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Outline

• Intro : Hubbard model, Green functions, etc.

• The pseudogap and Cluster Perturbation Theory (CPT)

• The Variational Cluster Approximation (VCA)

• Antiferromagnetism and d-wave SC 

• Layered organic superconductors (BEDT) [ if time permits ]



The Hubbard Model
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O.Andersen et al.,  Journal of the Physics and Chemistry of  Solids 56, 1573 (1995). 



The Green function and self-energy
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G!1(k,!) = !+µ!"(k)!!(k,!)
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#"0
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Spectral function

• From the 1-body Green function, we find :
• All one-body properties, including the spectral 

function
• Order parameters
• Kinetic and potential energies

Self-energy (=0 if U=0)
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dispersion relation



Approximation strategies
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Σ(k,ω) → Σ(k) Mean-Field Theory (Hartree-Fock) MFT

Σ(k,ω) → Σ(ω) Dynamical Mean-Field Theory DMFT

 Σ(k,ω) → 
    Σ(cluster)

Cluster Perturbation Theory CPT

Variational Cluster Perturbation Theory / 
Variational Cluster Approximation

VCPT/
VCA

Cluster Dynamical Mean-Field Theory CDMFT

Dynamical Cluster Approximation DCA



Application I

Pseudogap phase of cuprate 
superconductors

with

Cluster Perturbation Theory
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Cluster Perturbation Theory

7B10

• Tile the lattice into identical clusters
• Calculate the self-energy Σ(ω) for H′ (Hamiltonian with inter-cluster 

terms removed)
• Extend Σ(ω) to the whole lattice and re-periodize the Green function
• Equivalent : treat the inter-cluster hopping as a perturbation (t/U)

3 ! 4

D. Sénéchal et al., Phys. Rev. Lett. 84, 522 (2000)
D. Sénéchal, D. Perez & D. Plouffe, Phys. Rev. B 66, 075129 (2002) 



CPT : characteristics

•  Exact at U = 0
•  Exact at tij = 0
•  Exact short-range correlations 
•  Allows all values of the wavevector 
•  But : No long-range order
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What is the pseudogap phenomenon ?

• Partial disappearance of the density of states at 
some locations on the Fermi surface

• Visible in ARPES
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Armitage et al., Phys. Rev. Lett. 88, 257001 (2002)
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Shen et al, Science 307, 901–904 (2005)
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CPT : Fermi surface plots
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U= 2 , n = 5/6 U= 8 , n = 5/6

U= 4 , n = 7/6 U= 8 , n = 7/6
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D. Sénéchal and A.-M.S. Tremblay,
Phys. Rev. Lett. 92, 126401 (2004)
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CPT spectral function : hole doped
12-site cluster (17%)

11D. Sénéchal and A.-M.S. Tremblay, Phys. Rev. Lett. 92, 126401 (2004)



CPT spectral function : electron doped
12-site cluster (17%)

12D. Sénéchal and A.-M.S. Tremblay, Phys. Rev. Lett. 92, 126401 (2004)



Pseudogapped Fermi surface
4x4 cluster, 12% hole doped
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U=4
n~0.88
4x4

U=6
n~0.88
4x4

D. Sénéchal and A.-M.S. Tremblay, unpublished
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LETTERS

; Quantum oscillations and the Fermi surface in an
underdoped high-Tc superconductor
Nicolas Doiron-Leyraud1, Cyril Proust2, David LeBoeuf1, Julien Levallois2, Jean-Baptiste Bonnemaison1,
Ruixing Liang3,4, D. A. Bonn3,4, W. N. Hardy3,4 & Louis Taillefer1,4

