
QUANTUM FIELD THEORY TO THE RESCUE

OF SPIN CHAINS AND LADDERS

David Sénéchal
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§1. What are spin chains and ladders?

• In general, a magnetic system is a spatial arrangement of ions
that interact only through their spin, mainly by the exchange
interaction.

• Depending on the number of electrons in the ion’s outer shell, it
has spin 1

2 , 1, 3
2 , etc.

• The exchange interaction between two ions with spin operators
S1 and S2 is

JS1 · S2

where J is the strength of the coupling, which depends on the
overlap between the atomic orbitals of the ions. The exchange
interaction is a consequence of the Coulomb repulsion between
the electrons and of the Pauli principle (antisymmetry of a
many-electron wavefunction).

• J < 0 leads to a ferromagnetic arrangement and J > 0 to
an antiferromagnetic arrangement. The sign of J is difficult to
predict from first principles.

• Other spin interactions are possible besides the simple exchange
interaction: dipole-dipole interactions (truly magnetic),
anisotropy terms (coming from the spin-orbit coupling), etc.

• A lattice of ions interacting through the exchange interaction only
is described by the Heisenberg model:

H =
∑
i6=j

JijSi · Sj
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• A spin chain is a linear arrangement of ions with magnetic
interactions. A spin chain compound is an assembly of decoupled
spin chains:

• A spin ladder is a ladder-like arrangement of magnetic
interactions. A ladder compound is an assembly of decoupled spin
ladders:

J

J⊥

• A ‘zigzag’ chain is a trestle-like arrangement of magnetic
interactions. There is frustration: pairs of spins cannot fully
minimize the antiferromagnetic interaction, because of a common
interaction with a third spin, like in a triangular arrangement.
This may also be regarded as a single chain with next-nearest
neighbor interactions.

J

J⊥
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§2. Properties of antiferromagnets in 3D, 2D and 1D

• Many interesting magnetic materials are highly anisotropic: the
exchange interaction is strongly direction dependent. This justifies
regarding many systems as purely two-dimensional or purely
one-dimensional. The behavior of a magnetic system (or of a
statistical mechanical system in general) is very different depending
on the spatial dimension.

• Pure 1D or 2D magnetic systems do not exist: there is always a
magnetic coupling J⊥ in the second or third dimension. However,
at high-enough temperatures (T > J⊥), this coupling is washed-off
by thermal effects and the system has effectively a reduced
dimension.

Dimension 3

• Phase transitions are possible at finite temperature. There is an
ordered phase (〈Si〉 6= 0) below a critical temperature Tc ∼ J ,
and a disordered phase (〈Si〉 = 0) above.

• Various types of order exist, depending on the magnetic
interactions and the ion species:

ferromagnetic : helical :

ferrimagnetic :antiferromagnetic :

• Ground state breaks rotation invariance, with infinite tunnelling
time to other states of same energy.
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• The excited states are spin waves, or propagating disturbances of
the ordered spin configuration.

• The use of mean-field theory is generally adequate: the motion
of a spin Si at site i may be approximately studied by considering
the average configuration of the neighboring spins (i.e. the
average motion is obtained by the average interaction).

Dimension 2

• Long-range order for an isotropic (anti)ferromagnet is possible only
at T = 0, because of thermal fluctuations.

• The spin-s Heisenberg antiferromagnet still has an ordered ground
state (on most lattice geometries).

Dimension 1

• Long range ordering of the spins is impossible for an isotropic
magnet, even at T = 0, because of quantum fluctuations:
tunneling between rotation-related configurations is easier. In 3D
language, long wavelength spin waves destabilize the ground state,
which becomes rotation invariant.

• Analytical methods valid in d = 3 are no longer reliable, because of
strong fluctuations.

• Important qualitative differences occur between half-integer spin
systems (s = 1

2 ,
3
2 , . . .) and integer spin systems (s = 1, 2, . . .).
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The spin-
1
2 Heisenberg chain

H = J
∑
n

Sn · Sn+1

• Exact ground state found by Bethe (1931)

• No long-range order, but algebraic correlations (infinite correlation
length at T = 0):

〈SznS
z
m〉 ∼

(−1)n−m

|n−m|

• Exicted states found by Fadeev & Takhtajan (1981): they are
spin- 1

2 excitations (spinons) created in pairs, with energy

ε(k) =
1

2
π sink (0 ≤ k ≤ π)

There is no gap between the ground state and the excited state.

k π0

ω(k)

continuumcontinuum

G.S.
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• Classical picture of spinon:

The spin-1 Heisenberg chain

• Disordered ground state with finite-range correlations: ξ < ∞.
=⇒ spin liquid.

• Energy gap ∆ between ground state and first excited state.

k π0

ω(k)

continuum

∆2∆

one-magnon�
branch

G.S.

