
shown promise that this compound where the anion, X, is
Cu2(CN)3 may be the first experimental realized spin liq-
uid. This material can be described as a nearly isotropic
effectively two dimensional spin 1/2 triangular lattice at
half-filling. Experimentally, this material is found to be
insulating and yet it has no long range magnetic ordering
down to mK temperatures. Also the static spin suscep-
tibility remains finite down to the lowest temperatures
measured. [1] These observations have led to the pro-
posal that the state may be described by a spinon Fermi
surface coupled to a U(1) gauge field. [2, 3] The suscep-
tibility is fit with the high temperature series expansion
of the spin 1/2 Heisenberg model on a triangular lattice.
From this fit, the exchange coupling J is found to be
around 250 K. In addition, the susceptibility is found to
drop sharply at low temperatures around 10 K before
saturating to a finite value.[1]

Recent measurements of the specific heat have sug-
gested the existence of a peak in the electronic specific
heat at around 6 K, once the phonon contribution has
been subtracted away. [4] Led by this discovery, it was
proposed that the U(1) spin liquid state may have some
sort of pairing instability. [5] Since the specific heat was
also found to be unaffected by a magnetic field of up to
8T, conventional singlet pairing is unlikely. The pair-
ing could, however, be ordinary BCS triplet pairing or a
new kind of pairing. Recently Lee et al. [5] proposed a
possible new kind of pairing called “Amperean”pairing.
Unlike normal BCS pairing across the Fermi surface, this
pairing is between two spinons on the same side of the
Fermi surface. In particular, in the Amperean paired
state, one pairs the spin with momentum Q + p with
the spin with momentum Q − p where |Q| = kF and
|p| small. The Amperean pairing can occur between two
particles carrying almost parallel momenta due to the
attractive interaction mediated by the magnetic fluctua-
tions of the emergent gauge field. As a result the pairs
carry net momentum 2kF as opposed to 0 in the BCS
state. In particular, the authors showed that it is possi-
ble for there to be an instability to this kind of pairing
for the spinon Fermi surface coupled to a U(1) gauge
field. They also derived a number of experimental conse-
quences of this model and show how they could explain
many of the features seen in the actual experiments on

κ-(BEDT-TTF)2Cu2(CN)3 Here we calculate the effect
of pairing on the zero-field spin susceptibility of such a
system and compare the result to what is experimentally
seen in this organic compound.

Starting from a spinon Fermi surface, it is clear that
at T = 0 the spinons give rise to a Pauli paramagnetic
term due to the non-zero density of states. Standard
BCS singlet pairing, however, leads to the reduction of
this paramagnetism as a gap opens. At first sight, this
seems to provide a natural explanation of the sharp drop
in susceptibility below 10 K. However we have already ex-
cluded BCS singlet pairing because it is inconsistent with
the observed insensitivity of the specific heat to mag-
netic field. Both triplet BCS pairing and alternate types
of pairing such as LOFF and Amperean are consistent
with the specific heat measurement. However it turns
out that for such pairing states, the spinon contribution
to the Pauli paramagnetism is unaffected by the onset of
pairing, which seems inconsistent with the observed drop
of susceptibility at low temperatures. In this paper, we
will show that the drop of susceptibility can be explained
if the effect of gauge fluctuations is taken into account.
Before we include the effect of gauge fluctuations, be-
low we first ignore the gauge fluctuations and explain
why the onset of pairing does not affect the contribution
of spinons to the spin susceptibility in the Amperean,
LOFF and triplet BCS pairing states.

To see this, we begin with a spinon system with a well
defined Fermi surface. Applying a magnetic field creates
two different Fermi seas for the up and down spinons,
as shown in Fig. 1. First we consider the case of Am-
perean pairing, where pairing occurs on the same side of
the Fermi surface. It is possible for both of these spinons
to lie near the Fermi surface even after the magnetic field
has been applied (Fig. 1). This is achieved by pairing
the spin up spinon with momentum Q+∆Q+p with the
spin down spinon with momentum Q − ∆Q − p, where
|p| " kF and ∆Q = (µBH/vF) Q̂. Moreover, the phase
space available for p is unchanged with the applied field
H , as long as the curvature difference between spin up
and down Fermi surfaces when H #= 0 can be ignored.
Thus in this approximation, there is no Zeeman limiting
field for this pairing. Furthermore, the susceptibility is
not reduced by pairing because although the opening of
the pairing gap does smear out the momentum distribu-
tion nk, it leaves the occupied area of up and down spins

