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Outline

• The Hubbard Model

• Green function and self-energy

• Mean Field Approach

• Dynamical Mean-Field Theory (DMFT)

• Cluster Perturbation Theory (CPT)

• Variational Cluster Approximation (VCA/VCPT)

• Cluster Dynamical Mean Field Theory (CDMFT)



The Hubbard Model
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The Green function and self-energy
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• From the 1-body Green function, we find :

• All one-body properties, including spectral function

• Order parameters

• Kinetic and potential energies



Approximation strategies
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Σ(k,ω) → Σ(k) Mean-Field Theory MFT

Σ(k,ω) → Σ(ω) Dynamical Mean-Field Theory DMFT

 Σ(k,ω) → 
    Σ(cluster)

Cluster Perturbation Theory CPT

Variational Cluster Perturbation Theory / 
Variational Cluster Approximation

VCPT/
VCA

Cluster Dynamical Mean-Field Theory CDMFT

Dynamical Cluster Approximation DCA
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Mean-field theory
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Kusko & al., Phys. Rev. B 66 140513 (2002)

Bogoliubov bands

non-interacting band
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Mott Physics : Dynamical Mean-Field Theory
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• Neglect spatial correlation (local Physics only)

• Replace environment by bath of uncorrelated fermions 
(Anderson model) → Σ(ω)

• Adjust bath parameters (V and ε) in self-consistent way

• Exact in the limit of infinite dimension !

A. Georges et al., Rev. Mod. Phys. 68, 13 (1996)
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Mott Physics : Dynamical Mean-Field Theory

9A. Georges et al., Rev. Mod. Phys. 68, 13 (1996)

Mott transition is first order, much 
like a liquid-gas transition

Gap opens with concurrent quasi-
particle peak (artifact of DMFT)



Need for short-range correlation

• Pseudogap phenomenon not pure Mott Physics

• Wavevector dependence important (ARPES)
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Pseudogap phase : Cluster Perturbation Theory

1. Tile the lattice into identical cluster
2. Calculate the self-energy matrix Σab(ω) 

for a single cluster
3. Extend this self-energy to the whole 

lattice

•  Exact at U = 0

•  Exact at t = 0

•  Exact short-range correlations 
•  Allows all values of wavevector 
•  No long-range order possible
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original lattice

CPT clusters



CPT spectral function : hole doped

12D. Sénéchal and A.-M.S. Tremblay, Phys. Rev. Lett. 92, 126401 (2004)



CPT spectral function : electron doped

13D. Sénéchal and A.-M.S. Tremblay, Phys. Rev. Lett. 92, 126401 (2004)



CPT : Momentum distribution curves
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U= 2 , n = 5/6 U= 8 , n = 5/6

U= 4 , n = 7/6 U= 8 , n = 7/6
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Mechanism for Pseudogap ?
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• Weak coupling : scattering of 
quasiparticles off (π, π) 
fluctuations

• Strong coupling : kinetic 
constraint from
forbidding double occupancy ?



Ordered states :
Variational Cluster Approximation (VCA)
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• Similar to CPT, but add Weiss fields for long-range order

• Weiss fields are set by variational principle

CPT clusters VCA clusters : Weiss fields

AF Weiss field

dSC Weiss field



VCA : Reference Hamiltonian and Weiss fields
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Dahnken et al., Phys. Rev. B 70, 245110 (2004).
Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).
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VCA  functional  Ω
Importance of dimensionality
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1D

2D

(AF Weiss field)

U = 8t



VCA  :  AF order parameter
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I. INTRODUCTION

The discovery of superconductivity at 30 K in the
LaBaCuO ceramics by Bednorz and Müller (1986)
opened the era of high-Tc superconductivity, changing
the history of a phenomenon that had before been con-
fined to very low temperatures [until 1986 the maximum
value of Tc was limited to the 23.2 K observed in Nb3Ge
(Gavaler, 1973; Testardi et al., 1974)]. This unexpected
result prompted intense activity in the field of ceramic
oxides and has led to the synthesis of compounds with
increasingly higher Tc , all characterized by a layered
crystal structure with one or more CuO2 planes per unit
cell, and a quasi-two-dimensional (2D) electronic struc-
ture. By 1987, a Tc of approximately 90 K (i.e., higher
than the boiling point of liquid nitrogen at 77 K) was
already observed in YBa2Cu3O7!" (Wu et al., 1987).
The record Tc of 133.5 K (at atmospheric pressure) was
later obtained in the trilayer system HgBa2Ca2Cu3O8"x
(Schilling et al., 1993).