- Conjectured by Haldane (1983) using a field-theory approach
(nonlinear sigma model).
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- Confirmed by Monte-Carlo simulations [Nightingale & Blöte].

- Exact diagonalizations [Golinelli, Jolicoeur & Lacaze] give ∆ =
0, 41049(2)J .

- Observed experimentally, but real systems are more complicated
because of interchain interaction and anisotropy.

The spin-
1
2 Heisenberg ladder

• Characterized by a ‘leg’ coupling J and a ‘rung’ coupling J⊥.

• Real compounds have J ∼ J⊥.

• regime J⊥ � J :

- J may be treated as a perturbation of J⊥.

- Each rung admits a triplet-singlet decomposition, with energy
difference ∼ J⊥.

- The ground state of the ladder is a singlet, and the first excited
state has one rung excited to a triplet =⇒ gap ∆ ∼ J⊥.

• Question: does the gap extend all the way down to J⊥ = 0 ?

• Answer: yes; a gap ∆ ∝ J⊥ for small J⊥ is predicted by:

- Numerical studies (density-matrix renormalization-group
method).

- Field-theory methods (non-Abelian bosonization).
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The spin-
1
2 zigzag chain

• Realized in SrCuO2.

• Non-Abelian bosonization predicts a gap appearing exponentially
for small J⊥, i.e., like

∆ = A exp
−bJ

|J⊥|
(A and b are constants)

• There is spontaneous breakdown of parity (reflection invariance):
the ground state is dimerized:

or

: spin singlet

Spin-Peierls systems

• Coupling between spin excitations and lattice vibrations (phonons)
because of inter-ionic dependence of exchange constant J .

• Below a critical temperature Tc, there is a dimerized spin and ion
configuration (structural and magnetic phase transition):
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§3. Methods of study of quantum magnets

Purpose

• Finding the (low-energy) spectrum: ground state and excited
states.

• Calculating experimentally accessible quantities: the magnetic
susceptibility χ(q, ω).

• The imaginary part χ′′(q, ω) is the spectral density of the
magnetic excitations. It has peaks where ‘single-particle’ magnetic
excitations are possible, on the ω − q ‘plane’.

Experimental methods

• Neutron scattering: neutrons are scattered by magnetic
ions because of the dipole-dipole interaction. The differential
cross-section for inelastic scattering is the dynamical magnetic
susceptibility:

χαβ(q, ω) =

∫
dt
∑

n

eiq·(m−n)−iωt〈Sα,n(0)Sα,m(t)〉

where h̄ω and h̄q are respectively the energy and momentum lost
by the neutron during the collision.

• Electron spin resonance: sample placed in electromagnetic
resonant cavity under uniform magnetic field. Gives access to
χ(q = 0, ω) only.

• Muon spin resonance: measures the order parameter 〈Si〉 (local
magnetic field).
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Analytical methods

• Spin-wave theory : a large-s expansion in the ordered phase.

• Exact solutions (Bethe Ansatz) : a small set of 1D models.

• Variational methods.

• Self-consistent Green functions.

• Renormalization-group (RG) methods.

• Continuum approximation and field theory (related to RG).

Numerical methods

• Exact diagonalization of small systems (∼ 20-30 sites).

• Monte Carlo simulations (∼ 50-100 sites).

• Density-matrix renormalization-group (DMRG) method
(approximate ground state and very few excited states, but for
rather large systems (∼ 200 sites).
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Field theory methods: generalities

• Advantage of field-theory methods: Rather well-known and
powerful machinery (renormalization-group, etc.)

• Disadvantage: No absolute quantitative prediction possible; only
qualitative ones, functional dependence on various parameters, etc.

•General spirit of field-theory approaches:

- Consider only the lowest-energy modes of the system.

- Regard the system as continuous: slow spatial variations of the
lowest-energy static configurations.

- The theory is characterized by a wavevector cutoff Λ

- Once a field theory is obtained, analyze within the
renormalization group: find how the parameters of the theory
depend on the cutoff Λ. The long-distance properties are found
by letting Λ→ 0.

• Types of field-theory approaches to spin chains:

- Mapping to nonlinear sigma model [Haldane].

- Bosonization.

- Non-Abelian bosonization [Affleck, after Witten].
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§4. The nonlinear sigma model

• Unit vector n representing the slowly-varying staggered
magnetization.

• Action functional of the model:

S[n] = Sσ[n] + θQ[n] (Q ∈ N)

Sσ[n] =
v

2g

∫
dx dt

{
1

v2

(
∂n

∂t

)2

−

(
∂n

∂x

)2
}

(n2 = 1)

Q =
1

4π

∫
dx dt n · (∂tn× ∂xn)

• Parameters:

- v : characteristic speed (spin-wave velocity).

- g : dimensionless coupling constant.

- θ : coefficient of the topological term Q (d = 1 only).