Triangular Lattice; 
near Mott transition 

K. Kanoda

D. G. Nocera, Y. S. Lee

Z. Hiori

H. Takagi



Three-dimensional S=1/2 Frustrated Magnet
 has a Hyper-Kagome sublattice of Ir ions
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Spin Liquid State in S = 1/2 Hyper-Kagomé Antiferromagnet Na4Ir3O8

Yoshihiko Okamoto1,∗, Minoru Nohara2, Hiroko Aruga-Katori1, and Hidenori Takagi1,2

1RIKEN (The Institute of Physical and Chemical Research),
2-1 Hirosawa, Wako, Saitama 351-0198, Japan

2Department of Advanced Materials,
University of Tokyo and CREST-JST,
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A spinel related oxide, Na4Ir3O8, was found to have a three dimensional network of corner shared
Ir4+ (t2g

5) triangles. This gives rise to an antiferromagnetically coupled S = 1/2 spin system formed
on a geometrically frustrated hyper-Kagomé lattice. Magnetization M and specific heat C data
showed the absence of long range magnetic ordering at least down to 2 K. The large magnetic specific
heat at low temperatures, which shows a power law decay with temperature and is independent
of applied magnetic field up to 12 T, is in striking parallel to those of triangular and kagomé
antiferromagnets reported to have a spin liquid ground state. These results strongly suggest that
the ground state of Na4Ir3O8 is a spin liquid.

PACS numbers: Valid PACS appear here

Experimental realization of a quantum spin liquid in
geometrically frustrated magnets has been one of the
biggest challenges in the field of magnetism since P. W.
Anderson proposed resonating valence bond theory [1] for
antiferromagnetically coupled S = 1/2 spins on a trian-
gular lattice. Geometrical frustration in magnets arises
from the incompatibility of local spin-spin interactions,
which gives rise to macroscopic degeneracy of the ground
state. Possible playgrounds for this include triangular,
kagomé, pyrochlore and garnet lattices essentially con-
sisting of networks of triangles. In real materials, how-
ever, it is not easy to prevent spin ordering at substan-
tially lower temperatures than the Curie-Weiss temper-
ature θW, the mean field transition temperature. This
is because the spin degeneracy can be lifted by coupling
with the other degrees of freedom such as the orbitals,
lattice and charges. Such an interplay between the frus-
trated spins, orbitals and lattices, for example, can be
found in a trimer singlet formation in the S = 1 trian-
gular LiVO2 [2, 3] with orbital ordering or a spin-Jahn-
Teller transition in the S = 3/2 pyrochlore ZnCr2O4 [4].
In addition, only a minute amount of disorder is known
to strongly influence the spin liquid state in geometri-
cally frustrated magnets and very often gives rise to a
formation of a glassy state of spins.

The most likely candidate for the realization of a spin
liquid ground state had been the two dimensional kagomé
antiferromagnet SrCr9pGa12−9pO19 (S = 3/2) [5, 6]. It
does not show any evidence for long range ordering down
to the lowest temperature ∼ 100 mK, and a large and field
independent magnetic specific heat was observed which
was ascribed to spin liquid contributions. Nevertheless,
the strong spin glass-like behavior at low temperatures,
very likely due to site disorder, gives us certain ambigu-
ity in identifying the spin-liquid state. Recently, a new
generation of spin liquid compounds has emerged, the S
= 1/2 triangular magnet κ-(ET)2Cu2(CN)3 [7], an or-

ganic Mott insulator, and the S = 1 triangular magnet
NiGa2S4 [8]. They were reported to have a spin liquid
ground state or at least a robust liquid phase down to
100 mK. Their magnetic and thermal properties are in
striking parallel to those of SrCr9pGa12−9pO19 but the
disorder effect appears much less.