Despite twenty years of research, the phase diagram of high-
transition-temperature superconductors remains enigmatic1,2. A
central issue is the origin of the differences in the physical prop-
erties of these copper oxides doped to opposite sides of the super-
conducting region. In the overdoped regime, the material behaves
as a reasonably conventional metal, with a large Fermi surface3,4.
The underdoped regime, however, is highly anomalous and
appears to have no coherent Fermi surface, but only disconnected
‘Fermi arcs’5,6. The fundamental question, then, is whether under-
doped copper oxides have a Fermi surface, and if so, whether
it is topologically different from that seen in the overdoped
regime. Here we report the observation of quantum oscillations
in the electrical resistance of the oxygen-ordered copper oxide
YBa2Cu3O6.5, establishing the existence of a well-defined Fermi
surface in the ground state of underdoped copper oxides, once
superconductivity is suppressed by amagnetic field. The low oscil-
lation frequency reveals a Fermi surface made of small pockets, in
contrast to the large cylinder characteristic of the overdoped
regime. Two possible interpretations are discussed: either a small
pocket is part of the band structure specific to YBa2Cu3O6.5 or
small pockets arise from a topological change at a critical point
in the phase diagram. Our understanding of high-transition-
temperature (high-Tc) superconductors will depend critically on
which of these two interpretations proves to be correct.

The electrical resistance of two samples of ortho-II ordered
YBa2Cu3O6.5 was measured in a magnetic field of up to 62 T applied
normal to the CuO2 planes (Bjjc). (Sample characteristics and details
of the measurements are given in the Methods section.) With a Tc of
57.5 K, these samples have a hole doping per planar copper atom of
p5 0.10, that is, they are well into the underdoped region of the
phase diagram (see Fig. 1a). Angle-resolved photoemission spec-
troscopy (ARPES) data for underdoped Na22 xCaxCu2O2Cl2 (Na-
CCOC) at precisely the same doping (reproduced in Fig. 1b from
ref. 6) shows most of the spectral intensity to be concentrated in a
small region near the nodal position (p/2, p/2), suggesting a Fermi
surface broken up into disconnected arcs, while ARPES studies on
overdoped Tl2Ba2CuO61d (Tl-2201) at p5 0.25 reveal a large, con-
tinuous cylinder (reproduced in Fig. 1c from ref. 4).

The Hall resistance Rxy as a function of magnetic field is displayed
in Fig. 2 for sample A, and in Supplementary Fig. 1 for sample B,
where oscillations are clearly seen above the resistive superconduct-
ing transition. Note that a vortex liquid phase is believed to extend
well above the irreversibility field, beyond our highest field of 62 T,
which may explain why Rxy is negative at these low temperatures, as
opposed to positive at temperatures aboveTc. Nevertheless, quantum
oscillations are known to exhibit the very same diagnostic character-
istics of frequency andmass in the vortex state as in the field-induced

normal state above the upper critical field Hc2(0) (for example, ref.
7). They are caused by the passage of quantized Landau levels across
the Fermi level as the appliedmagnetic field is varied, and as such they
are considered the most robust and direct signature of a coherent
Fermi surface. The inset of Fig. 2 shows the 2 K isotherm and a
smooth background curve. We extract the oscillatory component,
plotted in Fig. 3a as a function of inverse field, by subtracting
the monotonic background (shown for all temperatures in
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Figure 1 | Phase diagram of high-temperature superconductors.
a, Schematic doping dependence of the antiferromagnetic (TN) and
superconducting (Tc) transition temperatures and the pseudogap crossover
temperature T* in YBCO. The vertical lines at p5 0.1 and p5 0.25 mark the
positions of two copper oxide materials discussed in the text: ortho-II
ordered YBa2Cu3O6.5, locatedwell into the underdoped region, and Tl-2201,
well into the overdoped region, respectively. b, c, Distribution of ARPES
spectral intensity in one quadrant of the Brillouin zone, measured at p5 0.1
(b), on Na-CCOC with x5 0.10 (ref. 6), and (c), on Tl-2201 at p5 0.25
(reproduced from figure 1d of ref. 4, using figure 1b of ref. 6). =These
respectively reveal a truncated Fermi surface made of ‘Fermi arcs’ at
p5 0.10, and a large, roughly cylindrical and continuous Fermi surface at
p5 0.25. The red ellipse in b encloses an area Ak that corresponds to the
frequency F of quantum oscillations measured in YBCO.
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The Variational Cluster Approximation
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The Variational Cluster Approximation (VCA)
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• Similar to CPT, but add Weiss fields for long-range 
order

• Weiss fields are set by variational principle (Potthoff)

Dahnken et al., Phys. Rev. B 70, 245110 (2004).
M. Potthoff, Eur. Phys. J. B 32, 429 (2003).