One may wonder whether the impact of the discovery
by Bednorz and Müller (1986) would have been some-
what overlooked if MgB2 , with its recently ascertained
39 K Tc , had already been discovered [Nagamatsu et al.
(2001); for a review see Day (2001)]. However, indepen-
dent of the values of Tc the observation of superconduc-
tivity in the ceramic copper oxides was in itself an unex-
pected and surprising result. In fact, ceramic materials
are typically insulators, and this is also the case for the
undoped copper oxides. However, when doped the latter
can become poor metals in the normal state and high-
temperature superconductors upon reducing the tem-
perature (see in Fig. 1 the phenomenological phase dia-
gram of electron- and hole-doped high-temperature
superconductors, here represented by Nd2!xCexCuO4
and La2!xSrxCuO4 , respectively). In addition, the de-
tailed investigation of their phase diagram revealed that
the macroscopic properties of the copper oxides are pro-
foundly influenced by strong electron-electron correla-
tions (i.e., large Coulomb repulsion U). Naively, this is
not expected to favor the emergence of superconductiv-
ity, for which electrons must be bound together to form
Cooper pairs. Even though the approximate T2 depen-
dence of the resistivity observed in the overdoped me-
tallic regime was taken as evidence for Fermi-liquid be-
havior, the applicability of Fermi-liquid theory (which
describes electronic excitations in terms of an interacting

gas of renormalized quasiparticles; see Sec. II.C) to the
‘‘normal’’ metallic state of high-temperature supercon-
ductors is questionable, because many properties do not
follow canonical Fermi-liquid behavior (Orenstein and
Millis, 2000). This breakdown of Fermi-liquid theory
and of the single-particle picture becomes most dramatic
upon approaching the undoped line of the phase dia-
gram (x#0 in Fig. 1), where one finds the antiferromag-
netic Mott insulator (see Sec. III). On top of this com-
plexity, it has long been recognized that also the
interplay between electronic and lattice degrees of free-
dom as well as the tendencies towards phase separation
are strong in these componds (Sigmund and Müller,
1993; Müller, 2000).

The cuprate high-temperature superconductors have
attracted great interest not only for the obvious applica-
tion potential related to their high Tc , but also for their
scientific significance. This stems from the fact that they
highlight a major intellectual crisis in the quantum
theory of solids, which, in the form of one-electron band
theory, has been very successful in describing good met-
als (like Cu) but has proven inadequate for strongly cor-
related electron systems. In turn, the Bardeen-Cooper-
Schrieffer (BCS) theory (Bardeen et al., 1957; see also
Schrieffer, 1964), which was developed for Fermi-liquid-
like metals and has been so successful in describing con-
ventional superconductors, does not seem to have the
appropriate foundation for the description of high-Tc
superconductivity. In order to address the scope of the
current approach in the quantum theory of solids and
the validity of the proposed alternative models, a de-
tailed comparison with those experiments that probe the
electronic properties and the nature of the elementary
excitations is required.

In this context, angle-resolved photoemission spec-
troscopy (ARPES) plays a major role because it is the
most direct method of studying the electronic structure
of solids (see Sec. II). Its large impact on the develop-
ment of many-body theories stems from the fact that this
technique provides information on the single-particle
Green’s function, which can be calculated starting from a

FIG. 1. Phase diagram of n- and p-type superconductors,
showing superconductivity (SC), antiferromagnetic (AF),
pseudogap, and normal-metal regions.

474 Damascelli, Hussain, and Shen: Photoemission studies of the cuprate superconductors

Rev. Mod. Phys., Vol. 75, No. 2, April 2003

A. Damascelli & al., Rev. Mod. Phys. 75, 473 (2003)



VCA  :  d-SC order parameter
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I. INTRODUCTION

The discovery of superconductivity at 30 K in the
LaBaCuO ceramics by Bednorz and Müller (1986)
opened the era of high-Tc superconductivity, changing
the history of a phenomenon that had before been con-
fined to very low temperatures [until 1986 the maximum
value of Tc was limited to the 23.2 K observed in Nb3Ge
(Gavaler, 1973; Testardi et al., 1974)]. This unexpected
result prompted intense activity in the field of ceramic
oxides and has led to the synthesis of compounds with
increasingly higher Tc , all characterized by a layered
crystal structure with one or more CuO2 planes per unit
cell, and a quasi-two-dimensional (2D) electronic struc-
ture. By 1987, a Tc of approximately 90 K (i.e., higher
than the boiling point of liquid nitrogen at 77 K) was
already observed in YBa2Cu3O7!" (Wu et al., 1987).
The record Tc of 133.5 K (at atmospheric pressure) was
later obtained in the trilayer system HgBa2Ca2Cu3O8"x
(Schilling et al., 1993).

