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Part I

Independent, or uncorrelated, electrons



Standard (uncorrelated) Solid State Physics

I Electrons are nearly independent:
I e-e interactions are treated in a self-consistent way:

Each electron moves in a common (periodic) potential
I Electron states form bands with dispersion εn(k)
I The ground state is a filled Fermi surface: (e.g. copper)

I Interactions produce scattering of electrons, which are otherwise
well-defined (quasi-)particules

I If the Fermi level crosses a band, the system is a conductor.
Otherwise it is an insulator (or a semiconductor).



What are electron correlations ?

I They are strong deviations from the independent-electron picture
I They are relevant in many families of materials that are not

adequately described by band theory, or by Fermi liquid theory :
I High-Tc cuprate superconductors
I Organic superconductors (quasi-1D or quasi-2D)
I Most magnetic systems
I etc.

I They make life difficult (and interesting...)



The independent electron picture

The “theory of everything” in solids :
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∑
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The independent electron picture (cont.)

I In principle, the best independent-electron Hamiltonian is given
by the Hartree-Fock approximation

I In practice, this is never done for solids (still too complex)
I Most often, Density Functional Theory (DFT) methods, esp. the

Local Density Approximation (LDA), is used.
I Result : A Band Structure εn(k) and a one-body hamiltonian

I If this explains correctly the material’s properties, rejoice!
I Otherwise one may work harder and include interactions.



Band theory : a one-dimensional cartoon

I Bloch states from localized orbitals:
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∑
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Band structure of La2CuO4

I According to this, the
material is a metal.

I In reality, it is an
antiferromagnetic
insulator!

Mattheiss, Phys. Rev. Lett. 58, 1028 (1987)



Part II

The Hubbard Model



Elementary example : H2 molecule

Dissociation energy D = 4.75 eV

1 2

Approximate Hartree-Fock state (D = 2.65 eV) :∣∣∣∣(φ1 + φ2)(1, ↑) (φ1 + φ2)(2, ↑)
(φ1 + φ2)(1, ↓) (φ1 + φ2)(2, ↓)

∣∣∣∣
Heitler-London state (D = 3.14 eV) : excludes ionic configurations.

(|φ1〉 ⊗ |φ2〉+ |φ1〉 ⊗ |φ2〉)⊗ (| ↑, ↓〉 − | ↓, ↑〉)



Hubbard model

I Used independently by Gutzwiller, Hubbard, Kanamori
I Basic assumption : Keep only local Coulomb repulsion

(in the Wannier sense)
I One-band Hamiltonian:

H =
∑
σ,i,j

tijc
†
iσcjσ + U

∑
i

ni↑ni↓−µ
∑
i

ni niσ = c†iσciσ

I multi-band versions also possible

w(x)

x

skip



Interlude : Second quantized language

Allows a treatment of identical particles (fermions or bosons)
that is independent of the actual number of particles in the
system

I cα : Destroys electron in state α of wavefunctions ϕα(r)
I c†α : Creates electron in state α
I nα = c†αcα : number of electrons (0 or 1) in state α
I Anticommutation relations (fermions):

{cα, cβ} = 0 {cα, c†β} = δαβ

I Generic Hamiltonian:

H =
∑
α,β

tαβc
†
αcβ +

1
4

∑
α,β,α′,β′

Vαα′,ββ′c†αc
†
α′cβ′cβ



Real-space representation

I Index α→ (r, σ)
I cα → ψσ(r)
I Density = ψ†(r)ψ(r)
I Kinetic + potential energy (1-body):

H1 =
∑
σ

∫
d3r ψ†(r)

(∇2

2m
+ V (r)

)
ψ(r)

I Interaction energy (2-body):

H2 =
1
2

∑
σ,σ′

∫
d3r d3r′ ψ†σ(r)ψ†σ′(r′)U

→ interaction potential

(r, r′)ψσ′(r′)ψσ(r)



Bloch-state representation

I Index α→ (k, b, σ)
I cα → ck,b,σ
I Kinetic + potential energy:

H1 =
∑
b,σ

∫
k
εb(k)c†k,b,σck,b,σ

(∫
k

=
∫

d3k

(2π)3

)
I Interaction energy:

H2 =
1
2

∑
b,b′,σ,σ′

∫
k,k′,q

c†k+q,b,σc
†
k′−q,b′,σ′U

FT of interaction potential←

qck′,b′,σ′ck,b,σ



Wannier-state representation

I Wannier function :

wi,b(r) = wb(r− ni) =
√
VΓ

∫
k

e−ik·niϕk,b(r)

I They are localized orbitals, orthogonal from one site to the next
I Index α→ (i, σ) (assuming one band)
I cα → ci,σ

I Kinetic + potential energy:

H1 =
∑
σ,i,j

ti,jc
†
iσcjσ

End of interlude

Hubbard model



Hubbard model : why is it difficult ?

I A band structure calculation involves the self-consistent solution
of the Schrödinger equation for a single electron :
an eigenproblem of dimension N ∼ 103

I But the HM is a full many-body problem, not an effective
one-body problem

I Finding just the ground state of the Hubbard model with N↑ +N↓
electrons on L sites requires solving an eigensystem of dimension

L!
N↑!(L−N↑)! ×

L!
N↓!(L−N↓)!

For N↑ = N↓ = 8 and L = 16, this is 165 636 900.



Hubbard model : approximate methods of solution

The more difficult the model, the more there are methods to solve it!

I Perturbation theory in U/t (a bad idea) or in t/U (more difficult)
I Self-consistent schemes based on perturbation theory (better)
I Two-particle self-consistent method (TPSC) [Tremblay et al.]
I Variational methods for the ground state (e.g. Gutzwiller)
I Various reductions to a 1-body hamiltonian:

I Mean-field theory for the ordered state (Hartree-Fock)
I Slave-boson methods

I Monte Carlo simulations
I Exact diagonalizations on small periodic clusters
I Dynamical Mean-Field theory (DMFT)
I Quantum cluster approaches : CPT, DCA, CDMFT, VCA



Hubbard model : noninteracting limit

I U = 0 : reduces to band theory

ε(k) =
1
N

∑
i,j

tije−i(ni−nj)·k

I Ex : square lattice with NN hopping t, NNN hopping t′ and 3rd
neighbor t′′

ε(k) =
−2t(cos kx + cos ky)
−2t′(cos(kx + ky) + cos(kx − ky))
−2t′′(cos 2kx + cos 2ky)

t t′

t′′

kx

ky

(0, 0)

(π, π)

n = 0.7
n = 1.0
n = 1.3



Hubbard model : large-U limit

I Electrons localized so as to minimize the double-occupancy
I Ground state may be highly degenerate as U →∞
I half-filled case→ Heisenberg model :

H → J
∑
i,j

Si · Sj
(
J =

4t2

U
, S =

1
2
c†ασαβcβ

)
I Tendency towards antiferromagnetism!

(can also be argued by 2nd order perturbation theory)
I Hence the HM describes undoped cuprates well.



Hubbard model : large-U limit (cont.)

I Away from half-filling, the HM goes to the t-J model when
U � t.

H =
∑
σ,i,j

tijc
†
iσcjσ +

∑
i,j

Ji,jSi · Sj
(
Jij =

4t2ij
U

)

I The t-J model makes sense only when J � t.
I Single-occupancy constraint : no site is allowed to have two

electrons

I Suggested by Anderson to be the model explaining SC in the
cuprates (1987). Proof attempted since then.



Hubbard model : Mean field theory for SDW

I MFT factorizes the interaction with an Ansatz for ordering:

niσ = 〈niσ〉+ δniσ 〈niσ〉 = (−1)σMeiQ·ni Q = (π, π)

H =
∑
σ,i,j

tijc
†
iσcjσ + UM

∑
i

eiQ·ni(ni↑ − ni↓)− µ
∑
i

ni

I Set M by minimizing the energy
I One finds Bogoliubov bands:

H0,0L HΠ,0L HΠ,ΠL H0,0L
-4

-2

0

2
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Part III

High-Tc superconductors
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I. INTRODUCTION