B10

AF Weiss field

dSC Weiss field

B10



VCA : Poor man’s view
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• Add Weiss fields to the cluster 
Hamiltonian, not to the lattice Hamiltonian

• Subtract them as “perturbations”
• Set their strength by minimizing the 

energy (rather: the grand potential Ω)

Dahnken et al., Phys. Rev. B 70, 245110 (2004).
Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).

BETTER VIEW : M. Potthoff, Eur. Phys. J. B 32, 429 (2003). SEE ALSO cond-mat/0503715



Simplest example : Néel AF in 2-site cluster
Importance of dimensionality
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1D

2D

(AF Weiss field)

U = 8t

non trivial minimum in 2D = AF order



Finite-size scaling (cont.)
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scaling parameter = 
# of inter-cluster hopping terms

total # of hopping terms

AF Weiss field, half-
filled Hubbard model 
U=16t1, t2=t3=0
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• Weiss field must vanish as cluster size → ∞
• But : order parameter → finite value



Finite-size scaling (cont.)
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AF order parameter
half-filled Hubbard model 
U=16t1, t2=t3=0
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VCA : characteristics

• Differs from Mean-Field Theory:
• Interaction is left intact, it is not factorized
• Retains exact short-range correlations
• Weiss field not related to order parameter
• More stringent that MFT
• Controlled to some extent by cluster size

• Similarities with MFT:
• No long-range fluctuations (not disorder from 

Goldstone modes)
• Yet : no LRO for Néel AF in one dimension
• Need to compare different orders

• yet : they may be placed in competition / coexistence

21



Application 2

Antiferromagnetism and d-wave 
superconductivity in the cuprates

22



Which superconductivity?
(U = 8, μ = 2, 4-site cluster)
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VCA  :  AF order parameter

24Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).
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VCA  :  d-SC order parameter

25Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).
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VCA  :  AF order  vs  U

26Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).
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VCA  :  d-SC order vs U

27Sénéchal et al., Phys. Rev. Lett. 94, 156404 (2005).
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Thermodynamic consistency
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Phase diagram with variation of μ
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Phase diagram with variation of μ
Evolution as a function of cluster size
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Mathieu Guillot, MSc thesis
See also : Aichhorn et al, Phys. Rev. B74, 235177 (2006)
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Application 3

Layered organic superconductors
κ-(BEDT-TTF)2-X

31P. Sahebsara and D. Sénéchal, Phys. Rev. Lett. 97, 257004 (2006).



κ-(BEDT-TTF)2-X    compounds
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H. Kino and H. Fukuyama, J. Phys. Soc. Jpn. 65, 2158 (1996) 



Phase diagram
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Mott Transition from a Spin Liquid to a Fermi Liquid in the Spin-Frustrated Organic Conductor
!-!ET"2Cu2!CN"3

Y. Kurosaki,1 Y. Shimizu,1,2,* K. Miyagawa,1,3 K. Kanoda,1,3 and G. Saito2

1Department of Applied Physics, University of Tokyo, Bunkyo-ku, Tokyo, 113-8656, Japan
2Division of Chemistry, Kyoto University, Sakyo-ku, Kyoto, 606-8502, Japan

3CREST, Japan Science and Technology Corporation, Kawaguchi 332-0012, Japan
(Received 15 October 2004; revised manuscript received 6 April 2005; published 18 October 2005)

The pressure-temperature phase diagram of the organic Mott insulator !-!ET"2Cu2!CN"3, a model
system of the spin liquid on triangular lattice, has been investigated by 1H NMR and resistivity
measurements. The spin-liquid phase is persistent before the Mott transition to the metal or super-
conducting phase under pressure. At the Mott transition, the spin fluctuations are rapidly suppressed and
the Fermi-liquid features are observed in the temperature dependence of the spin-lattice relaxation rate
and resistivity. The characteristic curvature of the Mott boundary in the phase diagram highlights a crucial
effect of the spin frustration on the Mott transition.