Here we report on a three dimensional analogue of
these two dimensional spin liquids. Na4Ir3O8 was first
reported as an unidentified phase in the Na-Ir-O ternary
system by McDaniel [9]. We found that it is isostructural
to Na4Sn3O8 [10] and that a S = 1/2 hyper-Kagomé
system, consisting of low spin d5 Ir4+ ions, is realized
in Na4Ir3O8. The magnetization and specific heat mea-
surements on the ceramic samples indicate that S = 1/2
spins are highly frustrated and remain in a liquid state
down to the lowest temperature measured.

Polycrystalline samples of Na4Ir3O8 were prepared
by a solid-state reaction. Stoichiometric amounts of
Na2CO3 and IrO2 were mixed, and the mixture was cal-
cined at 750◦C for 18 h. We added 5 % excess of Na2CO3

to compensate the loss of Na during the calcination. The
product was finely ground, pressed into a pellet, sintered
at 1020◦C for 22 h on gold foil, and then quenched in
air. Powder X-ray diffraction (XRD) data showed that
the powders were single phase. The crystal structure was
determined by performing Rietveld analysis on the pow-
der XRD data using RIETAN-2000 program [11]. Ther-
modynamic and magnetic properties were measured by a
Physical Properties Measurement System (PPMS, Quan-
tum Design) and a Magnetic Properties Measurement
System (MPMS, Quantum Design).

We were able to refine the powder XRD pattern with
the cubic Na4Sn3O8 structure (P4132 or P4332) [10].
The result of refinement is summarized in table I and Fig.
1 (b). The structure of Na4Ir3O8, shown in Fig. 1 (a), is
derived from those of spinel oxides (AB2O4), which can
be intuitively demonstrated by rewriting the chemical

 Pyrochlore  Hyper-Kagome

 3/4 Ir, 1/4 Na

 Ir  Na

 Ir   4+   (5d  ) 5  

 All Ir-Ir bonds are equivalent
carries “S=1/2” moment ?

Y. Okamoto, M. Nohara, H. Agura-Katrori, and H. Takagi, PRL 99,  137207 (2007)
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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ferent FCC sublattices) and J2 > 0 is the exchange coupling
on the next-nearest-neighbor links (between sites on the same

FCC sublattice). By studying the large-N limit of the Sp(N )
generalization of this model[8], we study the role of quantum

fluctuations as a controlled expansion in 1
N . The advantage

of this method is that, unlike the large-S expansion[9], the re-
sults are non-perturbative in the spin magnitude S (strength

of quantum fluctuations) and the coupling constants (J1 and

J2). The resulting phase diagram, which indeed exhibits or-

der by disorder, is presented in Fig.1. For J2
J1

> 1/8, the
energy of the degenerate set of classical states is given by the

grey-to-black pixellated surface on the right hand side of the

figure. Zero point energy corrections due to quantum fluc-

tuations lift this degeneracy (grey-to-black pixels represent

higher-to-lower energy spin configurations) and only the black

pixels with the smallest energy remain degenerate. The phase

diagram was obtained based on the resulting magnetic order

of the selected ground state.

Fig.1 also shows clearly that quantum and thermal fluctu-

ations lift the classical ground state degeneracy differently.

Comparing our results with a study where only entropic ef-

fects were considered[7], we notice that both kinds of fluctua-

tions select states along similar high symmetry directions such

as (k, k, k), (k, k, 0) and (k, 0, 0). However, similar states are
not always present in the same range of J2

J1
ratios. In addition,

we find within numerical accuracy that quantum fluctuations

do not always lift the degeneracy, or lift it only partly as in

the “degenerate”, “circle” and “cross” phases. This is in con-

trast to thermal fluctuations, where points of lowest energy are

always selected when entropic effects are considered.

Focusing on the diamond spinels that magnetically order at

low temperatures, we find remarkable agreement between the

measured heat capacity and our large-N theory in a phase with

(k, k, 0) ordering. As shown in Fig.2, C
T for CoRh2O4, Co3O4

and MnSc2S4, have two characteristic inflection points before

reaching Tc, a feature that is best reproduced by the (k, k, 0)
spiral ordering in the large-N limit. Consequently, we pro-

pose that all of these spinels most likely have (k, k, 0) spiral
ordering. This result is in agreement with neutron scattering

experiments on MnSc2S4.[5] Future neutron scattering exper-

iments on CoRh2O4 and Co3O4 could verify this prediction.