- For a single spin-s chain, θ = 2πs, v = 2Jas and g = 2/s (a is the
inter-ion distance).
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• How to establih the correspondence:

- Use the path-integral formulation for a single spin, with spin
coherent states.

- Add the interaction H .

- Assume short-range antiferromagnetic correlations and write

Sj = (−1)jsn(x) + l(x) (x = ja)

- Express finite differences in terms of derivatives.

- Eliminate l with the equations of motion.

• Classical ground state: n is uniform and constant.

• Ordered phase (in dimension d ≥ 2 when g < gc):

- 〈n〉 6= 0 (rotation symmetry spontaneously broken).

- Excited states are ordinary spin-waves (Goldstone modes: no
gap).

• Disordered phase (in dimension d ≥ 2 when g > gc and in
dimension 1 for all values of g and θ = 0 mod 2π):

- 〈n〉 = 0 (rotation symmetry restored by quantum fluctuations).

- Excited states: spin-1 triplet, with gap

∆ ∼


vΛ

g
e−2π/g g small

vgΛ g large

- Finite correlation length.
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• Role of topological term Q:

- Exists in dimension 1 only.

- Important only if s = 1
2 ,

3
2 , . . ., otherwise eiθQ = 1.

- Makes the gap disappear: the theory behaves like the spin- 1
2 AF

chain!

• Parameters for the spin ladder [Sénéchal, 1995]:

g =
1

s

√
1 + J⊥/2J v = 2asJ

√
1 + J⊥/2J θ = 0

- Predicts a gap for all J⊥, but unreliable when J⊥ � J .
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§5. Non-Abelian bosonization: single spin chain

• Starting point: the one-dimensional Hubbard model:

H = t
∑
i

∑
α=↑,↓

(
c†α,icα,i+1 + c†α,i+1cα,i

)
+
∑
i

Un↑in↓i

c†α,i :creates an electron of spin α =↑ or ↓ at site i.
cα,i :annihilates an electron of spin α =↑ or ↓ at site i.

nα,i = c†α,icα,i :number (0 or 1) of electrons of spin α at site i.
U electrostatic repulsion between electrons (of opposite spins) at
same site.
t : amplitude for electron to hop from site i to site i± 1.

• Half-filling (〈n↑,i + n↓,i〉 = 1) and U � t : an electron can
hop to a neighboring site only if it has a opposite spin to that of
its neighbor, and at a high cost in electrostatic energy. However,
the ground-state energy is lowered by second-order perturbation
theory in t/U . =⇒ the effective Hamiltonian for low-energy
excitations is the antiferromagnetic Heisenberg model, with

J =
8t2

U

where the spin operator is

Si =
1

2
c†α,iσαβcβ,i σ : Pauli matrices
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• Start with U = 0, and keep only low-energy electrons (close to the
Fermi surface):

π0 kF

vFEF

–kF

Λ

(R)(L)

holes

electrons

Replace the electron creation (annihilation) operator by a
continuous field:

cα,j = ψLα(x)e−ikF x + ψRα(x)eikF x (x = ja)

- The continuous fields are massless, since ω(k) = ±vF k (k is
measured with respect to kF or −kF ).
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• Use the non-Abelian bosonization representation [Witten,
1984]:

ψLα(x)ψ†Rβ(x) = gαβ(x)eiϕ(x)

- ϕ(x) is a scalar field (boson) carrying the charge degrees of
freedom: the charge (number) density is ∼ ∂xϕ. The field ϕ is
a free, massless boson (no gap).

- g(x) is a matrix-valued field (boson) carrying the spin degrees of
freedom: the spin operator is

Si
a
∼ JL(x) + JR(x) + (−1)x/a

(
eiϕTr (gσ) + c.c

)
JL(x, t) = Tr

(
g−1σ

∂g

∂(x + vt)

)
JR(x, t) = Tr

(
gσ

∂g−1

∂(x − vt)

)
- The field g is governed by the Wess-Zumino-Witten (WZW)

action, which defined the WZW model. It is an exactly solvable
model, but does not correspond either to free bosons or free
fermions. It has been used as a toy model for low-energy QCD,
and in string theory.

- The WZW model, like the free massless boson, is characterized
by a large symmetry: conformal invariance: invariance under
scale transformations, even when the scale factor is space and
time dependent. It is thus a fixed point of the renormalization
group: the theory looks the same for all values of Λ.

- The two theories have Lorentz invariance, with the Fermi velocity
vF = ∂ε(k)/∂k|kF playing the role of the ‘speed of light’.
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• Next, turn on U > 0. The two theories (for ϕ and g) are modified,
but do not interact: the perturbation U breaks Lorentz invariance
and modifies the characterisic velocities of the two theories.