DOI: 10.1103/PhysRevLett.95.177001 PACS numbers: 74.25.Nf, 71.27.+a, 74.70.Kn, 76.60.2k

Magnetic interaction on the verge of the Mott transition
is one of the chief subjects in the physics of strongly
correlated electrons, because striking phenomena such as
unconventional superconductivity emerge from the mother
Mott insulator with antiferromagnetic (AFM) order.
Examples are transition metal oxides such as V2O3 and
La2CuO4, in which localized paramagnetic spins undergo
the AFM transition at low temperatures [1]. The ground
state of the Mott insulator is, however, no more trivial
when the spin frustration works between the localized
spins. Realization of the spin liquid has attracted much
attention since a proposal of the possibility in a triangular-
lattice Heisenberg antiferromagnet [2]. Owing to the ex-
tensive materials research, some examples of the possible
spin liquid have been found in systems with triangular and
kagomé lattices, such as the solid 3He layer [3], Cs2CuCl4
[4], and !-!ET"2Cu2!CN"3 [5]. Mott transitions between
metallic and insulating spin-liquid phases are an interesting
new area of research.

The layered organic conductor !-!ET"2Cu2!CN"3 is the
only spin-liquid system to exhibit the Mott transition, to
the authors’ knowledge [5]. The conduction layer in
!-!ET"2Cu2!CN"3 consists of strongly dimerized ET
[bis(ethlylenedithio)-tetrathiafulvalene] molecules with
one hole per dimer site, so that the on-site Coulomb
repulsion inhibits the hole transfer [6]. In fact, it is a
Mott insulator at ambient pressure and becomes a metal
or superconductor under pressure [7]. Taking the dimer as a
unit, the network of interdimer transfer integrals forms a
nearly isotropic triangular lattice, and therefore the system
can be modeled to a half-filled band system with strong
spin frustration on the triangular lattice. At ambient pres-
sure, the magnetic susceptibility behaved as the triangular-
lattice Heisenberg model with an AFM interaction energy
J# 250 K [5,8]. Moreover, the 1H NMR measurements
provided no indication of long-range magnetic order down
to 32 mK. These results suggested the spin-liquid state at

ambient pressure. Then the Mott transition in
!-!ET"2Cu2!CN"3 under pressure may be the unprece-
dented one without symmetry breaking, if the magnetic
order does not emerge under pressure up to the Mott
boundary.

In this Letter, we report on the NMR and resistance
studies of the Mott transition in !-!ET"2Cu2!CN"3 under
pressure. The result is summarized by the pressure-
temperature (P-T) phase diagram in Fig. 1. The Mott

Superconductor

(Fermi liquid)

Crossover

(Spin liquid) onset TC

R = R0 + AT2

T1T = const.

(dR/dT)max

(1/T1T)max

Mott insulator

Metal

Pressure (10-1GPa)

FIG. 1 (color online). The pressure-temperature phase diagram
of !-!ET"2Cu2!CN"3, constructed on the basis of the resistance
and NMR measurements under hydrostatic pressures. The Mott
transition or crossover lines were identified as the temperature
where 1=T1T and dR=dT show the maximum as described in the
text. The upper limit of the Fermi-liquid region was defined by
the temperatures where 1=T1T and R deviate from the Korringa’s
relation and R0 $ AT2, respectively. The onset superconducting
transition temperature was determined from the in-plane resis-
tance measurements.

PRL 95, 177001 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
21 OCTOBER 2005

0031-9007=05=95(17)=177001(4)$23.00 177001-1 ! 2005 The American Physical Society

Kurosaki et al. 
Phys. Rev. Lett. 95, 177001(2005)

X = CN3

VOLUME 85, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 18 DECEMBER 2000

FIG. 1. Temperature vs pressure phase diagram of k-Cl. The
antiferromagnetic (AF) critical line TN !P" (dark circles) was
determined from NMR relaxation rate while Tc!P" for uncon-
ventional superconductivity (U-SC: squares) and the metal-
insulator TMI!P" (MI: open circles) lines were obtained from
the ac susceptibility. The AF-SC boundary (double-dashed line)
is determined from the inflection point of x 0!P" and, for 8.5 K,
from sublattice magnetization. This boundary line separates
two regions of inhomogeneous phase coexistence (shaded area).

temperature conditions, namely, 1 T and 3 K in the vor-
tex — lock-in —orientation, have been applied at about
300 bar in a clamp pressure cell in an attempt to detect
the presence of AF vortex cores and to establish the stabil-
ity of the coexistence region down to 3 K.