Through the remarkable fitting of the large-N theory to

the heat capacity data, we also find a simple relationship be-

tween the empirical frustration parameter, f , and the strength
of quantum fluctuations given by the large-N effective spin

length parameter κ = 2Seff
N (here κ is held fixed in theN → ∞

limit). To describe adequatly the experimental specific heat

data of the more frustrated (larger f ) compounds, we need
to include stronger quantum fluctuations than required to de-

scribe the moderately frustrated ones. As shown in Fig.2, the

spin 5
2 system MnSc2S4 with frustration parameter f = 10 is

best fitted using κ = 1.7 while the spin 3
2 system CoRh2O4

with f = 1.2 is best fitted with κ = 2.5. Thus for the diamond
spinels that order at low temperatures, quantum fluctuations

correlate with frustration much more than with the physical

spin representation.

FIG. 1: Structure of the ground states as a function of J2
J1
after the in-

clusion of quantum fluctuations. The φk versus θk plots on the right

are planar views of the somewhat distorted and/or punctured sphere

forming the set of degenerate classical ground states. Darker points

represent lower energy. On each plot, red dots or lines give examples

of states selected by quantum fluctuations. To contrast the effects of

quantum and thermal fluctuations, states selected by entropic effects

are summarized on the left.[7]

In the sections to follow, we present in detail how the results

stated above were obtained.

General Sp(N ) mean-field free energy. The Hamiltonian

describing the interactions between spins on the diamond lat-

tice is given by Eq.1. The SU(2) spin symmetry of the Hamil-
tonian is generalized to Sp(N ) by first recasting the spins
using the bosonic representation "Si = 1

2b†iα"σαβbiβ where

α, β = {↑, ↓} labels two possible spin states of each boson
and then by introducing N flavors of such bosons on each

site. In order to keep the physical Hilbert space of spins, a

constraint on the number of bosons given by nb = b†miα bm
iα =

with the constraint
∑

α

f†
iαfiα = 1!Si =

1
2
f†

iα!σαβfiβ

Fermionic representation of the spin operator
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ferent FCC sublattices) and J2 > 0 is the exchange coupling
on the next-nearest-neighbor links (between sites on the same

FCC sublattice). By studying the large-N limit of the Sp(N )
generalization of this model[8], we study the role of quantum

fluctuations as a controlled expansion in 1
N . The advantage

of this method is that, unlike the large-S expansion[9], the re-
sults are non-perturbative in the spin magnitude S (strength

of quantum fluctuations) and the coupling constants (J1 and

J2). The resulting phase diagram, which indeed exhibits or-

der by disorder, is presented in Fig.1. For J2
J1

> 1/8, the
energy of the degenerate set of classical states is given by the

grey-to-black pixellated surface on the right hand side of the

figure. Zero point energy corrections due to quantum fluc-

tuations lift this degeneracy (grey-to-black pixels represent

higher-to-lower energy spin configurations) and only the black

pixels with the smallest energy remain degenerate. The phase

diagram was obtained based on the resulting magnetic order

of the selected ground state.

Fig.1 also shows clearly that quantum and thermal fluctu-

ations lift the classical ground state degeneracy differently.

Comparing our results with a study where only entropic ef-

fects were considered[7], we notice that both kinds of fluctua-

tions select states along similar high symmetry directions such

as (k, k, k), (k, k, 0) and (k, 0, 0). However, similar states are
not always present in the same range of J2

J1
ratios. In addition,

we find within numerical accuracy that quantum fluctuations

do not always lift the degeneracy, or lift it only partly as in

the “degenerate”, “circle” and “cross” phases. This is in con-

trast to thermal fluctuations, where points of lowest energy are

always selected when entropic effects are considered.