The discovery of superconductivity at 30 K in the
LaBaCuO ceramics by Bednorz and Müller (1986)
opened the era of high-Tc superconductivity, changing
the history of a phenomenon that had before been con-
fined to very low temperatures [until 1986 the maximum
value of Tc was limited to the 23.2 K observed in Nb3Ge
(Gavaler, 1973; Testardi et al., 1974)]. This unexpected
result prompted intense activity in the field of ceramic
oxides and has led to the synthesis of compounds with
increasingly higher Tc , all characterized by a layered
crystal structure with one or more CuO2 planes per unit
cell, and a quasi-two-dimensional (2D) electronic struc-
ture. By 1987, a Tc of approximately 90 K (i.e., higher
than the boiling point of liquid nitrogen at 77 K) was
already observed in YBa2Cu3O7!" (Wu et al., 1987).
The record Tc of 133.5 K (at atmospheric pressure) was
later obtained in the trilayer system HgBa2Ca2Cu3O8"x
(Schilling et al., 1993).

One may wonder whether the impact of the discovery
by Bednorz and Müller (1986) would have been some-
what overlooked if MgB2 , with its recently ascertained
39 K Tc , had already been discovered [Nagamatsu et al.
(2001); for a review see Day (2001)]. However, indepen-
dent of the values of Tc the observation of superconduc-
tivity in the ceramic copper oxides was in itself an unex-
pected and surprising result. In fact, ceramic materials
are typically insulators, and this is also the case for the
undoped copper oxides. However, when doped the latter
can become poor metals in the normal state and high-
temperature superconductors upon reducing the tem-
perature (see in Fig. 1 the phenomenological phase dia-
gram of electron- and hole-doped high-temperature
superconductors, here represented by Nd2!xCexCuO4
and La2!xSrxCuO4 , respectively). In addition, the de-
tailed investigation of their phase diagram revealed that
the macroscopic properties of the copper oxides are pro-
foundly influenced by strong electron-electron correla-
tions (i.e., large Coulomb repulsion U). Naively, this is
not expected to favor the emergence of superconductiv-
ity, for which electrons must be bound together to form
Cooper pairs. Even though the approximate T2 depen-
dence of the resistivity observed in the overdoped me-
tallic regime was taken as evidence for Fermi-liquid be-
havior, the applicability of Fermi-liquid theory (which
describes electronic excitations in terms of an interacting

gas of renormalized quasiparticles; see Sec. II.C) to the
‘‘normal’’ metallic state of high-temperature supercon-
ductors is questionable, because many properties do not
follow canonical Fermi-liquid behavior (Orenstein and
Millis, 2000). This breakdown of Fermi-liquid theory
and of the single-particle picture becomes most dramatic
upon approaching the undoped line of the phase dia-
gram (x#0 in Fig. 1), where one finds the antiferromag-
netic Mott insulator (see Sec. III). On top of this com-
plexity, it has long been recognized that also the
interplay between electronic and lattice degrees of free-
dom as well as the tendencies towards phase separation
are strong in these componds (Sigmund and Müller,
1993; Müller, 2000).

The cuprate high-temperature superconductors have
attracted great interest not only for the obvious applica-
tion potential related to their high Tc , but also for their
scientific significance. This stems from the fact that they
highlight a major intellectual crisis in the quantum
theory of solids, which, in the form of one-electron band
theory, has been very successful in describing good met-
als (like Cu) but has proven inadequate for strongly cor-
related electron systems. In turn, the Bardeen-Cooper-
Schrieffer (BCS) theory (Bardeen et al., 1957; see also
Schrieffer, 1964), which was developed for Fermi-liquid-
like metals and has been so successful in describing con-
ventional superconductors, does not seem to have the
appropriate foundation for the description of high-Tc
superconductivity. In order to address the scope of the
current approach in the quantum theory of solids and
the validity of the proposed alternative models, a de-
tailed comparison with those experiments that probe the
electronic properties and the nature of the elementary
excitations is required.