One may wonder whether the impact of the discovery
by Bednorz and Müller (1986) would have been some-
what overlooked if MgB2 , with its recently ascertained
39 K Tc , had already been discovered [Nagamatsu et al.
(2001); for a review see Day (2001)]. However, indepen-
dent of the values of Tc the observation of superconduc-
tivity in the ceramic copper oxides was in itself an unex-
pected and surprising result. In fact, ceramic materials
are typically insulators, and this is also the case for the
undoped copper oxides. However, when doped the latter
can become poor metals in the normal state and high-
temperature superconductors upon reducing the tem-
perature (see in Fig. 1 the phenomenological phase dia-
gram of electron- and hole-doped high-temperature
superconductors, here represented by Nd2!xCexCuO4
and La2!xSrxCuO4 , respectively). In addition, the de-
tailed investigation of their phase diagram revealed that
the macroscopic properties of the copper oxides are pro-
foundly influenced by strong electron-electron correla-
tions (i.e., large Coulomb repulsion U). Naively, this is
not expected to favor the emergence of superconductiv-
ity, for which electrons must be bound together to form
Cooper pairs. Even though the approximate T2 depen-
dence of the resistivity observed in the overdoped me-
tallic regime was taken as evidence for Fermi-liquid be-
havior, the applicability of Fermi-liquid theory (which
describes electronic excitations in terms of an interacting

gas of renormalized quasiparticles; see Sec. II.C) to the
‘‘normal’’ metallic state of high-temperature supercon-
ductors is questionable, because many properties do not
follow canonical Fermi-liquid behavior (Orenstein and
Millis, 2000). This breakdown of Fermi-liquid theory
and of the single-particle picture becomes most dramatic
upon approaching the undoped line of the phase dia-
gram (x#0 in Fig. 1), where one finds the antiferromag-
netic Mott insulator (see Sec. III). On top of this com-
plexity, it has long been recognized that also the
interplay between electronic and lattice degrees of free-
dom as well as the tendencies towards phase separation
are strong in these componds (Sigmund and Müller,
1993; Müller, 2000).

The cuprate high-temperature superconductors have
attracted great interest not only for the obvious applica-
tion potential related to their high Tc , but also for their
scientific significance. This stems from the fact that they
highlight a major intellectual crisis in the quantum
theory of solids, which, in the form of one-electron band
theory, has been very successful in describing good met-
als (like Cu) but has proven inadequate for strongly cor-
related electron systems. In turn, the Bardeen-Cooper-
Schrieffer (BCS) theory (Bardeen et al., 1957; see also
Schrieffer, 1964), which was developed for Fermi-liquid-
like metals and has been so successful in describing con-
ventional superconductors, does not seem to have the
appropriate foundation for the description of high-Tc
superconductivity. In order to address the scope of the
current approach in the quantum theory of solids and
the validity of the proposed alternative models, a de-
tailed comparison with those experiments that probe the
electronic properties and the nature of the elementary
excitations is required.

In this context, angle-resolved photoemission spec-
troscopy (ARPES) plays a major role because it is the
most direct method of studying the electronic structure
of solids (see Sec. II). Its large impact on the develop-
ment of many-body theories stems from the fact that this
technique provides information on the single-particle
Green’s function, which can be calculated starting from a

FIG. 1. Phase diagram of n- and p-type superconductors,
showing superconductivity (SC), antiferromagnetic (AF),
pseudogap, and normal-metal regions.
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VCA  :  AF order  vs  U
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VCA  :  d-SC order vs U
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Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).
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VCA  :  EDC in d-SC phase
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2x4 cluster, U = 8t1, t2=-0.3t1, t3 = 0.2t1, 7% h-doped

d-SC gap



VCA  :  EDC  in  AF + d-SC phase
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Cluster Dynamical Mean-Field Theory
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• Similar to DMFT, but attach bath to a finite cluster

• Bath parameters set by self-consistency

• Can also be formulated from Potthoff’s variational 
principle

• Cluster smaller than in VCA, but faster convergence

DMFT : isolated sites with bath CDMFT : clusters with bath



CDMFT : dSC order parameter
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half-filling (n=1) is approached

But the spectral gap increases

This is unlike MFT !

dSC gap vs n for U=8t 

dSC order parameter vs density n



CDMFT : dSC and AF coexistence
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Conclusions
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• Cluster methods excellent at strong coupling

• Semi-quantitative T=0 phase diagram of the 
cuprates

• d-SC order parameter scales like 1/U

• Non BCS features

• d-SC order suppressed by Mott Physics, but not d-SC gap

• SC is kinetic-energy driven

• Connexion possible with weak coupling 
approaches (e.g. TPSC) at intermediate coupling

• Qualitative agreement among different cluster 
methods
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The End