Focusing on the diamond spinels that magnetically order at

low temperatures, we find remarkable agreement between the

measured heat capacity and our large-N theory in a phase with

(k, k, 0) ordering. As shown in Fig.2, C
T for CoRh2O4, Co3O4

and MnSc2S4, have two characteristic inflection points before

reaching Tc, a feature that is best reproduced by the (k, k, 0)
spiral ordering in the large-N limit. Consequently, we pro-

pose that all of these spinels most likely have (k, k, 0) spiral
ordering. This result is in agreement with neutron scattering

experiments on MnSc2S4.[5] Future neutron scattering exper-

iments on CoRh2O4 and Co3O4 could verify this prediction.

Through the remarkable fitting of the large-N theory to

the heat capacity data, we also find a simple relationship be-

tween the empirical frustration parameter, f , and the strength
of quantum fluctuations given by the large-N effective spin

length parameter κ = 2Seff
N (here κ is held fixed in theN → ∞

limit). To describe adequatly the experimental specific heat

data of the more frustrated (larger f ) compounds, we need
to include stronger quantum fluctuations than required to de-

scribe the moderately frustrated ones. As shown in Fig.2, the

spin 5
2 system MnSc2S4 with frustration parameter f = 10 is

best fitted using κ = 1.7 while the spin 3
2 system CoRh2O4

with f = 1.2 is best fitted with κ = 2.5. Thus for the diamond
spinels that order at low temperatures, quantum fluctuations

correlate with frustration much more than with the physical

spin representation.

FIG. 1: Structure of the ground states as a function of J2
J1
after the in-

clusion of quantum fluctuations. The φk versus θk plots on the right

are planar views of the somewhat distorted and/or punctured sphere

forming the set of degenerate classical ground states. Darker points

represent lower energy. On each plot, red dots or lines give examples

of states selected by quantum fluctuations. To contrast the effects of

quantum and thermal fluctuations, states selected by entropic effects

are summarized on the left.[7]

In the sections to follow, we present in detail how the results

stated above were obtained.

General Sp(N ) mean-field free energy. The Hamiltonian

describing the interactions between spins on the diamond lat-

tice is given by Eq.1. The SU(2) spin symmetry of the Hamil-
tonian is generalized to Sp(N ) by first recasting the spins
using the bosonic representation "Si = 1

2b†iα"σαβbiβ where

α, β = {↑, ↓} labels two possible spin states of each boson
and then by introducing N flavors of such bosons on each

site. In order to keep the physical Hilbert space of spins, a
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Re-normalized Mean Field Theory with J = 304K 

C/T looks linear for 5K < T < 20K

4

variational parameters will not favor such a Z2 state with
a small pair amplitude. We discuss this further in our
concluding section.
Application to the specific heat of Na4Ir3O8: Mo-
tivated by our variational ground state calculations we
next turn to specific heat of the uniform U(1) state in
order to compare with the data on Na4Ir3O8. Since
we cannot implement the Gutzwiller projection exactly
for computing finite temperature properties in any sim-
ple manner, we will use a renormalized mean field the-
ory (RMFT) [8] to make progress. The RMFT analy-
sis suggests that a part of the effect of projection can
be taken into account on top of the mean field the-
ory by Gutzwiller renormalization factors. For instance,
〈!Si · !Sj〉proj = gJ〈!Si · !Sj〉mf defines the renormalization
factor gJ for the energy. This renormalizes the mean field
spinon bandwidth. From our calculations, we find that
Eproj/Emf ≈ 3 which implies gJ ≈ 3.

We next set gJ = 3 and compute the quasiparticle con-
tribution to the specific heat of the U(1) uniform state
in the RMFT. Fig. 3 shows the heat capacity computed
this way. We emphasize that this is a zero-parameter fit.
As seen, the overall behavior of C/T is in broad agree-
ment with the data. Remarkably, for 5K ! T ! 25K,
we find C/T shows a strong, almost linear, T -dependence
similar to experiment arising simply from the spinon dis-
persion in the uniform U(1) state. However, as expected,
the computed C/T eventually saturates below about 5K
due to the spinon Fermi surfaces, leading to a nonzero
γ ≈ 10 mJ/K2/mol-Ir. A more precise estimate of γ
requires the projection of excited states — this is numer-
ically complicated due to the many bands in this system
and was not attempted in this work. We emphasize that
the broad agreement with experimental data already pro-
vides a nontrivial check of our theory. Integrating C/T
we also present a comparison between the entropy of this
state which also shows reasonable agreement with the
higher temperature data.
Discussion: We have argued, based on mean field the-
ory and projected wavefunction studies, that the U(1)
uniform state which supports three spinon Fermi surfaces
is an energetically viable candidate for the ground state
of the s=1/2 hyper-kagome Heisenberg model. We have
shown that it provides a reasonable overall description of
the specific heat of Na4Ir3O8 over a broad temperature
range T " 5K. Such spin liquids with spinon Fermi sur-
faces have also been proposed recently for some quasi-
two-dimensional frustrated magnets [10]. The spinon
Fermi surfaces have direct physical implications for the
low energy spin excitations. Specifically, from the mean
field Hamiltonian, we can construct the gauge-invariant
wavevectors connecting the surfaces, which dictate the
wavevector dependence of triplet s = 1 states.