In this context, angle-resolved photoemission spec-
troscopy (ARPES) plays a major role because it is the
most direct method of studying the electronic structure
of solids (see Sec. II). Its large impact on the develop-
ment of many-body theories stems from the fact that this
technique provides information on the single-particle
Green’s function, which can be calculated starting from a

FIG. 1. Phase diagram of n- and p-type superconductors,
showing superconductivity (SC), antiferromagnetic (AF),
pseudogap, and normal-metal regions.

474 Damascelli, Hussain, and Shen: Photoemission studies of the cuprate superconductors

Rev. Mod. Phys., Vol. 75, No. 2, April 2003

LSCO Band Structure



Three-band model for the cuprates

I Mobile electrons on CuO planes hop between one Cu d orbitals
and two O p orbitals per unit cell.
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−
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Three-band model for the cuprates (cont.)

I A Hubbard model involving the three orbitals is (Emery 1987)

H = (εd−µ)
∑
i,σ

n
(d)
iσ + (εp−µ)

∑
j,σ

n
(p)
jσ

+ tpd
∑
〈i,j〉

(p†iσdiσ + d†iσpjσ) + tpp
∑
〈j,j′〉

(p†jσpj′σ + H.c.)

+Ud
∑
i

n
(d)
i↑ n

(d)
i↓ + Up

∑
j

n
(p)
j↑ n

(p)
j↓ + Upd

∑
〈i,j〉

n
(d)
i n

(p)
j

I with the parameters (in eV, from LDA, in the hole representation)
εp − εd tpd tpp Ud Up Upd

3.6 1.3 0.65 10.5 4 1.2



One-band model for the cuprates

I The three-band model is complex. . .
I A one-band model may be used, if one keeps only the band

crossing the Fermi surface
I Each CuO2 unit cell is then an effective “atom” (or site)
I Adequate hopping parameters for YBCO are then (Andersen et

la., 1995), in meV:

layer t t′ t′′

(A) 349 96 62
(B) 422 113 110

t t′

t′′

I In practice, we take t′/t = 0.3, t′′/t = 0.2
I U is unknown really : between 4t and 12t. . .



Part IV

The spectral function and ARPES



The electron spectral function A(k, ω)

Probability that an electron of wavevector k injected into
(ω > 0) or ejected from (ω < 0) the system have energy ~ω

I For independent electrons (U = 0):

A(k, ω) = δ(ω − εk + µ)

I The density of states is simply

n(ω) =
∫
k
A(k, ω)

I Can be probed by ARPES



ARPES (Angle resolved Photoemission spectroscopy)

I Experimental technique that probes the ω < 0 part of the spectral
function

ph
ot

onelectron

materialhole
k

k
q

e

z

x

I Useful mostly for quasi-2D materials



ARPES for Sr2RuO4

Damascelli et al., Phys. Rev. Lett. 85, 5194 (2000)

Damascelli et al., Rev. Mod. Phys. 75 (2003).



ARPES for NCCO

I The Fermi surface partially disappears!
I More so when close to half filling

Armitage et al., Phys. Rev. Lett. 88, 257001 (2002)



ARPES for CCCO

kx

ky

(0, 0)

(π, π)

I The Fermi surface partially disappears near the zone edges
I Weight is concentrated along a central arc

Shen et al., Science 307, 901 (2005)



Part V

Calculating the spectral function



The Green function

I Contains all the information one wants about one-particle and
thermodynamic properties

I Occurs naturally in perturbation theory and functional methods
I Zero-temperature Green function:

Gαβ(ω) = 〈Ω
→ ground state

|cα 1
ω −H + E0

c†β|Ω〉+ 〈Ω|c†β
1

ω +H − E0
cα|Ω〉

I For independent electrons (U = 0):

G(k, ω) =
1

ω − εk + µ
(α = β = k)

I If U 6= 0, one introduces the self-energy Σ:

G(k, ω) =
1

ω − εk + µ− Σ(k, ω)



Relation with spectral function

I To show:

A(k, ω) = −2 lim
η→0+

Im G(k, ω + iη)

I Lehmann representation:

Gαβ(ω) =
∑
m

〈Ω|cα|m〉 1
ω − Em + E0

〈m|c†β|Ω〉

+
∑
n

〈Ω|c†β|n〉
1

ω + En − E0
〈n|cα|Ω〉

I But : − lim
η→0+

Im
1

ω + iη
= lim

η→0+

η

ω2 + η2
= πδ(ω)

I Therefore :

A(k, ω) =
∑
m

|〈m|c†k|Ω〉|22πδ(ω − Em + E0)

+
∑
n

|〈n|ck|Ω〉|22πδ(ω + En − E0)



Cluster Perturbation Theory (CPT)

I Tile the lattice into a superlattice
of identical clusters of L sites

I Calculate the Green Function of a
cluster exactly (Lanczos method)

I Extract the self-energy and
extend it over the lattice:

3× 4

Gcpt(k, ω) =
1
L

∑
a,b

e−ik·(na−nb)

(
1

Ĝ−1
0 (k, ω)− Σ̂(ω)

)
ab

I This amounts to treating the inter-cluster hopping terms as a
perturbation, to lowest order

Sénéchal et al., Phys. Rev. Lett. 84, 522 (2000)



Calculating the cluster Green function

I Coding the Hilbert space and the Hamiltonian
I Finding the lowest eigenpair of H with an iterative method

(Lanczos) in the Krylov subspace{
|φ0〉, H|φ0〉, H2|φ0〉, . . . ,HM |φ0〉

}
I From the ground state |Ω〉, building a good reduced

representation of H acting on the space {c†α|Ω〉}
I band Lanczos method

I For L = 16, N↑ = N↓ = 8, requires 24 nodes of the RQCHP
parallel cluster (= 192 GB) running half a day.



One-dimensional example

Evolution of spectral function with increasing U/t:



FS maps from Cluster Perturbation Theory

U= 2 , n = 5/6 U= 8 , n = 5/6

U= 4 , n = 7/6 U= 8 , n = 7/6

(0,0)

(!,!)

0% 90%

0% 90%

Sénéchal and Tremblay., Phys. Rev. Lett. 92, 126401 (2004)



h-doped cuprates : Pseudogap from CPT

Sénéchal and Tremblay., Phys. Rev. Lett. 92, 126401 (2004)



e-doped cuprates : Pseudogap from CPT

Sénéchal and Tremblay., Phys. Rev. Lett. 92, 126401 (2004)



Part VI

Superconductivity in the Hubbard model



What about superconductivity?

I Superconductivity is a Bose condensation of Cooper pairs
I Pairs are annihilated by operators such as

I BCS s-wave:
∆̂n = cn↑cn↓ − cn↓cn↑

I extended s-wave:

∆̂n = (cn↑cn+x̂↓ − cn↓cn+x̂↑) + (cn↑cn+ŷ↓ − cn↓cn+ŷ↑)

I dx2−y2 :

∆̂n = (cn↑cn+x̂↓ − cn↓cn+x̂↑)− (cn↑cn+ŷ↓ − cn↓cn+ŷ↑)

I dxy:

∆̂n = (cn↑cn+x̂+ŷ↓−cn↓cn+x̂+ŷ↑)−(cn↑cn−x̂+ŷ↓−cn↓cn−x̂+ŷ↑)



Variational cluster approximation (VCA)

I Cluster Perturbation Theory does not allow broken symmetry
states

I But a Weiss fields may be added to the cluster and LRO induced:

Hclus. → Hclus. + D
∑
n

∆̂n

I The Weiss D field is set by a variationnal principle:

∂Ω
∂D

= 0 Ω = energy functional

(Potthoff, 2003)
I The lattice H is unaffected, but the self-energy Σ is
I In this way, the SC and AF phases of the HM can be chartered



VCA example : Exploring superconductivity (cont.)

I Only the dx2−y2 leads to a broken symmetry solution
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AF and dSC in the cuprate Hubbard model

 0
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Mathieu Guillot, MSc thesis (2007)

Also see : D. Sénéchal et al, Phys. Rev. Lett. 94, 156404 (2005)



QUESTIONS ?


	Independent, or uncorrelated, electrons