The results for the temperature dependence of the nu-
clear relaxation rate T21

1 are shown in Fig. 2 for vari-
ous pressures. The singular peak of T21

1 , which marks
the onset of critical AF ordering at the Néel tempera-

FIG. 2. Temperature dependence of 1H NMR relaxation rate
for k-!ET"2Cu#N!CN"2$Cl at various pressures. The static mag-
netic field (0.5 T) was applied perpendicular to the layers.

ture TN is gradually suppressed under pressure with the
value dTN%dP & 20.025 K%bar for the pressure coeffi-
cient. Above 275 bar, there is no peak indicating the ab-
sence of a magnetic transition. A plateau of T21

1 , however,
persists up to 40 K or so, which marks a sizable enhance-
ment due to short-range AF correlations.

An accurate determination of superconducting order in
the phase diagram can be obtained from the ac suscepti-
bility measurements as shown in Fig. 3 for selected tem-
perature and pressure sweeps, respectively. In the high
pressure domain above 400 bar, the Tc!P" line below
which there is a finite density of superconducting conden-
sate slowly decreases in agreement with previous results
(dTc%dP & 23.8 K%kbar, squares in Fig. 1) [2]. As pres-
sure is reduced below 400 bar, lower saturation levels are
recorded indicating a gradual suppression of the supercon-
ducting order down to 200 bar where it vanishes; Tc!P"
thus crosses TN !P" and the regions of stability for SC and
AF overlap.

FIG. 3. Real part of ac susceptibility of k-Cl for (top) tem-
perature sweeps at selected pressures and (bottom) for pressure
sweeps at selected temperatures.

5421

X = Cl

Lefebvre et al. 
Phys. Rev. Lett. 85, 5420 (2000)

Sahebsara & Sénéchal 
Phys. Rev. Lett. 97, 257004 (2006)

do not allow for broken symmetry, we obtain a normal state
that has a first-order Mott metal-insulator transition that
coincides with the first-order line that separates SC from
either AF or SL. That first-order line, however, ends at a
critical point for t0=t close to 0.5.

Predictions.—Based on the calculated phase diagram,
we predict a class of new materials (with t0=t! 0:8–0:9)
which would undergo a series of phase transitions from an
AF insulator to a paramagnetic Mott insulator (SL) to a
d-wave superconductor to a metal with increasing pres-
sure. Also, we predict that if AF and SC are destroyed with
an external symmetry-restoring perturbation (magnetic
field), the first-order transition that separates them should
remain as a first-order Mott metal-insulator transition. In
the following, we describe the method and results that lead
to the above phase diagram. We then discuss the remark-
able agreement with existing experiments.

Method.—We use CDMFT [7], a cluster approach that
allows one to extend dynamical mean-field theory to in-
clude momentum dependence of the self-energy. CDMFT
has been benchmarked and is accurate even in one dimen-
sion [16,17]. The infinite lattice is tiled with identical
clusters of size Nc, and the degrees of freedom in the
cluster are treated exactly while the remaining ones are
replaced by a bath of noninteracting electrons that is
determined self-consistently. To solve the quantum cluster
embedded in an effective SC medium, we consider a
cluster-bath Hamiltonian of the form [18,19]
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Here the indices !;" " 1; & & & ; Nc label sites within the
cluster, and c!# and a$m# annihilate electrons on the cluster
and the bath, respectively. t!" is the hopping matrix within
the cluster, "$m# are the bath energies, and V$

m!# are the
bath-cluster hybridization matrices. !mn represents the
amplitude of SC correlations on the bath with a given
gap symmetry. Because superconductivity and antiferro-
magnetism are allowed to compete on equal footing, "$m#
and V$