At lower temperatures, there could be Fermi surface
instabilities upon the inclusion of various small pertur-
bations. For example, our analysis above did not include
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FIG. 3: Comparison of the specific heat coefficient, C/T , of
the U(1) uniform spin liquid state computed using RMFT
(see text) with experimental data [1] on Na4Ir3O8 after sub-
traction of the phonon contribution.

the effect of possible further neighbor interactions (small
next neighbor antiferromagnetic exchange J ′ ∼ 0.1−0.2J
cannot be ruled out from our diagonalization study). We
have checked that extending our Z2 ansatz to include
next neighbor pairing terms, which would arise from fur-
ther neighbor interactions in a mean field theory, leads to
an unconventional pairing state with line nodes. These
line nodes exist where the [110] plane (and symmetry re-
lated planes) intersect the spinon Fermi surfaces. Such a
line-node state would lead to a low temperature specific
heat C ∼ T 2. As we mentioned, however, any Z2 spin liq-
uid state would most likely undergo a phase transition to
the higher temperature paramagnetic phase, which was
not observed in the experiment above 0.5K. Moreover,
from Fig.3, it seems that one need not appeal to such
a paired state to explain the linear-T behavior of C/T
between 5K − 20K. If such a transition does exist, it is
likely to occur at much lower temperature.

Finally, it has been recently argued that the weak tem-
perature dependence of χ at low T and the specific heat
C ∼ T 2 cannot be reconciled unless spin orbit interac-
tions are present [12]. It was shown that, despite rather
strong atomic spin orbit coupling on Ir, the effective spin
model is likely still of Heisenberg type with the dominant
effect of spin-orbit induced Dzyaloshinskii-Moriya (DM)
corrections. For sufficiently small DM (relative to J),
our results for the energetics and specific heat would re-
main unchanged. However, the DM coupling can strongly
effect the spin susceptibility, especially in the line-node
state. Such effects could potentially bring the suscep-
tibility of the line-node state, which näıvely behaves as
χ(T ) ∼ T , into better agreement with experiment. The
clarification of these issues is a promising direction for
future research.
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The spin liquid with a “spinon Fermi surface” is the 
ground state of the nearest-neighbor Heisenberg model

At low temperatures, other perturbations may select 
one of the competing phases as the ground state 

If it happens, the resulting phase may be understood as 
a Fermi surface instability of the “spinon Fermi surface” 

of the spin liquid
(just like in metals, where magnetic ordering or superconductivity can 

be understood as an instability of the “electron Fermi surface”) 

“Spinon Fermi-liquid” Theory of Correlated Insulators ?
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Landau says - “Electrons do their own thing”

• Explains why copper conducts and why

quartz does not, and why silicon is a

semiconductor and much, much more

• Enabled the computer revolution!

Landau’s Theory of Quantum Crystals

Lev Landau

up-spin

electron

But sometimes they don’t… 

Louis Neel

Neel Order v.s. Spin Liquid

Landau: Quantum Fluctuations will destroy Neel order

Strasbourg meeting 
in 1939

e.g. 1D antiferromagnetic Heisenberg model - Spin Liquid with S=1/2 spinons

... leads to his skepticism about the usefulness of 
quantum mechanics; this was one of the few limitations 
of this superior mind. (Jacques Friedel, Physics Today)