- The theory for ϕ is modified into the so-called sine-Gordon
theory, which is characterized by massive excitations. Thus,
the charge degrees of freedom acquire a mass of order U and are
‘frozen’ at low temperature.

- The theory for g (WZW model) is added a perturbation JL · JR
which vanishes under renormalization-group flow, i.e. when the
cutoff Λ is lowered (marginally irrelevant perturbation).

- Conclusion: the spin- 1
2 Heisenberg chain is described at long

distances by the WZW model, and therefore has massless
excitations, scale invariance, etc.

• Consequences:

- asymptotic form of the spin-spin correlation function:

〈Sz(x, t)Sz(0, 0)〉 ∼ −A

[
1

(x− vt)2
+

1

(x+ vt)2

]
+ (−1)x/a

B

|x2 − v2t2|1/2
(A, B const.)

(no correlation length, because of scale invariance).

- temperature dependence of the magnetic susceptibility when
taking into account the marginal perturbation [Affleck, Eggert
& Takahashi].
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§6. Non-Abelian bosonization: spin ladder and zigzag
chain

• Consider the Hubbard model on two decoupled chains with
in-chain hopping t (later, add U and inter-chain hopping t⊥).

• Describe in terms of two decoupled WZW models, for which there
is an exact quantum equivalence with four massless Majorana
fermions χa (a = 0, 1, 2, 3). [Shelton, Tsvelik & Nesersyan, 1996]
[Allen & Sénéchal, 1996].

• Majorana fermion: pair of Fermi fields χL,R(x) which have no
antiparticles:

χL,R(x) =

∫
k>0

{
eikxa(±k) + e−ikxa†(±k)

}
• The theory of a single Majorana fermion in one dimension is closely

related to the two-dimensional Ising model:

- It contains an order field σ(x, t) (the Ising spin) and a disorder
field µ(x, t) (dual to the Ising spin), in addition to χR and χL.

- The massless case corresponds to the critical point of the 2D
Ising model.

- The massive case (add imχLχR to the Hamiltonian) corresponds
to the ordered phase (m > 0) or the disordered phase (m < 0) of
the 2D Ising model. The particles have the dispersion

ω(k) =
√
k2v2 +m2v4
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• Add the on-site repulsion U and a weak interchain hoping t⊥ to the
spin ladder:

- The charge boson ϕ again receives a large mass and decouples.

- The Majorana fermions receive a small mass:

Hladder ∼ J⊥(χ1
Lχ

1
R + χ2

Lχ
2
R + χ3

Lχ
3
R − 3χ0

Lχ
0
R)

=⇒ an energy gap ∆ ∝ J⊥ appears in the spectrum.

- Marginal interaction terms of the form χ4 appear, and
renormalize the energy gap (logarithmic corrections in J⊥).

• The fermions (χ1, χ2, χ3) form a spin triplet and χ0 is a spin
singlet: rotation in spin space becomes a rotation among the
χ1,2,3. The fermions represent the components of the ladder spin.

• In the zig-zag chain:

- The mass terms are not generated explicitly by non-Abelian
bosonization; only the interaction terms (χ4) remain.

- Some of the interaction terms are marginally relevant: they
slowly grow when Λ is lowered and become large (i.e. they are
no longer small perturbations) at long distances: they necessarily
produce a gap. From the RG flow, we estimate that the gap is
exponentially small for small J⊥:

∆ = A exp
−bJ

|J⊥|
(A and b are constants)

- The ground state breaks parity and 〈χaLχ
a
R〉 6= 0. The sign of the

induced mass m depends on the ground state (the gap is ∼ |m|).
There is spontaneous dimerization:

〈S2i · S2i−1 − S2i · S2i+1〉 6= 0
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- Frustration is resolved by spontaneous dimerization, rather
than by a helical configuration of the spin: Another difference
between s = 1

2 and s = 1 chains [Allen & Sénéchal, 1995].

To learn more. . .

Review on spin ladders:
E. Dagotto and T.M. Rice, Science 271, 2 Feb. 1996, p. 618.
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On the Hubbard model and the nonlinear sigma model:
E. Fradkin, Field theories of condensed matter systems,
Addison-Wesley, 1991.

Personal work:
D. Sénéchal, Haldane gap in the quasi one-dimensional nonlinear
sigma model, Phys. Rev. B48 (1993) 15 880.
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B52 (1995) 15319.
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Real magnetic materials considered as ladders

Vanadyl pyrophosphate (VO)2P2O7:

V O

SrCu2O3 :

SrCuO2 : zigzag arrangement (like above figure, but without the
ladders).
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From Temperature Dependence of the Spin-Peierls Energy
Gap and Anomalous Line Shapes in CuGeO3, by Martin et al
(cond-mat/9603174):
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From Quantum Spin excitations in the Spin-Peierls System CuGeO3,
by Arai et al (Phys. Rev. Lett. 77 (1996) 3649):

24