m!# carry a spin variable # explicitly. In the present
study, we used Nc " 4 sites for the cluster and Nb " 8 sites
for the bath with m " 1; . . . ; 4, $ " 1; 2. To deal with
superconductivity, the Nambu spinor representation is
used for the cluster operators so that the Weiss field, the
cluster Green’s function, and the self-energy constructed
from these operators are 8' 8 matrices. The exact diago-
nalization method [20] is used to solve the cluster-bath
Hamiltonian equation (2) at zero temperature, which has
the advantage of computing dynamical quantities directly
in real frequency and of treating the large U regime without
difficulty. Although the present study focuses on a 2' 2
cluster with additional 8 bath sites, we expect our results to
be robust with respect to an increase in the cluster size.
This was verified by our recent low (but finite) temperature
CDMFT# QMC (quantum Monte Carlo) calculations
[21], where, at intermediate to strong coupling, a 2' 2
cluster accounts for more than 95% of the correlation effect
of the infinite size cluster in the single-particle spectrum.
Recent variational cluster perturbation theory calculations
[22] for the same Hamiltonian also confirmed that results
on a 2' 2 cluster are quantitatively similar to those on
larger clusters.

Normal state Mott transition.—We first present the
evidence of a first-order line of metal-to-insulator transi-
tion in the normal state. That line also turns out to coincide
with the phase boundary between AF and SC phases for
t0=t > 0:5. The present results obtained in the normal state
at T " 0 would be relevant when the temperature is
slightly higher than Tc and TN or in regions where broken
symmetries are destroyed at zero temperature by an exter-
nal symmetry-restoring perturbation. The first plot in
Fig. 2(a) shows the double occupancy hn"n#i (circles) for
two different t0=t. For t0=t " 0:7 it jumps discontinuously
to a lower value near U=t " 7:0, while for t0=t " 1:0 the
first-order transition occurs near U=t " 8:5, which is com-
parable to the value obtained by Parcollet et al. [8] in
CDMFT# QMC calculations and Watanabe et al. [10] in
VMC calculations. To show hysteresis associated with a
first-order transition, we also calculated the double occu-
pancy [diamonds in Fig. 2(a)] with the insulating solution
as an initial guess. In this case, the first-order transition
occurs for a value of U that is typically smaller by
0:5–0:75t. A very similar hysteresis is found for all the
first-order transitions shown in this Letter, but for the rest
of the Letter we show results obtained only with the
metallic solution as an initial guess. The critical Uc shown
in Fig. 2(b) decreases monotonically with decreasing t0=t
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FIG. 1. Phase diagram of the frustrated two-dimensional
Hubbard model at zero temperature in the U=t vs t0=t plane.
AF, SL, SC, and M denote antiferromagnetic, spin liquid (non-
magnetic insulator), d-wave superconducting, and metallic
phases, respectively.

PRL 97, 046402 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
28 JULY 2006

046402-2

Kyung & Tremblay
Phys. Rev. Lett. 97, 046402 (2006)

VCA

CDMFT



AF and dSC order parameters
2x2 cluster
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AF and dSC order parameters
2x4 cluster
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MDCs and dSC gap
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U = 5 , t! = 0.75 , dx2"y2 U = 3.6 , t! = 0.75 , dxy

Sahebsara & Sénéchal, unpublished



Application 4

Antiferromagnetism and d-wave 
superconductivity in the 

frustrated Hubbard model

37



Phase diagram
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Application 5

Spiral magnetic order 
on the triangular lattice
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Clusters on the triangular lattice
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Finite size scaling ?
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Spiral Weiss field, 
half-filled Hubbard model
triangular lattice
U= 32 t

Previous approach to finite-size scaling does not work here...
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Application 6

Can phonons alone 
induce d-wave SC ?
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Electron-phonon coupling

43

• Coupling of electrons to a 
single phonon mode

• electron-phonon interaction 
limited to cluster

• max. phonon number
• Broken symmetry (d-wave) 

implies lattice deformation
• Beware of competing 

orders...



Conclusions
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• The basic physics of the cuprates seems indeed 
described by the one-band Hubbard model

• VCA describes ordered phases with almost exact 
short-range correlations

• It is based on a rigorous variational principle based on 
the self-energy

• The phases observed in layered organic conductors 
are reproduced by the dimer Hubbard model



Réseau Québécois
de Calcul de Haute Performance

Canada Foundation for Innovation
Fondation canadienne pour l’innovation

Acknowledgements

45


