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A highly quantum 
mechanical problem
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#1 Cooper pair,  #2 Phase coherence
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There are different kinds of cuprates : All with CuO2 planes
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Barisic et al. PNAS 110, 12235 (2013)



Electronic structure (band) Hg1201
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Phase diagram YBa2Cu3O7-x

Keimer et al., Nature 518, 179 (2015)
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Model



t
U

t’t’’

H  −∑ij t i,j ci
 cj  cj

 ci  U∑ i ni↑ni↓H  −∑ij t i,j ci
 cj  cj

 ci  U∑ i ni↑ni↓

1931-1980

Attn: Charge transfer insulator

t = 1,  kB = 1,  h = 1

Hubbard Model
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Mott insulator vs band insulator : Spectral weight transfer

Meinders et al. PRB 48, 3916 (1993)



Method
Solving the models
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Jarrell PRL 69, 168 (1992)
Review:  Georges, Kotliar, Krauth, Rozenberg, RMP 68, 13 (1996)

Dynamical Mean-Field Theory : DMFT



Method
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Cluster generalization of 
Dynamical Mean-Field Theory : DMFT
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Localized and delocalized pictures C-DMFT
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Impurity solvers
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Impurity solver : continuous-time quantum Monte Carlo
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Hybridization expansion : Werner Millis PRB 74, 155107 (2006)
Werner Millis B 75, 085108 (2007) 
Haule, PRB 75, 155113 (2007)
Sémon, Sordi, AMST PRB 89, 165113 2014
Sémon, Yee, Haule, AMST PRB 90, 075149 2014

ALPSCore / CT-HYB iQIST ComCTQMC



Two messages:

1. Condensation energy for 
large interaction U

2. Quantum-information 
measure of the 
superconducting state
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Superconductivity in 
cuprates

Condensation energy
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1931-1980

Attn: Charge transfer insulator

Hubbard model
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t
Effective model, Heisenberg: J = 4t2 /U

Spin 1/2



Cartoon « BCS » weak-coupling picture

Δ p  − 1
2V ∑ p ′ Up − p ′ 

Δ p ′

E p ′
1 − 2n E p ′

Exchange of spin waves?
Kohn-Luttinger
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Tc with pressure
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A cartoon strong correlation picture
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Pitaevskii Brückner: 
Pair state orthogonal to repulsive core of Coulomb interaction

Miyake, Schmitt–Rink, and Varma
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P.W. Anderson  Science 
317, 1705 (2007)

More sophisticated Slave Boson: Kotliar Liu PRB 1988 49



Tc controlled by J,  CDMFT 2x2

Fratino et al. 
Sci. Rep. 6, 22715

Some experiments that suggest Tc < Tpair < T*
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J = 4t2 /U
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Giovanni SordiGiovanni SordiGiovanni Sordi

Lorenzo Fratino

Fratino et al. Sci. Rep., 6, 22715 (2016)



Condensation energy
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Theory, see also
Jarrel PRL 

(2004), Gull 
Millis PRB 

(2014)
Experiments: 

Bontemps, 
Santander-Syro 

Van der Marel …

Fratino et al. Sci. Rep. 6, 22715 (2016)



Message from part I

• Tc for Cooper pair formation is controled by J in the doped Mott
insulator.

• Kinetic energy can favor pairing near half-filling (Anderson)
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Part II
Quantum Information 
perspective
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PRL 122, 067203 (2019)

PNAS, 118 (25), e2104114118, (2021).

PRX Quantum 1, 020310 1/17 (2020)



The analogy

http://www.kozuma-eng.sci.titech.ac.jp/research_category/entry17.html



T = 0.3 t



Mutual information
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Mutual information

Here we are not looking at the area law

A B

A B



Single-site 
entanglement entropy
Schrödinger: I would not call [entanglement] one but 
rather the characteristic trait of quantum mechanics, 

the one that enforces its entire departure from classical
lines of thought.

Proceedings of the Cambridge Philosophical Society 31, 555 
(1935); 32, 446 (1936).



What is measured (Using CDMFT CT-HYB on plaquette)

• Single site entanglement entropy for fermions [1]

[1] P. Zanardi et al. Phys. Rev. A 65, 042101 (2002).



Mutual information

What is measured experimentally

A B

A B

Total mutual information



What is measured

• Entropy
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PRL 122, 067203 (2019)



Agreement with experiment

PRL 122, 067203 (2019)
EXP: E. Cocchi et al., Phys. Rev. X 7, 031025 (2017)



Agreement with experiment for the total mutual information

EXP: 
Cocchi et al., Phys. Rev. X 7, 031025 (2017)

PRL 122, 067203 (2019)



Transition and crossovers

PRL 122, 067203 (2019)

• The Mott transition
• The effect of J that leads to larger 

mutual information in the insulating 
than in the metallic state

• Critical exponent (not usually the 
case)

• Crossover to the pseudogap
• Associated high-temperature 

crossovers,
– Without knowledge of the order 

parameter of the transition



Total mutual
information

in superconducting
state

PNAS, 118 (25), e2104114118/1‐6, 14 June (2021).



Total mutual information
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Take home messages
• In doped Mott insulators, solid state physics methods fail

• Condensation energy : kinetic energy (J = 4t2/U)
• Information theoretic measures contain signs of the phase diagram

• Highly quantum mechanical
– One band
– Spin ½
– Pairing interaction and Cooper pairs from same electrons
– Particle-wave duality (Mott transition)
– Mutual information (Entanglement) is modified in the different phases



Merci
Thank you


